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PREFACE 


Ha/Ts curiosity about the uni vers & in which he- lives can be 
-railed bac^ to the beginnings nf human records. The wonder 
and e.vc ittmcftt engendered by this study have been the subject 
of Tnuch literature, including poetry L Lucretius. Omar Khayyam, 
Shelley, and aany others). In the last fifty years the sub¬ 
ject has became a formal science in The jerrse that the theor¬ 
ies ol cosmology can now he confronted with an increasing 
weight of observational evidence, 

fte feel that a subject of such philosophical and selen- 
l iiic interest ha? much to contribute to our culture and to 
:r:e --iucation of pupils at school and students at University. 
Heaver, The difficulties of the general theory of relativity, 
and of establishing the connection between theory and observa¬ 
tion, have curtailed the use of the subject as an element in 
education. Thi^ book represents an attempt to open up the 
path to the frontiers of knowledge in cosmology by using only 
the Botbeaatics of the last school or early University years. 
This simplification is liable to mislead the superficial 
reader t but wl- have attempted to work Largely with actual ions 
which are in agreement with relativity, though motivated by 
classical or Newtonian insight. Though many new and exciting 
as trophySleal results could not be discussed, we have tried 
to giro the background into which those discoveries can be 
erhedded. 3n this way we hope That Ehu bnok will n-ot date too 
rapidly and chat the render will enjoy advancing to quantito- 
t;-. e results by simple methods. 
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INTRODUCTION 

1*1* WHAT IS A STAGE II BOOK? 

All areas of study can. he described in ordinary language in 
order to gain preliminary insights. This is as true of his¬ 
torical topics as it is of geographical Or zoological ones. 
Those accounts can be exciting because they can clarify broftd 
areas of knowledge by rapid sweeps of the imaginstion. Once 
put's interest is- aroused in one of these topics one may want 
to make a more detailed study of it. Pot instance p In his¬ 
tory the documents of the tiffle P in their appropriate language 
have to be studied, and precise dates have to be supplied. 

In the case of geography the detailed curves traced out by 
rii/crs under various conditions may be analysed* The growth 
of individual species may he discussed quantitative!y in 
biology* 

In this hook we are concerned with a subject which in* 
vcIves, the natural sciences, and again one first wants to 
understand its broad outlines (Stage 1)* Stage M involves a 
more quantitative discussion in which simple mathematical 
arcumertf. begin to appear. Stage III is the attempt to reach 
the whole frontier of knowledge by studying the full topic as 
currently understood by the experts. In cosmology we have a 
topic of immense general und philosophical interest, since it 
deals with the development of the uni verse as a whole* Is 
space finite or infinite? How did the universe evolve into 
its present state* and what is its future? How can our many 
observations of stars, pal&xies* pulsars, and other objects 
he fitted into a coherent view of the- universe? Such ques¬ 
tions have occupied men since tine immemorial , and this book p 
too, deals with them. However, the sub]ect presents aspects 
which are peculiar to It. 

:ts fiPMZ peculiarity is that interest in it is wide¬ 
spread and, is easily aroused. In fact there exist several 
expositions which offer excellent and popular introductions to 
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it. In broadly increasing order ©I technicality we mention 
j U51 a few : 

Bondi, Th # ttnivtsrtc at ara< I London:: HeiJiuimmn, l?fi] l. 

F.F, Dickson* Th* tout _/ [Cambridge > Ma * *: MJ T f l 

Press„ 

S-f- Butler and H . Vessel fed*] f W:e« fn /nnei* and ouigr 
a pane iox ford : Pergame n, I y&9 ) „ 

J.U. Worth* Th* maaaure of tha univ*r*e [ Oxford: Claren¬ 
don Press, 1965}- 

B.W. Scsama, torftfjrfl i[Canrbridge University 

Press, 1971}, 

Here we aisuae that the render 1 * interest in the subject U 
already aroused, ond that he is looking for a more quantita¬ 
tive understEnding of the mitjn ideas. Even if he has not read 
any of these books, he is assumed ready for stages U or III. 

in order to ho at the frontier of knowledge [Stage III] f 
however fc the student needs to understand the? general theory 
of relativity and this presents formidable obstacles for all 
those who have not attained ll rather high level of mathemati¬ 
cal education. If they have, they may turn to the following 
bouk:^ ngam in broadly Increasing order of technicality: 

P,J*E + Peebles* Physical e&gmologfr \ Princeton University 
Press, 1971j, 

R-t, Prthria t fJn t kx&rtf of relativity \ Ox ford!: Pergamon, 
1974]. 

G + C* MoVlttie, Qsmra 2 r# l cl t i l- 1 : t y and n&irma loiju 2nd 
edition {London: Chapman and Hall, 1965 J. 

1. h, Misn er * K + S. Tb « rn e # J. A , SiTi t c 1 e r , v «'a ■ 1 ; r a r ;" ■ r; j S a n 
Francisco: Freeman* 19 7 0 i * 

S k We i nb erg, u f.t ut tat £ a n uni ao jr.m 3 2 i V ew York: Ki lev , 

1972). 

The fo 11 owing puh 1 Lcat inns deal w i i h various v>a v l- of 
gaining an understanding of relativistic cosmology without 
using the full apparatus of general relativity, though none 
follows the path taken in this hook: 

M. Berry h P f ittvip ' n j o f e<? #molog$ a ird $ratfi tazion 
[Cambridge University Press, IP76). 

C- Gallon* R*H« Dicke* and P.J.E. Peeples f196S) , 
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CosmoLogy and Newtonian mechanics, .dm. . ffcfcfl. 33, 
JOS. 

E.K. Harrison (IflhS), Cosmology without relativity. Awn. 

S5, 4 37. 

p, J,E„ Peebles (1 6B J , Cosmology for everyphys icist . Am. 

37, Alb. 

It is clearly of interest to facilitate the passage from 
stage ! to stage III by the provision of stage II expositions, 
and this is attempted in this book. As far as we arc aware, 
it is the first book which attempts to make the subject 
systematic and quantitative without developing general rela¬ 
tivity. he hope to give the reader a reliable introduction 
without going beyond the mathematics learnt at school. He 
should in fact he able to study research papers in some of the 
aspects of cosmology afteT perusal of this book. The expert 
will, however, also find new interpremtious and connections 
in this book* but he must bear with our at tempts to explain 
what we ere doing in detail, so that it may he understandable 
to the beginner. 

?*« Bueemd peauliarity Df cosmology is that the connec¬ 
tion between the theoretical models and the rapidly increasing 
observational material is rather subtle and needs careful 
explanation. We have not shirked this issue, but have devoted 
Chapters 10 and 11 to this facet of the subject. 

In this first chapter we shall ask! what scientists are 
involved in our subject, and whui is a rough description oi 
the universe in space and time? 

1.2. PEOPLE 

•rfc* ooam;.-ii#-j-:ot is someone who seeks to understand the uni¬ 
verse as a whole, in as much detail as is reasonably attain¬ 
able and by scientific means. The qualifying clauses in this 
definition both call for further comment. 

Obviously a description of even the present stale af the 
universe which, allotted one sentence to each galaxy - of which 
there are at least lb 1 " - would already be far too detailed 
for the human mind. In practice the coamulogist would bo verv 
happy with a description of the major finds «£ abject - stars. 
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quasars, - in existence. Ideally this would include 

h specification of the radiation they emit, c.g. intsj|$iti^ f 
frequencies! polarizations, angular distributions, and Fluc¬ 
tuations in I hese quancities. From these he might hope tu 
infer the masses , temperatures, velocities, etc., of those 
objects* He would also want to know the way these objects 
are distributed in spate, and how the objects and their dis- 
t ribut leu vary with c juk? throughout the past and future of 
thr universe. Much work in cosmology involves far less de¬ 
tailed pictures or models, in which all that £s considered is 
the five rage density of matter and radiation in the universe, 
and its variation with tine. As a step towards a more de¬ 
tailed description one would want to consider the average 
densities of the various types of mutter i, neutrinos. elec¬ 
trons, protons, hydrogen atoms, helium atoms, etc.. as a func¬ 
tion of time and the- nuclear reactions by which the elements 
are synthesized. 

The stipulation that scientific means are used rules out 
a wide range of approaches, from the purely philosophical i as 
instanced by the deduction of Parmenides in the fifth century 
B + C. that the universe must be perfect in form and hence 
spherical and unchanging] to the fundamental 1st i. for instance 
Archbishop Ussher's calculation that the universe was created 
on - 5 October 4004 B,C.J . How ever, the range of 5 c i e n t ific 
evidence relevant to the cosmologist’s Search is very wide, 
and he is dependent on the efforts o£ many colleagues. These 
include the following■ 

The physicist , who studies the basic laws - of gravita¬ 
tion, light propagation, nuclear reactions, and so on - to 
which all proposed models of the universe must conform. 

Th* aatrorwmtr, who describes the present appearance 
of the regions of the universe within hIs constantly increas¬ 
ing tange of observation. 

The astrophysicist t who studies the processes occur ring in 
and between astronomical objects, and describes their past and 
future development T This includes the atomic precedes 
involved in the emission of radiation nnd the transport of 
energy by radiation,, diffusion, convection, etc + , through the 
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material of stars, He also studies the offeeit of processes 
such ,i? turbulence. 

rh-j gaatogi&z, who provides informstion ahouT the age and 
composition of the earth* of lunar rocks and of meteorites 
against which any cos-mo Legion J theory can he tested* For 
example, the cosmologically deduced age of the uni vers® must 
exceed that of all geological objects. Also, the observed 
and Cosmo logically deduced Abundances of certain chemical 
elements must be in broad agreement, 

Th£ math&ntttiaiani who provides techniques ior translat¬ 
ing the rather general laws of physics into statements about 
the range of possible models of the universe, and the observa¬ 
tional consequences of each model. 

Such brief description* are necessarily rough. In parti¬ 
cular the borderlines between the various disciplines are much 
less well defined than is suggested above, and on? scientist 
may fill different roles. There is also a constant interac¬ 
tion between disciplines, when the mathematical consequences 
of a cosmological model are difficult to reconcile with obser¬ 
vational data, for example* a cosmolegist may propose modi fl¬ 
ea t ions of a physical l&w which has so far been accepted* 

Ills reasons may be that modifications manifest them¬ 

selves only In certain extreme conditions of temperature and 
pressure which occur in cosmology, hut not In terrestrial 
experiments, or only In very Urge physical systems. Such 
modifications are bound to be topics of prolonged debate among 
scientists t since the cosmological reason* for proposing them 
are always rather indirect* They do not have the quality of 
precision which one can attribute to an experiment performed 
in the Laboratory* To give specific examples, Dime [1J pro¬ 
posed In 1937 that the gravitational constant may depend on 
time, Hoyle? and NnrHlcar [2] suggest that the mass of □lemen- 
tarv panicles depends on the local density of matter. Such 
ideas ate peripheral to this book I hut see Section 6,£,3 and 
Appendix fl] , which assumes the 1 aw.q of physics to he indepen¬ 
dent of position in time and space. 

We can now say a little more about a cosmologist 1 s tasks* 
A cosmologist is a person who works with pencil and paper - a 
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theoret Icijan.. Such a person analyses the results obtained by 
astrophysicists, as t rnnoniers p etc., using the laws of physics 
and the manipulative techniques of the mathematician fc His aim 
Is to create a conceptual framework which in agreement with 
as wide a range of experimental data as possible. Such a 
Framer k is called n model* The model can be used by the 
theoretician or other scientist? to suggest additional obser¬ 
vations which may In turn lead to a cahfl-rutlon, refinement, 
or rejection of the model. A simple example of a choice 
between models is furnished by an argument of Eratosthenes 
(o* 2 73—192 B.C.). He knew that the Sun was vertically over¬ 
head at noon on a certain day at SyepE (Egypt), and made an 
an^le of 7* with the vertical at noon on the same Jay at 
Alexandria, which is about BOG km distant. This observation 
is consistent with a number of models for the shape of the 
Earth* two of which are (1) that the Earth is fiat and that 
the Sun is relatively close; and £11} that the Earth is spher¬ 
ical ^ with a circumference of (36fl e /? a ) ■ EDO km, end the Sun 
very distant. Since there were other reasons For believing 
the Earth to be Spherical, he chose the second model and 
accordingly estimated the circumference of the- Earth at about 
41 Otiu km„ which is quite a good estimate by present stand¬ 
ards* The two models are illustrated in Fig. 1.1, 


Sun 




FIG* 1+1* Wade Is of the Earth-Fun TElatfocship avail ah U r-i Ira [osthrnie*.. 
(a) Flat Eanh a Sun at distance f ' IMS on cot 7 6 } hr - 651* km, i'M Spher 
leal Earth, cireurn fere nt* of Earth - \Ml(i - -JfiflV?*) kin = 41143 km. 
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1.3. THE FRAMEWORK OF THE UNH'FltSIl AND ITS- CONTENTS 
As the astronomer directs his attention outside the sol lit 
the most conspicuous objects to meet Ms view are 
the stars_ For most of history these have appeared as a con¬ 
stant hack ground, against which the planets move- Galileo, 
using the newly invented telescope, discovered the existence 
of many faint stars* invisible to the naked i>ye, and in par¬ 
ticular those forming the faint bard of light Forming the 
Milky Way. Herschel in the eighteenth century proposed that 
the solar system Is inside a large roughly disc-shaped system 
of stars, which may be called 'our galaxy'., The Milky Way is 
th*n simply the- large number pf stars in the piano of our 
galaxy. It contains around It! 11 Stars, and the solar system 
is about two-thirds of the way out from the centre to the 
edge. 

As well as the stars, a few feint luminous patches or 
nebulae are visible to the naked eye, and many more in, a 
telescope, because of the disc■like appearance of ^ome nebu¬ 
lae p Kant suggested that they wore star systems of the same 
order of si ic as our galaxy, but fat beyond it. Other obser¬ 
vers considered that the nebulae were aU iotzul objects. I h a -, 
question was resolved in the l£2tls when Hubble studied the 
Andromeda nebula and estimated it* distance as SO.fl 000 light 
year*, putting it well outside our galaxy and suggesting that 
it is comparable to it in sire. Many such star system* have 
since been identified. They are known as galaxies, and ihe 
term nebula now tends to be reserved for regions of luminous 
gas within galaxies, Our galaxy will be referred to it* the 
Galaxy with a capital G. 

A new picture? of the universe had now emerged. 'Since 
stars wore not uniformly distributed in space but were clus¬ 
tered together in gnlaxies, perhaps galaxies themselves should 
be regarded as the basic building h locks of which thp un i v 
ia formed? EEubble estimated the distances of a targe number 
□f galaxies, and found that they occur in clusters. However, 
the .ivernge density of galaxies in Space , oil a I urge enough 
5 C(iie r did not see in to vary with distance from The far Hu 'r 
this scale, therefore, the universe appears to he uniform* and 
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the galaxies (or clu^tcrsi form convenient reference points in 
this roughly uniform framework. 

Before Kuhhlc*£ tanfirmanion that the Andromeda nebula is 
nn external galaxy, SIipher Ln 1912 had shown that this galaxy 
was approaching the Earth at a speed of about 2OH km p‘ ] p The 
observational has is for this Is a shift lti the frequency of 
light absorbed by certain atoms in the stars of the galaxy, 
compared to Light absorbed by atoms of the same type in the 
Sun or nearby -tars, or in the laboratory. As discussed tit 
Section M.2 below ^ such a shift can result if the galaxy in 
question is approaching the Barth or receding from it. Xn 
approaching, galaxy has its light shifted to higher frequency, 
that is, towards the blue end of the spectrum, and this is 
described as a blue-shift ; conversely light from a receding 
galaxy is lowered in frequency and experiences a red-shift. 
Measurements on .1 number of galaxies followed Slipher's ori¬ 
ginal observation, and in all but a few cases red-shifts were 
sound, indicating a predominance of motions away from the 
Earth, Finally* in 1929 p Hubble established that, except for 
random motions, and effects of the rotation of our own Galaxy* 
every galaxy observed out to n distance of six million Light- 
year:- U receding from the centre of out Galaxy with a speed 
proportional to its distance, Thfcse galaxies ere therefore 
continually becoming more distant from us or from the centre 
of our Galaxy and therefore from each other. If the galaxies 
ate indeed the has it fromework of the universe, the conclusion 
is clear: the universe is expandingt 

Die dramatic nature of the conclusion becomes evident if 
one looks backward in time. Each galaxy has at present a 
speed of recession which is proportional to its present 
distance r <? from us. 


where ft is known as the Nubble parameter and the Subscript 0 
Indicates the present value. Observations suggest that H is 
roughly the same for all galaxies at the present time, 
although it may vary with time, this is Hubble Vs law, 
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ItI grdcr td understand the meaning of the quantity 
let ]t be assumed that each galaxy ha? been mving away from 
□« with it? own characteristic speed which i$ constant in 
time. Then the distance of any one galaxy from u$ was zero 
at the Bubble ttm* t |( given by 



tK2) 


and this is the same far all galaxies. Although these equa¬ 
tions are based on classical ideas of spate and time, they 
continue to be valid in special and general relativity pro- 
vided velocity and distance receive appropriate interpret a 
tions, es discussed in Section U>.8. 

It would he wront; to infer that alt galaxies were over¬ 
lapping in sprnc vnluniu V of space e time ago. In the first 
place p each palaxy Blight have a transverse velocity* which 
would * in general, depend on time. These velocities are at 
present believed to be small, but if they act for periods of 
tht order they are liable to ensure that a given galaxy 
rr.ay never have been in the volume .'. Rotating model universes 
are of this type. In the second place, gravitational attrac¬ 
tion will slow down the recessional velocities of all galaxies 
and may do so to a different extent for different galaxies;* 
This inay mean that even those galaxies which have been in the 
volume F have not necessari ly been there at the same t ime ♦ 

Iliis possibility is normally disregarded as it implies a 
breakdown of Hubble^s law In the past. 

In the simpler cosmological models of Section it Is 

assumed that 

[i] the motions of the galaxies are radanl with res¬ 
pect to us, 

[11} the Bubble taw fi.l} is valid nut only now, but at 
all times, 

[III) gravitation is the dominant force and acts so 
to slow down the expansion. 

The resulting models then indicate & time before the pre* 
sent hi which all galaxies were at zero distance from each 
Other, Because of fill) the speed of recess ion of each 
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ttalasy ha* greater in the pa&i r and therefore t_ < n.,* A raore 

. 13 r! 

realise it description would he that the galaxies famed out of 
less structured matter (probably hydrogen atoms)* but the 
expansion of the universe must have stnrted before the period 
of galaxy formation and can in Fan he traced back to an ini¬ 
tial very dense state, the so-called fe Mg bang' or "singular¬ 
ity 1 , Because such states are not accessible to laboratory 
investigation, it is not certain whether current! y accepted 
laws of physics apply to them, and it is a matter of taste how 
far back in time one Is prepared to trust *uch models. There 
arc wide variations among scientists on this score. It i* 
agreed* however, that tbe early states of the universe wore *o 
dense that stars and planets as we know them could not exist. 
Thus ? M cannot he less than the ape of the Earth* estimated hy 
geologists to be at least *t * I n'' years. Hubble's initial 
value for t H was only 2 « in" 1 years, putting cosmolagists in 
Some difficulty. However p Baade in 1952 showed that Hubble's 
estimated distances* and therefore also - 1( „ wore wrong by a 
factor of about 5. due to his having wrongly identified the 
stars in external galaxies whoso brightness he had used as an 
Indicator of distance. At present i,. is h el Loved to lie in 

the range from 1*5 * to 2 > 10 ih years, comfortably 

greater than the age of the Fsrth. 

at the beginning of the 1930s, therefore, the- universe 
was hot loved to consist of a largo number of galaxies f dis¬ 
tributed uniformly in space apart from local clustering, and 
moving apart in such a wav that for every position in space 
a specific speed of recession is defined hy eqn (1,1), More 
recent observations have left this p sc turn brood \ y lanchnfuyjd* 
but have added to it, first by extending the range of vision 
to include more distant palasies * and secondly by revealing 
new types at astronomical object* fame of which can bo nbser 
ved .it even greater distances than can ordinary galaxies. 

The extended range of vision is of great importance because we 
see distant objects by light which left them a long time ago, 
and arr there? fare observing a Very ;inc i ant state pf the uni¬ 
verse* Such observations should in principle make? it possible 
to evaluate the merits of different cosmological models* but 
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in practice c litre are id ifficult ies af i n terpretat Ipn p ess dis¬ 
cussed in Chapter II below. For the present we will content 
our^Ph'i - with describing ^ame a I T be- newer types of object 

•*•.. :'-■■! ;T.i zrCea are galaxies Iti thu normal sense, L.e* 
large star systems, which emit huge amounts of energy in the 
raJiu wavelengths. The ordinary ti,e. risible) stars in an 
0 rJi tlll ry ^alajiy emit about 1.0 s * erg s" ! in radio waves as 
opposed to &hptu I O' 1 ’ 1 erg 1 in visible light* Radio gal¬ 
axies, by contrast, omit about 10 4 ' erg s' 3 in radio waves. 

The mechanism of this emission Is not understood. It seeras 
Likelv that it involves catastrophic events in the centres of 
galaxies, where the star deities are highest, and phine- 
grapbs of such galaxies often show gaseous filament* emerging 
from the centre 35 if from a large explosion, \-'ar the coscno- 
loglst the-c galaxies are of interest as a class of objects 
which can be detected by radio tel escapes at very large dis¬ 
tances* 

Quaai-tttitUr olij r \c?ts rite also power fat radio sources, 
hut hnve an optical appearance closer to that uf a visible 
star Than a galaxy. They also have typically very large red - 
shifts, indicating by the Hubble law that they are at great 
distances. This means that their total radio power output 
must he very high to produce the observed radio signal 
strengths. On the other hand, their physical site is believed 
to be much smaller than that of a galaxy, because their radio 
output can change significantly Jtt a few years* This mean* 
that their diameters must lie at most a few light years, other 
wise di f terunucH in the travel time of radio wave* would smear 
out the observed change in output. The combi nation of high 
radio output and small physical ?iie has proved very difficult 
to explain, and It has been nryued that quasi stellar objects 
are ri t at cosmolog a ea I distances and that their red-shitty 
arise either from thcLr own gravitational fields or from high 
speed motion resulting from n nearby explosion, decent ohserr 
various t however, suggest that these objects are associated 
with the centre? of Hitan: paid^ies and may in fact represent 
one stage tn the life of & particular type of galaxy. If &0| 
theit distance and energy output make them of interest to the 


)Z 


iNTOooocrto.s- 


cosmologist in the same way as radio galaxies 

Pxia tir'd , m i. :i t r d n a tarn * a n J Jr £o l-> rt h a x 4 < n m a v hv c I n & s e d 
together as recently discovered objects, having in common 
that they represent an extremefy dense state of matter. Pul¬ 
sars are radio sources which omit pulses having an extremely 
constant period of rhoarder of 1/30 second to 1 second. The 
shortness ami constancy of the period mean that a pulsar must 
he a small (diameter less than 1/3(1 Eight-second or 1(1 D(10 km i 
nnd solid object, from studies of the pulsar in the Crab 
nebuL.i and others, it has been concluded that pulsars arc to be 
identified with neutron stars - stars which have suffered a 
violent explosion, 1os t a great deal of their mass and energy* 
and contracted to a diameter oi a few tens of km. Such □ star 
has a density of about lrt ,J gm/cn - \ If a more massive star 
runs out of its nuclear fuel and cools down, its own gravita¬ 
tion can compress it to even higher densities than those of 
neutron stars. At b certain point in this process the 
1 escape vo 1 ac a t y 1 „ t bn t is the speed wh s e h -i pa rt i c 1 e emi 11 ed 
at the surface must have to terave the stnr entirely* may 
exceed the speed of light. From then on no tight ray and no 
material object can leave the star,, which becomes a black 
hole — jn entity capable of swallowing without trace any 
object that approaches it too closely, before it disappearsi 
matter falling Into the st« is greatly accelerated and com 
pressed fey the star's gravitational attraction and would be 
expected to emit radiation. The foregoing description is 
speculative it is claimed that black holes have hern detec¬ 
ted by their K-ray emission hut other Interpretations of the 
data are no doubt passible. These objects can he readily 
detected only if thev arc within our galaxy. They arc clearly 
of great astrnphystca1 Interest, but have less bearing on cos 
nfcolugy r A black hole* ii at close enough range to he studied 
intensively, would be of great importance to general rel&tivi 
ty„ and so indirectly to cosmology, because its intense gray i 
tational field would give opportunities for severe tests of 
this theory. 

The T?*erou43iitf baakg^a^tAd radiiitian § though not An object 
in Lht usual sense, is an important constltuent □ f the uni 
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verse. tSamow [3] had suggested In 1F4& that the early stages 
of the universe hud been hot as wel l as dcn>u, and tli it li-irge 
amounts Of rad ]at ion here present watt as matter., In a 
finite universe eBbedded in an infinite Euclidean space the 
radiation, travelling at the speed of light, would nut pace sit 
the galaxies and now he beyond detection. There would* hew- 
ever* he no way For radiation to leave an infinite universe, 
or a finite universe which fills a curved non-hue 1 ulean space 
f«e sole ion 1.3) t and the radiation must then still he pres¬ 
ent un1 ess absorbed hy matter, 1effective temperature 

would have dropped, as a result of the expansion of the oru- 
Verj*, co a Few degrees above absolute iero ¥ but it should 
Still be detectable at wavelengths of a few centimetre** Such 
4 rudfat ion field was in fact discovered in H>6S [ ■? I * and 
observations have been made since at a number of wavelengths* 
The Import fltLce of the radial ion to cosmology is twofold* 
Firstly * its present temperaturc is ono more piece of informa 
1 1 on towards understanding the early history of the universe. 
Secondly., Its intensity la iwptr&aia to z very high degree, 
that is it comes equally from all directions in space, this 
fact hn*i been used by Collins and Hawking f3j to show that any 
rot or inn of the universe as a whole is limited to angular 
velocities less than 10" iU seconds of arc per century. 

1.4. THU UNIVtftSE IN TIME 

be now turn from a rough outline of the universe in space tu 
an outline of Its development in 1 3 me, This section intro¬ 
duces in a simple form some of she basic idca^ discussed, sn 
greater detail, in Chapters *!-& and 9* Consider a simplified 
model universe consisting 0 1 a set of particles which wove 
radially in a manner defined by a universal funci ion of time 
the sump for all-particles, so that the position vector 
of the ith particle at time t is 

ry{£) = fift) 11 * 3 ) 

a, being constant for each particle. E«qri <1.31 is equivalent 
to (Z . 4) * provided we take b (t) to he a constant multiple of 
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ihc scale factor F [t\ introduced th«?rt: fc tqn (1,31 thereof dtp 
follows from the Hubble law; it also implies the Hubble law in 
the sense that the speed of the ith particle is ^ = 

f k f £ ) A {i ) ] i%. p and U-/J 1 . is the same for all particles* The 
klnqi it; energy i M of the system can now be found. L£ ^ , is the 
mas* of the ith particle, then 
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Also the gravitational potential energy of the system is, as 
discussed In Chapter 3, a such of terms 
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and i s therefore of the farm (-JJ/.P) with fl a positive von 
stant. The total energy is 


ir ■ = Alb 2 -c/R} 


Cl.i) 


if we define " r . Detailed calculation l Section 5 , 1 ) 
shows that 

€ “ oi ? 3 { 1 , 5 ) 

where 0 is the density of the .system. 

tf we consider only the n particles, the density (mass 
uer unit volume) varies with time as s“ A „ since the na^s of 
any set of the particles remains constant while the volume 
vanes as fl 5 , However fc n realistic model universe must also 
contain radiation in the form of photons, and the energy of 
these phototis contributes to the mass of the universe and so 
to its gravitational potential, because of the red-shift the 
frequency of each photon varies with time as 1 /Ft {see eqn 
(10.44]}; the energy of each photon is Planck's constant h 
times its frequency and therefore also varies as 1/F, Since 
the numhi'^ density of photons varies as 1/f 3 , the energy 
density and t he mass density of radiation will vary as J/ff 4 3 
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Since the mean energy of a set of photons is m measure of its 
tempera tare IT, the foregoing implies that 
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The reader may wonder why the photon density should be in 
the least affected by the function R[ M which was defined in 
terms, of the motion of the particles. The reason derives 
fro&i the uniformity of the universe. Consider an imaginary 
box whose corners are Located on. and BWVe along with, a set 
ai' the particles (which we identify with galaxies). The vo l • 
ume of the bon varies with time as . Photons will cross 
each face of the bos in both directions, but on it 

the universe is to remain uniform, the number entering the box 
must equal the number leaving. Therefore the number of pho¬ 
tons In the boy remains constant (apart from interactions with 
matter in the hot), and the number density therefore vanes as 
The foregoing applies to the background radiation, 
which has not interacted significantly with matter since very 
early times, rather than to radiation emitted by stars» 

Eqn 1 ,m points to a distinction between two stages in 
the history of the universe. At present the density of matter 
is much greater than that of radiation: d 4 P m >& T and so from 
eqns 11.51 cant! (l*§) 


C * o = constant (matt er-dorai nated era),. (l.S) 

m 

As one goes back in time the ratio o /o increases the mean 

n r Pp 

energy and temperature of the background radiation increases. 
Eventually a t;mc is reached fee fore which the radiation density 
was much greater than that of matter-, p § P r >P m . and so 

C 11 R* ™ l/R [ rad iat i Cm-dominated era).. (1*9) 
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The wasti 2 r--daMtinitid era covers most of the past history 
of the universe and is the subject of aU hut Chapter 9 of 
this book. In it eqn \l.A) bolds with £ constant, and one can 
differentiate to find the rate of acceleration of the expan¬ 
sion : 


C » 2Rfr *■ C Jf/tf 2 , i.e. R = -C/2)t 2 . f 1.10] 

Evidently the expansion is slowing down. A d s mens ion loss 
measure of the rate of slowing down is the deceleration para¬ 
meter q (see Section 4,6), defined by 

q - -RR/R 2 - C/Zflk 2 ; R 2 ■* C/IRq. [ 1 . 11 ) 

Substituting this expression for h into eqn (.1.4] gives an 
alternative form of the energy equation: 

E = AlC/lRq - C/fi ! - {Dffl){l/2q - 1 }, £ 1 , 12 ] 

This result in conjunction with [1<4) is quite in forma- 
live* for it shows that two main cases must he distinguished. 

If the total energy is negative; the gravitational poten- 

tlal energy domnates the kinetic energy and there is enough 
mass to cause r.ho system to stop expanding and to contract. 

One can see this From ft" * £/R+E/A w since if £ is negative 
becomes zero at 3 finite value of R, If the total 

energy is positive or sero. In those cases there is not 
enough mass present to Force a contraction; h~ is not zero for 
ary finite R , and the system expands indefinitely. The future 
of the universe for this simple model is essentially deter¬ 
mined by the present value of q (see also Section 6.2] , and 
its observational measurement is therefore an important task 
for astronomers* Some problems of observation are discussed 
in Chapter II. 

The natfiCTitpn-ctemflfftfftf era lasts for a time of the order 
of ha]f a million years (see Table !,2), In it the function fl 
is so small that ac/r >e , and so eqns (1.4), 1 ).S), (1.6] imply 
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a i [C/P'i ** ® 1/8, - constant, 

atid 4 aeasufing tin* t from the instant at which 8 js tero* 

8 = St, T t * 1/8 * \//t. 

Thus the universe cools rapidly from initially very high tern- 
peratures when the main constituent* of the universe are 
believed to he leptons though baryans must also be present 
l see Table 1,1K As it cools, more complicated structures 
become stable; first hydrogen and its isotopes deuterium end 
tritium, than helium and the heavier elements* Later galaxies 
and stars are formed. This is illustrated in Table 1.2. 

The abundances of the elements deduced from various hij*- 
bang models can be compared with those observed In meteorites, 
moon rocks and on Earth* and hence act as a check on the 
models. Of course those elements are of special interest 
which are believed to have been manufactured only In the era 
of cosmological nucleosynthesis (and not later m stars! p 
notably helium and deuterium. The abundance of the latter 
provides a particularly important constraint on the cosmologi¬ 
cal models. For if the universe was too dense at the key 
time, the deuterium would have boon converted into helium so 
efficiently as to lead to too low a deuterium abundance. 

Hence for the big-bang jiucleosynthesis to manufacture enough 
deuterium, it is necessary for the density of matter in the 
universe to bp low enough. If deuterium can be made in 
supernnvuE?, as has been envi saged recently [b], the constraint 
it provides cm model universes would of course be relaxed. 

Thu radiation From the early universe should by now have 
expanded to such an extent that its temperature has- dropped 
to low as about S K. This is believed to be precisely the 
microwave background radiation which has been delected 
recently (see Section 1.3j. 

Most of the elements in the universe are believed to have 
also been made in the course of thermupuc1ear reactions in the 
stars , and this cta^l&p mjc leosyntliesis must be added to the 
Mam&lcgia&l nucleosynthesis. The stellar proceases ^eem to 
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Pttrt z-aldB with d e&nt£m*£nci eJtitite n*-* 

I.e. the)' atr constant In number. 

They can be created [or destroyed} snlZy if an appropriate aufttpdi'tfeif 
is siiral'tUJrtUSJy created for dost toyed}. Far example, the hautron n 
d Denys to a pro Eon p, an electron e‘ and an antineutriHU vt Tr*p*e~-v; 
this conserve 1 * the number of baryorss (one, h ei ore and aFier; find creates 
a lepton-anti lepton pair: 0~ + £; particles are counted positive, jnt 1- 
parUcI Bj negative, so the totd.1 number of both teptcmh find barvans 
remains constant.. 

They are -ill /Vrwrirnfl* 


mmm mmm 

% 


musi: J Lght 


TUfiSs: heavy 


QUARKS 


^ fh 1 mi“ T T-rtiin .- 



neutrino ■. 


muon u 

■uon-tieutrino v 

u 


! nuc i«™ n Jn ro ; on P | 

[neutron n 

SC range barrens: 
doubly-strange bartons; £. 
triply-strange baryons; it 
Charmed haryonF. 


li*d*s, c 

Conjectured m HT1 
of the observe 


Bnryon - 3 quurM 
bound by 
gluons 


plus excited siat^F. 


Fi-ufrons pj rt \ c I e* actisl tivo 


Ciin be invo 1 ved i n 

Cuh bc En voTTdT Ln the 


Can be - 1 n vo ] v*?d \ n r h f 
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i.t. they are required to carry fortes between particles; they ulsfe 
exist on their own. 

Their number Is net constant: they my bo created ■!Or destf&yed] in 
Interact ions. 

For example, pholotis c&n be emitted (or :ibsorbed 1 by atom*! the Fuimher 
of photons does not remain constant* 


They are all btittM. 
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bypass deuterium , lithium, beryllium, and bnran. Hut yet 
other mechanisms exist, notable spoliation* in stellar sur¬ 
faces or protoplanets> The existence of these processes 
endows the comparison beEueen theoretical co^mologically 
deduced abundances and observed ones with ?omc uncertainty, 
even in the case of deuterium, 

A rough quantitative estimate of the abundance of helium 
by mass to be expected on r heore11 cal grounds can be obtained 
by the foil owing three-step argument. 

fa] Suppose nucleosynthesis commenced at a universe tempera 
tore , and that the universe then contained n neutrons 
and p protons. Because of the high temperature these 
are largely unbound., if all neutrons go to Form normal 
helium 1 4 He) nuclei, n/I such nuclei are formed* since 
each nucleon requires two protons and two neutrons, and 
we assume p>n. The abundance in terms of mass, and 
neglecting the neutron -proton mnss difference, i = then 


*t»n) . i */ * , 

n + p 1 * t/p" 


lb) To determine the ratio n/p w denote the neutron and proton 
masses by *r n and (Hp, and assume that at temperatures of 
the order they are in equilibrium accord ini: to j 
Bq]t:mann distribution. 


I. „,r. a.- "ti^i. .,j 

p L kT, u J 1 


- a ,194 


rlD 


We have used im n - ~i j* 
lb 


to- 


Mtv K 


n.* icf *- H - 

1,294 Hcv, Bolimnn k $ con- 

-1 


stant - 9,86 2 * 

Icj To estimate T * observe that neutron-proton transforma¬ 
tions require the presence of electrons and positrons and 
their presence is therefore needed if the thermal eifui- 


1" 

Spallation 1 -g the eject ion of numerous nuclear f ro« u nucleus 

When It 1^ hit by energetic particles nr ether eh irets, ‘thi s cati happen* 
for example, In L-ysink ray processes, as □ result of shqejc WAVSS, In 
supernova*, in nucI MSynthts i S, and is other processes. 







TNTROmrCTEOH 


23 


librium assumption is to be valid* Their rest masses are 
of order G.SI 1 Mev so that their pair cnmtlm is pos¬ 
sible at universe tenperctares in excess of kf -* 1 Mev. 

We shall take this value ns in kf^ - ^ henc^ p 

T N - -— 1 M *¥ —-1.1* - 10 10 K 

0.8&2 * ltr lu Mev 

J - e*p [ -1.294) - 0,274 
J He abundance ~ | “ 0.43. 

The Last quantity depends qbLto critically 1 on the value 
01 r f fl 5 shown in Fig. 1,2* This also shows that the esti¬ 
mate of 43 per cent is much too high. Theories incorporating 
much more data about nuclear reactions give Lower estimates 
closer to the empirical IS per cent. 
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FIG. 1.2. Helium abundance by SPSS u i* function of the typical energy 
of photons *-hen nucleusynthesis la in progress. 

lhr question of the matter density of the universe is 
discussed in Section 6.Z.3 and we return to the deuterium 
problem briefly in Section «.2.4. for 'stage i' discussions 
of nucleosynthesis the following may be consulted: 

J.R. Gott. T.E. Gunn t U,N. Schramm, and B.M. Tinsley, 
Kill the universe expand forever? Sei- Amsr. t 








Z4 


lIUTHODUHTiaN 


March 197ft* 

■LM h Pasachoff and h'.A* Fowler. beuterium in thF uni¬ 
verse. ibid. f May 1974 H 

H,-Y, Chiu. The evolution of the universe- tense 
Jt?urnal M August IJfiH. 

Tho boohs mentioned in Section 1.1 give more expert mental 
details which we have no space to discuss adequately here, 
though we obtain same quantitative estimates of the tempera¬ 
ture in equation (9*64}, below, 

We now turn to a preliminary discuss? Lon of various types 
of models* The value of .7 determines the type of universe, 
as has been noted above, The tine-scalfr of the expansion ip 
set by the value of tf* The present values of these two quan¬ 
tities have to be known in order to determine which of the 
-i imp lest models of the universe are good approximat icm* to 
the real universe* Of course more complicated models require 
more parameters, but it is a remarkable fact that the simpler 
models which require only values of H and ,7 are surprisingly 
good. These Friedmann models are studied in Chapter 5* We 
include in this category models with a non-rero cosmological 
constant [A). Their description is also simple p though one 
now has the value of k as an additional parameter. The 
steady-state model is also discussed at various points 
Chapter B]* Although this is an expanding model, it does not 
at present Furnish in a natural way two characteristics of 
the big - bang type models? (.11 the reasonable abundance;- of 
deuterium, helium, and lithium I though no re worjc i ^ needed on 
hig-bang models in this connection); and (h) the microwave 
background radiation. That Is why the steady state model is 
not currently popular, However* in this hook we seek to stand 
apart from what one may regard as temporary popularity, and 
concentrate on reasonably permanent features of cosmology. 

The steady-state model is one of these features. Sot dis¬ 
cussed here are the anisotropic or inhomogeneous models; 
chough they have their own interest, they are not suitable for 
a stage II discussion. 

Having settled an the Fritdwanri models, It is clear that 
the present value of q can be obtained from red-shift measure- 
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men I - nn vflry distant ^oiircei. These are faint and the 
accuracy which can he attained Is not yet very high. The 
determination of the present value, of ff depends on the 

distant: es of j-a I axles; t h i = i s a complicated natter, dis¬ 
cussed in Section l Q * B , and there is also uncertainty in this 
value, 

It has already het?n noted that the ’Hubble time' 

H u[ t t is normally larger than the time since the hig bang, 

so that this age most certainly he larger than the ages of 

other items in the inventory of the universe. This actually 

leads to the possibility of a slight overlap between the 

smaller - -valuer and the larger age values of, say* the glob- 
rl SO 

ula r cluster stars ! 1 . ■* * 10 years"). On the whole, however, 
there is no discrepancy. Other experimentally accessible 
information includes determinalIons of the mass density [see 
Section 6.2), angular diameters and number counts f see Sec¬ 
tions II .3 and 11.61 * 

1,S, THE RELATION OF COSMOLOGY TO OTHER SUBJECTS 
The wide sweep q{ cosmology has made it & subject of interest 
to people in a]] wa t its of life who seek an understanding of 
the universe in which we live* It is therefore of great 
philosophical importance- It has also many interactions with 
other branches of science since the history of the universe 
encompasses* when inierproted strictly, the geology of the 
solar system, the origin of life, and the development of 
man. 

In connection with the theory of elementary particles, it 
is believed that if quarks are their fundamental constituents, 
then one would expect some to have survived from the early 
universe, Just as the microwave background is believed to be 
a relic of the radiation of the hot early universe. Indeed 
11 ha* been estimated that the abundance of quarks now, if 
they exist, should be comparable to that of gold atoms. So 
one wants to know why they seem to be much rarer, What pro- 
ctss ha* removed them 0 Or do they not exist? 

In geology one is deeply interested in the question of a 
possible time dependence of Newton '5 gravitational constant O r 
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This is a theme taken up quite briefly in Section t.l and 
Append 1 a h + In fact the general theory of relativity treats 
G a? a const ant, and the theory has to be modified to allow 
for variable G f7 t 8|. The same applies to Newtonian cosmology 
|9[. If G decreases with time, the radio?: of the Earth has 
increased; it has been suggested that this may be responsible 
for the formation of the deep ha 5 ins which represent the 
Atlantic ocean, and there would of course be many other con- 
sequencoii. Most notably, the brightness of the Sun would have 
been much greater in the past, since it is gravitational com¬ 
pression which heats the cores of star* to the temperatures 
needed for nuclear fusion. Therefore* -in increased value of 
J implies higher central temperature and so ,1 greater rate of 
fusion* This implies further that the surface tempo rat Lire of 
the Earth was higher in the past by an amount which, at least 
in the DlrsC theory, may he in conflict with the fossil 
records [101 - The ages of the Earth, the rocks, and meteor¬ 
ites also represent lower limits fur the time which has 
elapsed! since the big hang. 

The cosnologically deduced abundances of the elements 
have already beer noted and observed abundances arc assessed 
by various methods in geochemistry* There is therefore here 
another link between the sciences and on*mo]ggy * 

The existence 0 E life here and possibly elsewhere 1 an the 
universe depends on the fcreation of planer - and. r hei r atmos¬ 
pheres* This also depends on the details of cosmological 
evolution« 

Is the universe finite or infinite? Cosine?logy can in 
principle decide this ancient question, since according to 
general relativity space is finite* for the simple models of 
section ] . 4 , if and only if q > S- 

finally, in hi story and philosophy the cosmological con¬ 
siderations of the static Universe by the Greeks and in .New¬ 
ton'ian physics have long been of interest. The cosmologies □£ 
the twentieth century throw a new 1 it;ht on these ideas* which 
enables one to reassess their underlying assumptions. 
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COSMOLOGY: SOME FUNDAMENTALS 

2,1. THE HUBBLE LA ¥ AND THE EXISTENCE OF A SCALE FACTOR 
The implications of the galactic red-shifts observed by 
Hubble in 192%, and by many others since, will now be discus¬ 
sed in mo re detail. Hot this purpose it will be assumed that 
Hubble's law is valid at all times, not only at the present 
time; 


tff*) - J. £2.1) 

This will be justified in Section 5.3. 

Since the speed of recession ^ is the rHte of change of 
the distance r, One finds 


dr/dt H fir a 


Therefore 


j drfr -J ff dtj 

r o H 

The suffix 0 will normal]y indicate values at the present time 
t = One finds 
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This ar£itnient assumes that the Hubble law is valid at all 
times between end t with H the same for all galsxies at a 
given time, though possible varying with time. Thus the expo¬ 
nential factor in cqn 12.21 La also the same for all planes. 
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It can be considered a universal scale: fuctur in the sense 
that an one goes from time ? ^ to f all Lnl ergEilac i ic distances 
Lncreajie by this factor. It is usually denoted by Strip so 
that for all galaxies 

i*[tj - 11 J* 0 , ff(t) ■ exp(| ft *t), (2.31 

*0 

Assuming no transverse motions of galaxies, thu direction of 
the line of sight from an observer 0 to a galaxy remains 
unchanged in time. The vector equation corresponding to 13.31 
is then 


tit) - ff(t)r a (2*4) 

where r [t } * r |( are the position vectors of the galaxy under 
consideration, relative to 0, at time* e and 

A note on observational aspects of the Hubble law is 
needed here. If a galaxy U observed by light which it emit¬ 
ted at a time its observed velocity » h and distance 
*< RkjS from the observer will be related by the Hubble parameter 
for time r. £ : * JF[t J Thc light Is observed at the 

later time t ■ t + r obs^ a * assLj ° lir ^K classical light propaga¬ 
tion* Thus simultaneous observations at of galaxies at 
different distances r will relate to different emission 

QDS 

times ' lP with appropriate value*, of the Hubble parameter. 

The Hubble la* [1 A) cun therefore be restated in terms which 
make explicit allowance for the time taken by light to propa¬ 
gate: 


”.b. - »t*,) ^ bs . (2-5a} 

‘'nb* - ob*’ (*•») 

[Z.Sa) Is a general result ( and the photon travel time t -t_ 

Li r 

is in general relativity determined by model-dependent equa¬ 
tions such as til. BO I to f 11 .ii I given below with i* , denoted 
by r. In classical theory and special relativity [ 2,561 holds 
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for all cosmological mndHs ( and Li il lust rated in Fig. 2 . 1 . 



N r . - _ r - 
£' trf(| 


Fic. 2.1. Velocity-distinct diagram far various cesmologica] models 
[classical and sptciil relativistic tbwries of light propagationl* 
i a? : =■ -I. Steady* Stater model. Fqri C^l* 1 ) has bean used with 
treated as a constant. (b) q = 0. Milne model based on [2.12] . 

[c - * 1 . £[flute]n-de sitter made] based an [ 2 , 16 ). In Special relit 1 V- 

iatlc ciis.es. cbe turves terminate at u - ,-?* indicating a 'boriton' : see 
oqn [10-301. 

Note that in some popular expositions [1], curves with 
a * -l are incorectly said to refer to models with tero de¬ 
celeration parameter. 

Some later equations in this chapter are derived from 
{2.510 and are therefore not valid in genet ra l relativity* 

Table 2*1 gives the range of validity of all equal. ion* used In 
this chapter. 

In Table 2.1 / indicates equations that arc valid* * 
equations that are invalid* and § correct equations obtainable 
by use of a. model-dependent light propagat ion time derivable 
from (10.41). SB indicates that eqn (£.171 has to be replaced 
by [1Q.3ZJ; the correct version of [2*25) is not needed here 
because the Eiustain-d* Sitter model l* not discussed in this 
book for special relativity. 

The first row of Table 2.1 contains- results which are 
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TABLE 2.1 

Range &f Validity af eqwrtizmg uned iri iThapter B 




Theories of Jight propagation 

Eq uat im 

Classical 

Special 

relativistic 

Genera I 
relat ivlst ic 

2,1. 2 . 3 . 4, Sfl, b, 7, 8, 9, 10, 
11, 12, 13. 16, LS. 19. 20, 21. 

22 

/ 

/ 

/ 

2.S&, 14, 15, 23, 24 

/ 

/ 

K § 

2,17. 25 

/ 

* It 

* 5 


independent af light propagation, either because they do not 
refer to observed quantities dr, in the case of eqns ('3 + 9] and 
(2-91 » hecau.se they refer to the steady*state model in which 
a]l parameters are independent of time. 

The second row contains results derived From oqrs ,2,h}\ 
and therefore not valid in general relativity. The third row 
contains results derived from Cl,Shi with the add it Ions! 
assumption of an absolute time .scale, and therefore valid 
only in a completely Newtonian contest * 

it follows from eqn L" 2.5 > that as one observes more and 
more distant galaxies the inferred Hubble parameter changes, 
since ont^ observing earlier states of the universe, fhe 
simpler equation (2.1) results from a more 'god'like' view of 
the universe in which one imagines the positions and veioci- 
iie^ of galaxies to be somehow known at the same time for a I] 
galaxies * l\ would be possible to distinguish in our notat ion 
between the two types of equation, but this causeg increased 
complication* We have chosen Instead simply to remark that 
in sections dealing primarily with observed quantities, inclu¬ 
ding Sections 2.4 to 2.6 and nil of Chapters Id and 11, sym¬ 
bols such as v and r normally denote the observed values of 
tbs?** quantities as in I 2*5), while the discussion of cosmolo¬ 
gical models in Chapters J to 9 presumes the 'god-lile 1 view 
0f eqn I 2.11 , 

It also follows from eqn (2,5) that the ratio of observed 
velocity to observed distance does not in genera] equal 
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except in the limit of very close object?* can indeed be 

defined formally 35 



iz.*} 


This result is valid also in special and general relativity 
since the light travel-time approaches zero for nearby objects 
in all these theories. 

One important way of de-scribing a cosmological model is 
to give the scale- factor 5{e) as a function of time- This is 
clone., and some possible inferences from Et are discussed, in 
Sections 2 „A to 2 + fe for three of the simpler models, after 
discussion of some more general aspects of cosmology in Sec¬ 
tions 2.1 and 2_3, 

2.2, THF. COSMOLOGICAL PRINCIPLE AKU JT5 RELATION TO THU HUBBLE 
LAW 

At several periods in the history of cosmology it has been 
thought that seme object was uniquely qualified to be consi¬ 
dered the centre of the univetsr. The Earth* the Sim* and our 
own Galaxy have each been in this situation, and ha^e later 
been shown not to be unique — the Earth is one of several 
planets, the Sun one of many stars, the Galaxy one of many 
galaxies- As a result modern co sinologists have come to take 
as an axiom that n& object is in such a privileged position - 
This axiom i? known as the Cosmological Principle* and may be 
fortauLilted as follows: 

The large scale appearance of the universe is the same at 
a given time for all observers located in, and moving 
withi galaxies, 

The phrase Marge scale 1 allows for possible local variations - 
for instance, one galaxy may happen to be much the largest in 
its immediate neighbourhood* but the principle is not violated 
provided equally large er larger galaxies exist at greater 
distances* The restriction to observer? moving with galaxies 
is necessary because an observer teiftporariI> located in. but 
ntfi moving with, h galaxy would see other galaxies as having 
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transverse velocities, and so would not agree with eqn ( 2 . 4 ] 
3bove, 

The Cosmo!ogicol Principle as here formulated implies 
that th£ unzwr #f no u« £ . 7 :• *■ * The converse , how¬ 

ler* is not true. One can imagine a universe which has no 
centre but which violates the principle for instance, one 
in which the average site of galaxies increases steadily as 
one proceeds in a filed direction. In Fact, the available 
evidence supports the principle by showing that the properties 
of galaxies* and the number of gal axi 05 per unit volume, do 
not vary with position in space out to very great distance* 
from farth. Thus the universe, on a large scale, appears to 
be uni farm in space — there are no preferred locations- The 
evidence also suggests that there are no strongly prefer red 
directions in space, I T e. that the universe is broadly fao- 
For instance. the Hubble parameter has roughly the 
same value for all galaxies* in whatever part of the sky f and 
the microwave background radiation comes with equal intensity 
from all directions in space. 

The question now arises whether the Hubble law Is con¬ 
sistent with the cosmological principle. More specifically, 
if the relation (2,4 | is correct for an observer 0, will it 
also be correct for observers in all other galaxies ' 7 That 
the answer is 'yes 1 can be shown as follows. 

Fig. 2,2 shows the position* &t times and e, of three 
observers 0 * A, B according to 0, 0 considers himself to be 

at rest and assigns position vectors and r & I - 1 to \ and 

B at any time t, Apply inn cqn (2.3) he concludes that 



flC. 2-2. Positions of three observers 0, A, 0 at libaS and t z accard¬ 
ing to 0 , 
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It follows [i] that QA^ and QA, are col mear, as ore OJSj and 
OB, iibis has been assumed in drawing the figure), and 
r: i i) That OA : /OA 1 - OB 2 /OB, - PU^/SCtj). The triangles 
OA j I. ^ T QA_,Bt are therefore similar. Thus, considering the 
triangle formd by the three observers at different times, 0 
will agree with the following statement: 

S: In view of Hubble's law* any triangle defined by three 
galaxies has the foil owing properties: its angle*, and 
Lts orientation tn Space, are constant in time, while its 
linear size is proportional to 

Nov the statement S does not single out any one corneT of 
the triangle. Thus if one of the other observers, A for 
instance, applies the Hubble law based on his oun position* he 
must necessarily arrive at the same statement $ ► Conversely 
S implies that each observer will sec the motion of the other 
two as consistent with the Hubble taw; that is, the -itpaetiflai 
of { for instance I 0 and EL as seer from A are constant fc while 
the iiflfcam?#?* are proportional to Fit}, The positions from 
A 1 = point of view arc shown in Fig. 2.3* There is now a set 
of implications, 

Hubble law for vm observer - S - Hubble law for any 
other observer, showing that the- Hubble law is impartial 
between observers, as required. 



FIG, 2.5. Positions of three observers o, A ( h at times ^ and t 2 accord¬ 
ing to A. 
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The Hubble law also hns implications for the uniformity 
of the universe, Consider a set of galaxies. At any instant 
the set can be considered as occupying a polyhedral volume! qf 
space p and the location of each galaxy relative to the others 
can b e fixed, by triangulat ian» i . e, by specifying the dimen 
Sions and iinxlo.s of |hc triangles having named galaxies at 
their corners. The statement 5 above will apply to each 
triangle, and therefore to the entire polyhedron. Thus the 
volume of the polyhedron will vary with time as (i* f t} ) 5 * and 
so the number density (number per unit volumel of the set of 
galaxies will vary ns I»f - i I \ Now n \ t ) is a universal func¬ 
tion of time, independent of position Ln space. If* there¬ 
fore* the number density ol galaxies Is uniform In space at 
any one tiniL- p it w s 1 ] be uniform in space at all other times, 
whether they be earlier or later. The only assumption made 
here is Hubble's law* which enters the argument via 5tfitment 
S, The situation can be sultimar 1 1 ed hv raying That, n one is 
only interested in the positions and velocities of galaxies* 
and if the cosmological principle t$ known to have been true 
at one instant in time* the Hubble law Implies that the prin¬ 
ciple ip true at all times. 

It I5 natural to consider the converse quesnnn does the 
validity of The cosmological principle at all times imply the 
Hubble I aw 7 A mathematical discussion of this is comp Sex, hut 
some conclusions can he reach ed fairly easily In tvo «:tep^ . 

(a] Fk* we* of radial motion. Consider first a universe in 
which the motions of galaxies relative to an observer are 
along the lire of sight* but with speeds nor proportional to 
distance. Then eqn (1,1) Is valid, hut H will he different 
For different galaxies; consequently cqn (2*3] is valid for 
any one galaxy, but 5jtj is different for different galaxies. 

It follows that the Volumes enclosed In different scr of 
galaxies wall no longer vary with tiinr Ln the .same manner for 
all sets of galaxies. Therefore the number density of galas- 
(es f even if it is initially uni form* cannot remain io p and 
the cosmological principle must Fail. The failure of Hubble's 
Idw thus implies failure of the cosmological principle- This 


CQSWLQGy i SQHTi FUND AMENT AIJS 


3S 

i = logically equivalent to the statement that the cosmologi¬ 
cal principle impl ies Hubble's law, 

[b] Jcni }*al mctian. The motion of any galaxy can in general 
be regarded as the vector sum of a radial and a transverse 
velocity. Mow it is impossible to transverse veloci¬ 

ties to every galaxy in any systematic manner without singling 
out some direction in space. For instance if the vector sum 
of the transverse velocities of dll galaxies iwi th in some 
limiting distance' is non-:ero t the direction of this vector 
is evidently unique as there is a general motion of all galax¬ 
ies In this direction. If, on the other hand* this vector fa 
zero, the motion of the galaxies has lhe general character of 
a rotation, and the sum of the angular momentum vectors again 
defines a unique direction. A model he contrived in which 

the sum ofc the angular momentum vectors over the whole sky Is 
zero* for Instance by having generally clockwise motion jti 
two quadrants of celestial latitude and generally anticlock¬ 
wise in the remaining two quadrants. Such & model, apart 
from its extreme artificiality, single* nut several directions 
in space I the plane* dividing the quadrants]- Ne conclude 
therefore that in a universe which Is i er^Sr^pxct p i.e. has no 
preferred directions in space, there can he no systematic 
transverse motions of galaxies- The motions are therefore 
radial and the argument of paragraph inj above can he applied^ 
This gives an overall conclusion: 

If the ffl tropic at ctC£ tf'nCff, arid 

xpa mii l a pic a l pp£ ft T p l •. a£ all ' t si 0 a A .! Jic?n ft w£* bi>: f 9 £s 

valid at all 

It should be noted that nothing in these arguments fixes 
The of the Hubble parameter a* In fact a uniform and 

ifpf mp]c universe can, .if 3 particular rime* be cither exparn 
ding 1 * >0,i * stationary (ff - 0) or contracting f.n'< 0 U The 
evidence of the red-shifts shows chat our universe is at pro 
sent expanding,, but in ?w’ made Is [see Chapters 6 and 7 1 
there will he n contracting phase with red-shifts replaced by 
blue* sh 1 ftS* 
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Z.3, TOES THE, COSMOLOGICAL PRINCIPLE REQUIRE ,y* INFINITE 
UNIVERSE? 

The cosmological principle implies that the universe has no 
edge. since a a observer at the edge would see a very 1 non- 
uniform universe „ rh i s would seen to imply in Newtonian, 
physics that the universe must he infinite, since all of 
infinite space must be uniformly filled with galaxies, The 
resulting picture of an Infinite sot of gravitationally 
interacting galaxies led to problems of the kind discussed in 
Section 5*3* in general relativity, by contrast> space is 
curved by the presence of matter, and \.n -ome models the 
total volume of space is finite. This can he visualised, by 
analogy, is Follows. Consider the surface of a sphere a? a 
two-dimensional curved 'space 1 . This 'space p lias a finite 
extent so that it can be uniformly covered or 1 filled 1 by a 
finite amount of two-dimensional matter, Tf this is done, the 
resulting, ■universe'* has no edges, and every point in at is 
physically identical to every other point. A being living in 
the surface would therefore perceive his 1 universe H as satis¬ 
fying a cosmological principle, although its total 'volume' 
is finite. 

By a slight modification the cosmological principle can 
be made compatible with s finite universe uj t hunt resorting 
to curved space. Oue can do this by assuming that the range 
of vision of each observer is much smaller than the dimensions 
of o finite universe. Then all obs-erVers at a distance from 
the edge of the universe greater than rhe range ol vision will 
sec essent iiiLly tbs? same picture and these observers will far 
outnumber those nearer the edge. The appropriate 'modified 
COSmolegical principle' is one in which rhe phrase 'all 
observers' is replaced by 'almost all observers'. In this 
sense the |finite) models considered in Chapters 4 to n are 
consistent with a cosmological principle* 

Sefore, say, 1&S0, when experimental evidence bearing on 
cosmology was still comparatively scarce and inaccurate, the 
cosmological principle was of groat value. It was used an 
important constraint on possible models* One tried to feHye 
models of the universe from this and other principles. This 
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is no longer n desirable procoAure in view of the increased 
exper iment al evidence relevant to cosmology which is now 
available. For this reason no attempt sit such o, derivation of 
a model is nude here. To put it differently, since «xperi- 
"li-nrit ’ ■- i.-Pi.TK 15 increasingly limiting our ignorance, we no 
longer need the prtn^rplr to do so. 

2*4. THE STEADY-STATE MODEL lH NEWTONIAN COSMOLOGY 
The simplest cosmologies] mode Iare general! Jr Obtained by 
applying some n priori principle to limit the Variety of pos¬ 
sible universes- Hie steady-state model, first proposed in 
194 8 12,3] can he derived from the so-called pttrfuvrt ooBmoIa- 
f -.1 • priwip:* which requires that the large-scale appearance 
of the universe be The samp for observers at all time?* and at 
all places. For instance, the average density of matter on 
the large scale must not only be uniform in space, as required 
by the cosmological principle of Section 2*2 above, hut also 
constant in time. Since, according to the Bubble law, all 
presently existing galaxies are moving apart a new matter must 
he created in the space between galaxies in order ultimately 
to form now’ galactic?, to replace those which leave any fixed 
volume of space * The rate of creation noodeti is extremely low 
On the terrestrial scale, as discussed in Section S.2 t and 
would not he detectable by present experimental techniques. 

The stcady-state model has a number of distinctive 
features. Since it has no initial dense state* it cannot he 
falsified if the age of the Earth or some astronomical object 
is longer than the Hubble time t^ r This can be taken to be 
an advantage or disadvantage according to one 1 * view of sc ion- 
t ii ic theory in general. Also the origin of mutter does not 
take place only In :in inaccessibly remote past but continues 
at the present time where it can in principle he studied 
directly. The interest of the mode] in the present context is 
that it provides u very simple framework in which to illus¬ 
trate the calculation of Some observed quantities. 

The resuIts needed are straight forward* Firstly the 
Hubble parameter* being a large-scale property uf the universe, 
must he constant in time, so that the observed Nubble law 
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contains ft as a true constant, equal to its present value : 

m * &i*i r * tf/I =» = tf* H * C2-S) 

Secondly the number density of galaxies jV £ must be Constant in 
space and tine T so that,. if V n is the present density, 

iV e * for all f and t. (2.t) 

Finally, the scale Factor can he calculated from eqns (2.2) 
end [2,3), and since fl is const ant we find 

Rlt) - txpiHt-t c ) h [2,10) 

This is a first rmmple of a possible time dependence of a 
scale factor and will be used in Chapter II to derave rela- 
rions between observable quaotttJ.es which can then be used to 
test the validity of the steady-state -mode i < 

Although the above consideration ha-s been Ncwconian. pqn^ 
(2+9) and [2.Id) are valid also in special and general relati¬ 
vity since they do not depend on a theory of light propagation. 

2,5. THE MILNE MOPEL IN NEWTONIAN COSMOLOGY 
This model, like the steady-state model, derives front an a 
prior 1 1 assumption: the motions of galaxies must be such that 
Observers in different galaxies can agree on a uni vets a] 
scheme of time measurement by Interchanging light signals* 

Milne |4| showed, and wc shall not attempt to prove it here, 
that in an expanding universe this assumption Implies nut only 
the Hubble law [2.1) but also thai the velocity of each galaxy 
is constant in time. The main featurps of rbe model can 
easily be deduced from this fact. 

Consider a particular galaxy which has d constant speed 
of recession ln The aquation of motion dr/di 35 v integrates 
to r 1 A+vt* It is natural to choose the zero of time so that 
the integration constant A is sere, and then 

Ht) *= r 0 * rft u ) - tft 0 . 


(2*1-1 ) 
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Comparison with eqn U.3] gives the scale factor as 

fflfc) * = */ t 0 - 

The Efuhble parameter is found by comparing eqn i2.111 with 
(2-1): 


Hit) - = l/t; t H i I /ff 0 - t 0 , U.13) 


Thus the Hubble parameter is infinite at the time e * 0, which 
marks the initial 'big bang 1 since all distances are aero at 
that time, and decreases with time thereafter; also the HuHblt 
time c H is equal to the present age of the universe 

The relation between o&edroad velocity o and observed 
distance r of a galaxy can be found from eqns (2,5) and iZ.il): 


u • # (11J’ = y 




1.3. M) 


or, re-arranging P 

tfft K 

** rr-w 


12 , 15 ) 


The number density of galaxies can he calculated using 
the fact that, as noted in Section 2.2 above, the volume 
occupied by a representative set of galaxies at time t varies 
as fS'tt}) 3 and the number density therefore varies as 
Thus if X [’t) is the number density at time t and 8^ - v U n ) 
the present number density. 


■vie] 


rs<»oH s ^ 

'" ifliti} 1 "" atm?- 


tf.ioi 


Since hy tqn (2-31 - X* This equation is valid for all 

models i n which galaxies are not created (except ncnf t hi- 
fi tart of the expansion] + In the preterit case tf(t3 ^ given 
by eqn I 2.12} t and so 


iffr) • W* 1 * 1 
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I-'Inal ly, i f we ioiisidur only ga I axis* observed at distance r 
t#b have, a? in eqn {Z* 5 l P that t = ant! the correspond¬ 

ing number density Is 



Mere cqn I'2.1*1 25 used to replace ■ | . by r since in general 

Is an observable quantity while t is not, 

:.h. KINEMATIC AND DYNAMIC MODELS; TUB EINSTEIN—DE SIT TIL R 
MODEL IN NEWTONIAN CDSWLOGV 

The two models just distuned can he considered kinematic 
ttwdol s 1 in the sense that they specify the of galaxies, 

in accordance with some j priQn ^ssumpt ion t without in the 
first place enquiring Into the? force* which determine the 
motion,. The models disunited In Chapters ^ to 9 of this book, 
on the other hand, are lynamiv modvl*, in which the forces 
acting on galaxies are assumed to he known and the resulting 
mo L i-.In* are d iscussed in t«.■ rms of Newtonian or reiat i v 1 stic 
dynamics* As will appear later, a wide range of different 
dynamic models is consistent with our present knowledge, since 
such n basic quantity a* the mean mass density of the universe 
l? not known accurately. The kinematic models, on the other 
band, are each cofcpJetety determin^l once the two parameters 
- M Qfid Yg arc known* Thus the kinematic models offer the 
advantage of being esposed to observational disproof ffnr 
instance if the predicted dependence of i« on r is not rea ]- 
i:ed I , hut have the considerable disadvantage of not explain¬ 
ing the motions of galaxies in terms of currently accepted 
physics f 

in most of the dynamic models the scale factor is a 
rather complex function of time, hut in a much favoured model* 
associated with The names o£ Einstem and de Sitter, it is 
relatively simple. This inode] l Sect ion 6 , 2 . 2 ) yields .i scale 
factor propdi-t ional to ' Jj '. The condition 5 L c 0 > =« ] there¬ 
fore implies that 

in 


*ui = f »/*„! 


f i.i*) 
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The Hubble parameter con be found as follows* IT r(c) and 
pi ft) are the distance and velocity of a particular galaxy at 
time t„ then 


Ktl = r^Ct) 


V 


2/3,*2/3 
*0 


and 


if [ ej 


dr 

JF 


re* 


-l/J -2/3 
Cl 


12.191 


[Z.2(3) 


Since by definition «ii i - n(i)/r(t}« eqns [2.19i and (2.201 
imply 

fff*) - £; # 0 s ^ C 2 .n) 

and 

e H * ^ “ ls V £ n * TV £2 ‘ 223 

Thus s QP the age of the universe, is lti this model two-thirds 
of the Hubble time . 

The relation between observed velocity u and observed 
distance r of a galaxy i± again found from eqn <2.51 In con¬ 
junction with eqn (2.31): 


y 3 ff (t }t* 


Zr 2r 

n 5{t e -*-fr i 


2r 

2 t ^ ~ 3 j*/^ 


(2.23) 


dr, re-arranging, 


2t’t H 

' * 


u* 24 ) 


Finally the number density of galaxies at distance r is 
found from eqns [2,16 1 and 2.IS): 

», ■ - V ![ v MI ' 5 • hir^Tt}' 
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aiSMiJUTfiV: SOME KtJSDAMLNTALS 

i * ... i: ! ■ ■; ■ ■ : T t- •' n at ional predictions 

t e: , . Lirtii th < Ino t ■ .. r I. , dis-jussed is given in Chapter 
! ■ ‘ ui i 1 1 l i daMiitu 1 optics nro devel - 

i« . !; i ■ ■ ■ ; L i I;:- j • -i,P t . 1 ig- 2 , 4 , illustrates the 

m:j 11 i r ■: q 1 1 3 r i? ■- n f tne t h r e mod e 1 s , 




II- _ . ; i- , - ■ j s . -11 fjp i«. "*aaiuH U~iil Hotels* The 

syrnj - ■ 1 * 1 r r i*T i J he f r■ r mn t : f a i a I iv) . 


PROBLEMS 

i- I ^li fjv tli.it , m ,i inrii-l imivrrsc MJt isfyinp Sff) = 
(e/r^V 1 with a canptarn . 

a.- H . 


•I' 1 - - I : , U, !'. I. _. t .2 5, 25| can he nh- 

? ’ii - ■- n I .11 the-i!'- resulti, 
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NEWTONIAN GRAVITATION: SOME FUNDAMENTALS 

1,1. INTRODUCTION 

The only important force known to act at present between 
galaxies is the gravitational force of attraction. Si can 
therefore be expected to play a dorr i nunt role in the d>-namical 
behaviour of the universe. In t b i ^ chapter m shall there-fore 
discuss gravitat ion T At other time? in the evolution of the 
universe other forces may be of comparable importance, notably 
radiation pressure. These will bn discussed Inter* 

Newtonian cosmoiojty is thu- based on the principle? of 
classical mechani cs and i j ■ ; a r * : ■: u 3 ± r v >, <y t n n i i n g rav 1 1 ;i t s or, ;s 1 
theory. For Our purposes It suffices, however* to assume the 
inMMB £-atf of t tm • ?n. Thi s state? that a parti 

cle of matter of mas- it. ( act - on a part I cl u of mass w 2 • ■ J T a 
position w = pf relative to it with ■ l'or_u 



r 


The negative sign Indicate? that the sorrt tend;-, to bring the 
particles together.and f is a unit vector directed -ram parti 
etc 1 to particle 2 . The constant L is Newton's gi avi tat ioital 
con stan t ^ 

ft * 6.67 * lu" fi dynes cm™ pm * = h,67 * *s 

* 6.67 ■ 10" 11 k" V* . 

The last form is the value of ■: in ST units, The dimeiT ions 
of £ are readily cab mined frun 

w - 

It will be adequate for mv Jl’.ru 4ion of Suwton l an cos - 

rtinlogy to have nvailabit one V**- r -1J ? 
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A uniform iphere of rjjss w and radius ■ attracts a 
par tic Ie; of mas* at distance r frnm its centre hith a farce 

n 

fl/e“ (Particle external ta spherel 
F = -ffstAM [3,2 

l r//7 [particle inside the sphere)* 

The first part of the statement amounts to saying that the 
sphere may he replaced by a particle of mass W at its centre, 
and that the force an the particle of mass *i external to the 
sphere is then unaltered. The second part is h-o^t written ns 


F ■= -GmH*/r 2 . W* f 


(3.3] 


It then assarts something analogous to the first part, except 
that the mass at the centre o f the sphere is tf*, Therefore. 
the only mass which is effective in producing an attraction is 
the mass within a sphere defined by the distance r bf the mass 
hi from the centre, It will be one object of this chapter to 
establish this result, 

3.2. CONSERVATIVE FIELDS OF FORCE 

y m H r : id of fv r.?*' Ft JO is- a Force Ffr) defined a I all points r 
in a region of space. If a particle acted on by n force moves 
along a curve C drawn in this- region, the field does mechani¬ 
cal uork 



(3*4) 


€ 

which will in general depend on the field and on the curve. 

Fora -onx* field a function Hit > exists such that 


Ffrj.dr - - d! r I 


13 . 5 ) 


She sign is such that *■ decreases when the particle is moving 
in the direct inn of the appl ied t'orcu. Also in moving from 
r t to the work done by the field ts 
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The work done against the field is u{r , I -tfir , ], This 
latter quantity is also the potential energy of a particle at 
r, relative to t { - lie notes U1 The work done clearly depends 
only on the end points and net on the path, (h) In going from 
fj to r 2 under the action of the field, the work W Is positive 
if U{t } ) ^ and a particle tends to slide down a poten¬ 

tial energy hill under the action of the Field, as shown in 
Fig. 3,1, 



r 


FIG. 3.1 k Whsn 3 particle is moved by a field of force to 3 point of lower 
potent!il energy, then chr work done by the field is positive. 

The term * conservative 1 refers to the possibility of 
defining a function which is constant in time during the 
motion of a particle. This U in fact the total energy of the 
particle, which is thus 'conserved r + One proves it a* follows: 

If v is the velocity of the particle* then 

F ' v = '"3T* V = ’"TF ■ £~{j«rv 2 '! , [3,") 

whlth is the rate of change of the kinetic energy of a |>nrti- 
c L l- , It follows that, tft is the time, than using onus f3.s) 
and (3,7), 

J 2 r 3 

F*¥ At = f p + dr = .'iOj I 'iV I [r , ! - 

1 1 

Energy conservation follows in the form 

v j + U I r i I 3 l + 1} (r , | . 

As an example of a ttan-*ana&F -.v; - < i't field /-'r ■< * con¬ 
sider 

*t*J - * 2 l***J 




NWrOKJAN GRAVITATION! SDME FUNDAMENTALS 


46 

where i f j art unit vectors parallel to the i and * axes. 
Suppose this Field does work on a partict e> as follows: 

Starting point r - f□ * 0) - 

Curve traced out Ciy ■ 2x n (n is a constant) 
Endpoint: r * £1*2). 

In this case 

FfrJ.dr » I., “ ,x‘) „ i'che ,di*] = y~dx+^^\ r = 4x 2 ”dar*2nr F! * 1 tU * 
Integrating as in eqn 4 3 _ 4 j yields 


4 1 A 2w n + 2 ' 

1 _ 1{U 2 * Jn+fl) 


B f it+Z> f2 m + 11 


he sec that this yields 1B/^ lor >i * I and y/$ lor n - 2 . so 
that the work does depend on the path, and the Field is not 
conservative, 

he now adopt the inverse square Inw or Force i 3.1 ) to 
find (see l=i B * 3 + 2) 

. n7„ 

FfTl-dr - - —-jptf drl. 



I r i J , .V V rh (.■ hiO-rt dent hy a field o: r'^rt. ■. F'j- involves Che scalar 
product f.dr. 

Thus only the projection of dr on f enters the expression for 
the t.orfc t *n that for .'»ny path onlv tht- projection on t ki 
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2 

relevant* Thus In the limit dr * 0. FCtji .dr = ■ Qm^ ? dt/p' 

(Fig. 3.2J, In that limit, therefore* 

r *2 r r Z Gjo*SU 

W[TjJ'^Jr 2 ] F(r)-dr = r"~d* ■ - 7 -» ,.' " ■ 

r l r l 

Therefore F is conservative and the appropriate function y tty 
he defined by 


y[r) * U (») -Gtt; * Pit] 

01 ^1 is usually taken to he tero* and this gives the usual 
expression for the gravitational potential energy (i« Fig. 
3.3} 


tf(r] = -Gm £ 3-93 

This expression agrees with intuition: as the particles are 
separated one does worfe against the field (their mutual 
attraction], and If they ere allowed to move, they will collide 
and attain their state □£ least potential energy* which is -■ 
in this ease. 



FIG* 3,3. If thE gravitational potential energy L r (>i of a particle 2 at a 
d i stance r fro® a particle 1 is tero At r = ■„ then it is negative ut all 
finite valueis of p. 

3.3, THE GRAVITATIONAL POTENTIAL 

The potential energy (3.9) of particle l in the field of 
particle 1 depends on the mass of particle l . Any other 
particle would hp acted on by an analogous farce. This makes 
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it convenient to speak ef the gravitational potential V\r \ due 
to particle 1: 


YW ■ PM-to,/*. 

The potential energy of ang partial of mass >n at distance r 
froin particle 1 Is then 


Ur) « V{F)m. £3-10J 

Thus the potential energy is associated with at least two 
particles, while the potential can he associated with one 
particle only. 

As an example, suppose a gravitating spherically symmetri¬ 
cal body is generated by the spherically symmetrical condensa¬ 
tion of particles from Infinity. Suppose that at some given 
stage the body has a radius r. The gravitational potential at 
all points of its surface has then one and the same value 
which will be denoted by Imagine that a new thin layer 

of mass tifcr(jj condenses from infinity nji the surface. Its 
potential energy at infinity is tero* and its potential energy 
in the new position is t'Otdrt'O} k The change in the potential 
energy of the system as a result of this new condensation is 
the same as the work done against the field, which hy eqn (3.6) 
is 


dw = du(x)-d * duU} - r(c)dtf(*) (3.11) 

This result will he useful later. 

Another important example is discussed next, 

3.4. THE POTENTIAL DUE TO A UNIFORM THIN SPHERICAL SHELL 
The shell is divided into annuli so that ell the mass 
points of a typical annulus A are at a fixed distance & from 
F* as shown In Fig. 5.4. Let the mass of the whole shell be 
so that the mass of A can be denoted by dm * * The inert- 
mental Siidth, da say, of A is, because of the rounded nature 
Df the iurface, larger than the projection, dr gay, of the 
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width - In fact (Fig. 3.4), dx - -4a sin a, where 2a is th* 

ang,Le subtended by A at the centre P of I he shell* This can 

be seen from Fig. 3.4 or algebraically from 

x * a cos fl p dir* -a sin a da = -da sin a* 

Here :j is the radius of the shell. From Fig* 3.1 



I- ICS. 3.-K Thi.- cnIcuiation of the glrsvitot konal potential energy of a 
particle Jit n due to a ijn.i fiirm thin spherical shell qf matter C*f radius a 
and centred at U. 
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■* 5 

cs“*p -lar cos a 


2 2 

a +r-2rx 


ami also 


dr = -Ca/p)da. 


The surface area of A is 

Ztl{h sin a)da = -2nudx = + (2tw/r}Hia * 


If we multiply this quantity by the mass per unit area, 
m , J4n&~ t we obtain the mass of the annulus; 


dm 


sh 


Zlj£ B '^eJi 
r 4Ttfl" 


edit 


ft | 

sh 


?5r J 


sds. 


The potential energy due to the attraction between a mas* 
w at P and the mass of A is, after integration over all annuli 
A* 







Gra *ih 

'"3S“ 


d« 


_ 3 n 

2 or 



where U, L are the upper and lower limits For a* These depend 
on whether V is an externa] or an internal point, and are 

I | II fr ?; = 2 a for an external point P 

1 1 L [ff-iO = 2r for an internal point P 


It follow? that the potential energy £.' h and the force of 
attraction K . are 


V 


a li 


L-^Eh 

r 





E 


sfo 



lexternal 
pcint PI 


or 


[internal 
point PI 




where F . = dr; ./dp [eqn [3,5) has been used. A very similar 

s n s ii 

result holds for electrostatic charges, as will now bo shewn. 
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Consider a thin spherical shell of centre 0 and radius 
a with constant charge density o « ^ /4n<i" , where ^ sh Is the 
total charge on the shell. Let 3 be h point charge of oppo¬ 
site sign placed at a point P such that of => n* Then the 
potential energy h of the system .md the force of attraction 
F^ h between charge and shell, are 


sh 



£P 



i external 
point Pi 


or 



£.-j 


finternal 
point P) 


D 


Here e is a Constant which depends on the units employed* and 
It is assumed that the uniformity of the charge distribution 
on the shell is not affected by the charge tft F\ Ue H polari¬ 
zation effects are excluded. If the charges q and q sh are of 
the same pigp the force becomes repulsive and the - sign 
Is replaced by the + sign. 

The gratfi ta tior.ul potential V S f = 3 rtd the gratii ta- 

ttonal field I k =: F ,/m are readily seen tp he 

£>n 51 ri 


V 


&h 


end 


(external point) or -Gm^a I internal point) 

rs.ia) 


2 

'sh * "^ S h^ I external point I or II < internal point H3,14) 

Similarly one can see that in the electrostatic case the 
potential and the field art? 

* ^ S b /Zir or --W Ert 
r 5 h ■ -W EJ * 2 ° r D - 

The Held is -ero inside a uniformly charged and a uniform 
gravitating spherical shell* 
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3*5, A SET OF CO^EOTiUC SPHERICAL SHELLS 

Distinguish ing the various shells h>- a .suf f i * r! p 50 that 
their radii are we Lave fpr an axtarnai 

point P that the gravitational potential energy of, and thi' 
gravitational force on, a mass m at 3 distance r from the 
centre are 


ff 


Om 

| 


P 

ull 1 

sh r i r 

Gm 

l 

all £ 


7 

IS 1 . — ™ c 

7 


where is the total mass of ail the shells. 

For an tTtt&sr»Hl point, only the shells within the radius 
r contribute to the forces 


Cm 

P 


'V 1 


Sh.f 




I 


sh t j 

a . 

1 





This yields th^ result for an external point as if the 

total Baal ^ were concentrated at the centre and Is indepen¬ 
dent of the radii . Fot an internal point the contributing 
mass is 


*h.i - M r **»*)■ 

anJ foT constant density this is ^W 3 /4fW S 
(3.2) has therefore been established, 

3.6 GAUSS’S THEOREM 
Consider now all the points on a Fictitious spherical surface 
S drawn concentrically among the spherical shells. The 
accelerations are the same in magnitude for all points of j; 
the potential energies are also the same; so are the gravita 


M. The result. 
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tional accelerations. This is so because all these quantities 
depend only on the radius of the surface . One could have 
guessed - 'i i r- result without any mathematics, for it follows 
from the fact that the physical arrangement of Uniform spheri¬ 
cal shells Hives us no way of distinguishing s preferred 
direction; the problem is sprcri^t ly 0 ^^^ tinker I * For the 
rti 1 r - jTTi 1 1 ii J -e ^ of these quantities one does need some mathemat i OS + 
To Formulate these results in a general way * one needs 
the outward flux. 0 of gravitational atcelernt ion over a closed 
surface s< A typical increment of this, do* is the normal 
outward needc-rst ion a mult iplied by the incremental area 
through wh j ch it act si do =■ j d 5 \ Fig. 3.5], Then one 



FH!. 1-5. All element d5 of a closed surface. and the normaL outward 
acceleration a H 

form of Gauss’s theorem is (we do not prove it here) 

d® * - ^rtC (total mass inclosed by £). (3, IS) 

closed 
surface S 

Note that dimensionally the left-hand side is ^£r _,h .l 2 j • 

The right-hand sid** is the samei fff] [tfj = 

[ M~ 1 ~ | \M] * Applying the theorem to a spherically sym¬ 
metrical system, the acceleration has the same value l «■ say 1 

Jr 

at ell points on a spherical surface of radius r with its 
centre iit the centre of symmetry. Thus Gauss’s theorem yields 
in this case 


1 


dO 



2 

4lti* a 


r 
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for the left-hand side, and for the right-hand side - 4-nGW or 

-4nStf . Thus 
r 



in agreement with th* results a I ready derived* 

3*7, THE GRAVITATIONAL INTERACTION OF TWO SPHERICALLY 
SYMMETRICAL OBJECTS 

The farce -Gkm/r i ' is correct for two interacting particles 
qf remises M and a distance j* apart. For extended spheri¬ 
cally symmetrical masses this result is still t r oLid, since, 
aa- far as interaction with an external body If concerned, the 
mass of each body can be supposed to be concentrated at its 
centre* To see this* proceed as follows: as far as one body 
is concerned* reduce the other to a point using eqn {1.2}* 

Then do the same for the regaining body, as shown in Fig, 1.&, 



FIG. 1.6. The reduce ion of the- gravitational iflier* etiofl between two 
spherically symmetrical m-as&es, centered at 0 and 0 1 . to the icileractimi 
between two particles, 


Taking positive senses indicated in the figure, the equation 
for the Force F * -EMrr/r^ can be used to yield 


force on ,V; r Wr^ 



force on mzmr 



13-17} 


This assumes that any motion Of The spheres Is along the lines 
of centres, other-wi** a centripetal accetcnuion will feature 
additionally in enti [5,17), The accelerations are Gm/r~ . 

GHjr 2 respectively, The acceleration of m relative to h [see 
Fig* 3,7) is 


r r* - ~ r H = - 

r 
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HC.. J.T a The aravital ionnl kntcTaction between tm spherically fiym- 
metrieal bodies. 

This may be written 

r - -u/r 1 , u £ = fc 3 C'l+flr/W) £ 3,110 

there u is sometimes culled the 1 inertial p constant and t the 
■fiau.si-ian r constant* This equation Can he i8tff|rated by writ- 
ing it first as 

Zrr * ■ , whence r r - ^ = a constant far the motion, 

p" 

This leak? like an energy equation after multiplying by 
m/[1 +w/M) = * 


%W 3 - SS2 - * £3.19] 

where - is a constant energy, nnd the reduced mass incor¬ 
porates the effect of the mat inn af v in the kinetic energy 
term, for large M t the motion of y l? negligible and t.* * *t. 

The kinetic energy of the system can he made arbitrarily 
large by imagining the system of masses M and m to be viewed 
by an observer in fast uniform potion, Thus* while £ is 
clearly a total energy (kinetic and potential], the question 
arises-: 1 For what observer nation is E the correct energy ? 1 
It holds for an oh server fit rest relative to the centre of 
mass af the system. 

The potential energy of the system is 

Hr 5 B -GHmfr* 

At hci ■ t ff above the surface of a spherical ly 
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Sfmmt rical body of radius R and ffiass . v the gravitational 
acceleration is £iven by 

»«'> * - ? - - f - (i) ! - ■«©■ 

where p ^ if + M m If these relations are applied to Sun, 
Earth* and Moon* one can plot the accelerations due to those 
objects at various distances ftora the®, expressed in units of 
Q [K] * the gravitational acceleration at the surface of the 
Earth* The results are shown in Fig. The point .V itmrks 



FIG* 3.3* The acceleration caused hy the Sun, the t-arth, and the ^om\ ui 
various distances from the earth, whose radius is denoted by fi [if. 


.i 1 neutral r point ai which the attraction due ro the Karth is 
equal to that due to the Moon, hut the attraction due to the 
Sun at that point 13 still About twice as large as either □ L' 
them separately* the detailed discussion or’ the attraction 
of more than two bodies in mutual gravitational interaction 
is very complicated and simplifies only in special cases* 

Even the throe^body problem touched on here is beyond the 
present scope. 
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3 fi. A MATHEMATICAL TECHNIQUE: ENERGY EQUATION OR EQUATION OF 
MOTION? 

3.I.L fro#i thg energy Equation to the equation of notion 

Tho energy £ d£ a particle of miss m in the field of a 
-pher seal 1 y symmotrieal body of Diass Af can be written in terms 
of the d istance t between centres. Assuming the particle is 
outside the body of mass w t and talcing 4 frame of reference 
in which M is at rest, 

if ■ HP] ♦ &(r] - t mr 2 - ( 5 -Z 03 


i$ 3. cents taut independent of £* Differentiating with respect 
to time. 


SO that 


nrr * 


QNm* 



= 0 , 


? = -QMfr 2 

in agreement with eqns ilA) or 13.I&J, 

3.fl,2. r? rf7- ih* equation of motion to tih* energy equation 
We now start with 

p = -r r Mfr~ 


so that 


Zrr 


IGV 


r r 


Enteg rating from r ■ ** D to r with say 




l£5? 


*0 o 

Multiplying by n/2, we find 


■ ‘- p -- 4 ■ -’«(' - £)■ 
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and ihis i== a cnnstant, independent of time* TKi ^ 1 s eqn 
(5 .10) again. 

The two elementary but important procedures outlined 
above arc very useful throujrhout mathematical physics* 

the escape velocity 

3.9.1+ Escape aeaumed 

The energy eqn [ 5 * 20 ) Is 

f • W Z (r) - ^ W Z (®) 

where it has been assumed that the particle 
infinity with velocity ?(►), as illustrated 
is possible only if u 2 M>th This in turn 
v~\r} >lanfr t i.e, the velocity at position 
of the body of mass w satisfies 

#<rj > iv feK (3.21) 

r 


This equation defines rin escape velocitv 1 r ;• which is soon 
to depend on position #■ *. Tor rhe Earth at its surface 



T.-ikiny the velocity of sound In dry air Jt normal temperature 
and pressure as 332 ms' 1 , v is 35.7 times this velocity, i.e. 


o - 33.7 Mach. 

Er 

which is miich larger than the speed of our fastest aeroplanes, 
3*9.2. life} ■ ueap*- pa&ai b ■... 

If y[r] <(rj■ the particle con reach only a distance 
r ra.|p, ^ TQin l ^ e attracting hodjr which as given by the vanishing 
of the kinetic energy, as shown ifi Fig* 3.9. Thus if there 
ini escape we can talk about \i velocity v(>] which i s ;ero or 
positive- If no escape is possible, one can talk about a 
tnas i mum distance r ntL * from the centre. 


can escape to 
in Fijt. 3.9, This 
l mplies 

r from the centre 




KEhTflNiA* GRAVITATION SGME FUNMMMTAlfl. 


Fitrpi 



Kilim k nwfjiV l( VhCHpe 


,-U' r_[j.r 


FIG, 3.9, The kinetic ener£l£* Of two particles projected Frflm the 
Earth 1 * surface. Tin- top curve refers le a particle which cftFV escape; 
the curve hciow 3 t refers tn a particle which falls bad to the Earth, 

Having Jefinc’d the escape velocity, we tan express n[-] 
and p rather simply a* follows: 

mi l M. 


t» 2 (-) * n 2 0) - VpCi*), 
i*y 0 {i-) 


[3.22] 



Thf expression for :>"(<*} derives directly from energy censer 


vat ion and is therefore valid even when the motion is not in 
a straight 1ine, hut the expression for r k assumes straight - 
line motion* 

3 . 10 . THE CLASSICAL BLACK HOLE 

Imagine a spherically symmetrical set of gravitating particles 
which come together under their interactions. If the total 
mas* W Is fixed, them as the system shrinks the escape velo¬ 
city increases in accordance with uqn I 3_ 2 1 ? . At a limiting 
radius r = r n the escape velocity ^ | reaches the speed of 
light* At this stage no particle can escape from the system* 
since one cannot project it with a greater velocity. This 
also applies to the photon (a f partlcle' of light energy] even 
though it ha* no re:-t mass. It van he Thought of Interacting 








NEtfTOWlW WVtTATUlS: SOME FUMDAMENTALS- 


s 

» i 

+i 

a t 


X 

; l— 1 

4 tj 

■- k 
_Q *- 

£ g 


S - f r 

^ ** i 
=1 VI 

4 b 

+- Hi E 

■h — J —* 

J 4 

ri y U 
N U 

U n 

>. 

w 

5 -f 

* 3 

Cl 

w 


>, 

1- 

— ^ 

- «= E 
S Q 

* ^ 

3 fi 

"j t 


E 

5 


H 

#* 

if 

**« 


£ 

s 

& 

S3 

m pa 

" ^ 

•» 

• 

un 

IN 

hr 

$ 

§ 

«— 

a 

3 3 

i 

ui 

i3 

s 

-" 

o 

e 

& £ 

e 

Q 

a 


m» 

p* 

S 

h 

'-P 

Q£J 

40 

fS< 

■£ 

PN 

£ 


lA = 

n r“i 

N 

ha 

4 


- 


rt- 

N* 


3 — 


lA m 

Ci c? 


"b "h' 


m tr. 

-* M 


a 
■ + 
T ,-■ 


(H Hi JJ t- ^ iA 

«*) S< Bl «. N A 

^ tft « 


^ ^ ^ S « 5 S' j c 3 


31 

=■ 


stf 

Q 







h 


s 

iA 

a 



-T 



h* 

11 

Ml 

+3- 

■J3 

£ 

3 

£ 

£ 

#-* 

Ml 


Q 

Ml 

T 

5 

a 

c 

c 


* 

rj 

■N 

+ 

■ 

- 







o 

=> 

e 

o 

o 

Q 

Q 

Q 

& 


UTl 

Eh 




h* * — a 

P *r oi as A <o 

■St ^ N t-' ~J 

-« ifi f'l S - 


o e a hn 


i ■* 
IN * 


h, 

L- 

3 

I I 


E 

E 


E 

3 

—. t- 


S 

i 


f 4 A £ £ 


Disc ,inc c from the- Earth, 












NEWTONIAN GRAVITATION: ROME FUNDAMENTALS 


ft 1 

with a gravitations I is el d with a mass where A’ is its 

energy* Thus the condition v e {r^> a ■? implies that not even 
light can leave the system, which thus becomes invisible, 
explaining why it is thou called a ’hi nek hole 4 . The required 
radius is 


= ZGM/t* 2 . [3-23] 

In general relativity this expression is found to have a 
similar sigru ficance and is called the radius of a 
SchvaxijschiU black hole. For the Sun (AT - 2 * 10 3O k*} , 

r 0 ~ 3 

.1 h!;ick hole can still he sensed hy its grnvitat ional 
effects* and gas clouds and other objects could fall into it, 
[n this process such clouds would heat up and radiate energy* 
which can br detected at a distance if it in omitted outs id? 
the surface r * 

The theoretical investigation of black holes is currently 
fashionable* but pone have so far been identified experimen¬ 
tally with certainty, 

3.11* SOLAR SYSTEM DATA 

Foi interest , snini? data, about the solar system is given in 
Table 3.1. 


PROBLEMS 

i 3.1! Spherically symmetrical bodies of masses ,w 2 hRVe 
centre coordinates r^ p ]* 7 3t £ given instant. The? cot' 
responding cent re-of-teas 5 coordinate I?, measured alonji 
the Sint of centres, is 

+ m -, r 2 m 

The tot^l kinetic cnergv of the system is defined to be 
( r j * in . If r - rj - r 2 , show that the kinetic 
energy is 
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Interpret this result, 

C'J.Z] The lirin! theorem stotes that if far :i ^y^tem of fin¬ 
ite extent the potential htiwccft any two parti cl e* at a 
distance r apart tar res as r l , where a is a constant, 
then the [time ) average kinetic energy ? and the average 
potential energy ~J are related by 2 ^ = 41 “ r i et " be the 
average total energy. 

m ^how that 5 • [2/a *2)f t f = C*Ar» 2 )£ 

(ii) For a mass m in a circular orbit of radius *? about 
a stationary central mass M show that the accelem- 
tIon towards the centre is pful = hv/o" * s’ J fs1/a, 
Hence show that 

f * GAN/ 2 a, 5 - Mnr/a, F * GiN/ 2 ff* 

OOM the virial theorem hold* and what is the 
Value of a 7 

<! j . 3 j A spherically symmetric planet has mean density p, 

4 - j 

radius and mass M * »npfl . A satellite describes □ 
circular orbit of radius r about the planet, with orbi¬ 
tal Speed v,[r} and orbital period Jr 1 . The gravita- 
c 

rionn] acceleration at the surface of the planet is $. 
fU Show that for an orbit skimming the surface of the 
planet O ■ if) 

*,(« " /£**)• rfrt = 

and that 0 * fflf/J? 3 * Deduce that T[R) is the same 
for planets of different sizes If their mean don 
sitjr is the sarae* Evaluate and 7 1 1 P \ for the 

Earth* using the approximate values & - 10 m s"* 
nnd P - x 1 [) r ‘ m. 
fill Shaw that in general 
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i^ e f r-) = /CffflVrJ site) C 4* > = /l t» r (r 1 

where u (r) is the escape velocity defined in eqn 
13.1] . Estimate the orbital speed and period for 
a satellite such ns Sky lab tiE?T3) given that its 
heaght above the Earth's surface is about 4pp km* 
(till Shaw also that 

pc* 3 * fr*>w*j s/a . 

Is this KepIeT r s third law? 

[ivl Communication and tel ov Is ion relay satellites such 
as Gariy Bird (1965) are often launched into an 
orbit which is synchronous * i.e, the satellite's 
orbital period Tir } eauals the Earth's period Of 
rotation which is ahout 21 hours 56 minutes (why 
not Z4 hours?), Show that only one value of r 
gives a circular synchronous orbit p and find this 
valuc. 

fv] Mars has two satellites* Phobos and QcitfOi, in 
near-circular orbits with radii of 9300 km and 
21 400 km respectively. The orbital period of 
fhdhas is about " hours 4? minutes. Deduce the 
period of Doimos and the surface gravity of Mars 
(the radius of Mars is 3-441 ll km) P and compare the 
latter result with that in Table 3-1, 

C v t ;i The Earths orbital speed n round the Sun is about 
30 km s _l * By fit) of this question a space probe 
leaving the vicinity of the Earth with a speed of 
30/2 krn s' ] p* Lcitiuei fd the Sun will escape the 
Sun 1 ^ gravitational field and leave the solar 
system. If the launch direction is chosen care¬ 
fully this need only mean leaving the vicinity of 
the Earth with a speed mlaity* to the Earth uf 
L i(*») = C/Z - 1)30 km s‘ 1 - Using eqn and 

the numcr: ca J results of part l i) show that the 
space prohe must have a speed on leaving the 
Earth 1 s atmosphere ir - h) which is about 50 per 
cent higher than the speed needed simply to *sc*pe 
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frum the Earth. 

(3.4] Taking GM far the sllti to be 1.329 * and the 

Earth's distance from the Sun in its slightly elliptic 
orbit 0.5 1 h 4 yS * tO ]J n>* calculate the periodic time of 
revolution of the Earth around the Sun* treatinp the 
motion 05 circular. 


(3.5] A thick spherical shell of gravitating matter has 
internal and externa 1 radii a and h m and its density 
varies inversely as the distance fromthc centre: o(n> E i/r, 
where k is a constant. The Shell is imagined. as built up 
by the condensation from infinity of successive thin 
spherical shells an the layers already present. 

Cf J hhen built up to a radius i% shaft that the amount 
of matter already condensed is 

WOI ■ iiclf (> 2 -ci*) 4 


fit) When built up to a radius r show that the poten¬ 
tial at an external point at distance r is 

y(r) = - 2nJctf (j j ~-a" ]i/fh 

(ill) Explain why the work done hy the field in condens 
ing a shell of mass dM\r\ and of thickness dsr* on 
a thick shell extending from radius & to rad lu s r 
is 


Jv{t 1 J = ■ V'(r)dtf(p ) = -difO) 


where d£/l>) is the increase in potential energy, 
(tv) Evaluate the total work done by the field in con- 
deTTsing the thick shell* 



e°£i 


25 ,.2 


ibm* 


where M is the total mass of the shell, and ex- 



NEWTtHilAN GRAVITATION: SOMfc FUNflAMEfTTALS dS 

plain tilt* si jin. 

[v| WlmT is the total gravitational potential aiiuvjjv 
Of the shell? Fix p 141 i n the Sign. 

i.3*&) A spherically symmetrtcnl non-uni form gravitating 

sphere has u mean mns> density pfr) up to & radium r and 
a surface mass-density d l> j at radius r, whore amJ 

air-) ate appropriate functions of r. 

fi'J Show by considering the addition of a thin layer 
of density on the sphere already built up to 

a radius r* that 

K° * r S) * ° ' i p 

til] If fltr) i3 the gravitational acceleration at 
radius j*» show that 

■ ff [rj - ^rGofr) 

and 

' * 4 riff (o - * 

i,i ii) The mean density of the Earth is old?] ^ 5S2l> kg m 3 . 
The density of the Earth near the surface is, 
apart from the heterogeneous crust, 3300 kg m 
Explain how one would expect the magnitude of the 
gray It&tional acceleration to change as one goes 
down a deep shaft in surroundings which are sima ■ 
lay t-o the ai'ni*a $i surface conditions of the 
earth, Sketch the curve of ${p\ against r which 
you would expect. 

(3.71 Taking ' to he the mean distance between Earth and 

Moon, obtain an approximate equation fur the distance ^ 
from the Muon at which the neutral point occurs. The 
appro*(mat ions to be made are that both bodies are to be 
treated as uniform spheres, and the attraction due to the 
Sun ifi to he treated as a constant over the whole of the 
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distance .£i. Show that*if r , M are the masses of the Earth 
and the Moon,, 



If i- - S,95 * IR 24 k«, jy = 7.SS * lC 22 ke, It - 3.« * l{t 5 km, 
find x, 
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THE CQSMOLOG1CAI DIFFERENTIAL EQUATION: 
THE PARTICLE MODEL 


4.1, THE QUALITATIVE PICTURE 

Most people arc familiar with a mi otoscopeIf cne uses it to 
look at a simple? object such as a blade of grass, it reveals 
details not visible to the naked eye. As the power of the 
microscope is increased! a network of veins and cells corner 
into view revealing, the intricacies find complication of what 
was First considered to be a simple object. 

We are less familiar with the reverse operation of tak¬ 
ing a roufther instead of a finer view ol our surroundings. 

IF we photograph a growing plant once a day and compress the 
time stale by playing the resulting filet back, we can see in 
a few seconds how the plant grew in a year* Instead oF com¬ 
pressing in time one can also compress in space; an aerial 
view of large fields may reveal regular feKuress not obvious 
to a person on the ground, for example,, a certain unevenness 
an the ground may have n geometric form, and this may lead one 
to discover that below the field lies a prehistoric city. 

In an important branch of cosmology one is concerned with 
such -compressions in space and time. By ignoring tbe compli¬ 
cations of solar systems and ladies and taking a very 
rod mientary and rough picture of the universe, one is itying 
rej trace its development in space nfid time. This typo of 
Treatment represent:- a compression because it seek* by simple 
egnsitions t q reveal the large-scale properties of the un i verse, 
while ignoring all finer details, Thu discussion of these 
details can then be introduced at a later stage to yield □ 
in ore complete or better theory. In this wav it U possible 
to discuss the formation of simple atoms, of galaxies and so 
an, as indicated in Section These considerations require 

difficult calculations, and am- part of current research in 
astrophysics and cosmology. 
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4-2. THE ENERGY TERMS 
We shall assume n finite model universe and shall discuss 
infinite universes later [Section 5,3). This mod*?] can be 
pictured as n very large assembly of clumps of matter in 
mot ion. These clumps of matter may be taken to be galaxies. 

It is important that they Fire electrically neutral, so that 
they do not interact electrically; but they do internet 
Rravnationally. Suppose three such clumps of manor of 
masses ^ T m Jp n? 3 to he situated at a time t at positions 
*j Ct J pi^Ct] * as measured from a fixed origin 0* Tf 

their velocities are radial and of magnitude r *l±] U ■= 1 p 2 p 3), 
the kinetic energy of the.- system is 








& 


. J 

*A 


Vr 


The gravitationnl potential energy oe any pair of masses Is 
negative and given by 


r r T 2 !' 


13 


r r*V’ 


-5 


(ITjISj 

r . V 


where (7 is Newton'% £rnvitational constant. The total poten¬ 
tial energy is therefore 


r . -ff \^i . Z£i . = _ c f !Ci 

C l **12 P 13 P 23 J p ij 




where p . , = r ; -r |. The constraint ' < J indicates that one 
does not wish to have the two terms , and in 

the sum, bur only one of them I for example the term for which 
is Loss than j] , The total energy of the system is accord¬ 
ingly 


F “ r 



-1 


ti 

,h 


* 


(4.11 


where we hayo generalised la a system □ L' ■ clumps of matter. 
Vote that the potential energy becomes less negntive, i -c. it 
i*tcr*a*cs as the particle separations go up (see Fig. l + l) p 
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PLMcntial 

en«p» 



F 1 C. - 3 . 1 , Potent la] energies du^ to the cos me logical forces acting on 
particle 2 , i«hd due Eg Ehe griivitAtloTUlI interaction of particle 2 with 
the fined panicle \ f as □ function of position of particle 

For same purposes it is desirable to add a further paten 
ti?.l energy term - (A/ti ] m .r^ for each particle * The factor 
\fb has been inserted Far convenience + This yields an addi¬ 
tional potential energy 



(4.21 


V 


c 


arising frota , j j force 



( * - Z ' ) 


on particle J, where X a constant. Let us first take it to 
bo positive; then eqn M,2 r > is positive, and the force is 
repulsive. This may also be seen from eqn ns the parti¬ 

cle separations increase* V becomes more negative, i.e* it 
daa*r±*H d. The babtsHour of is therefore apposite to that 
of F f . Whereas encourages the particle- to be close 
together so that the system can approach a state of low poten¬ 
tial energy, V reaches a law value if the particles are far 
npart H Thus one sees again that the gravitatianal Interaction 
is tit tractive* whereas the new interaction acts in the 
opposite sense arid seeks to remove the particles to infinity,. 
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Rut since it dost not depend on e w physical parameters, such 
a* f?jp interacting masses or interacting charges,, it is 

not n * repulsion' in the normal sense. One can* however* call 
it a » 0 nri« papuleidfl. This repulsion is still rather con¬ 
troversial. We shall be able to discuss it since it intro¬ 
duce* no undue complications end it frequently occurs in 
modern work. The reader may, however, eliminate It from all 
subsequent equations without difficulty by putting k equal to 
£ero. He may alternatively interpret it as a it tree- 

t i&n by regarding A as a negative cons taint. This is also 
sometimes done in current work on cosmology * The choice of 
the power 1 in eqn (4.2*1 and bence of the power 2 in eqn 
C 4 -Zj will be discussed in Section 5,3. 

The reason why the cosmic rnpulsLon was first introduced 
is as follows. Prior to the 1920s which brought Hubble's law, 
the universe was believed to be in b broadly static and equj ■ 
librium condition by many scientists. Mow a theory based on 
movement (kinetic energy) and attraction l.'pravitational 
Force*1 cannot yield a static model. Either the kinetic 
energy dominates and the universe is for ever expand in# t or 
the energy of motion of the galaxies is inadequate to overcome 
the mutual gravitational attraction, in which case the system 
will co l lapse upon itself, Neither possibility is a static 
one. In fact the two possibilities correspond physically to 
either projecting a rocket beyond the Earth's attraction, or 
throwing a hall into the air which then returns to Earth. 

These Newtonian cosmological ideas were developed only in the 
1950s. They have, however, their counterpart Ip general rela¬ 
tivity, and were first noted in that context by Einstein when 
he created the theory in 1915. In order to balance the gravi¬ 
tational attraction and produce a static mode I he needed a 
repulsive force, and so he introduced the cosmological repul¬ 
sion. He withdrew it again in 1951. when the expansion of the 
universe became an accepted proposition. Einstein, had ho 
believed thr general theory of relativity quite unoompromi? 
Ingly and not introduced the cosmological L‘orce, would have 
predicted an expanding or a contracting universe. The cos- 
mo logical constant has been used since that time, ami has had 
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alternating periods. o£ popularity. We shall keep it in Our 
equations, particularly as there is currently sorao evidence 
for a non«-ero value [1,2], 

4,3. THE EFFECT Ol HUBBLE + S LAW 

Jr order t .a incorporate Hubble's law into our scheme p it will 
be assumed that at any time t the galaxies have a radial 
umnan which is given by 


F f ft) « »C«^(t 0 ) [i - l.Z f . k . p n) 


C4,3) 


where t) is a universal Function, of time, rfce tarn* for all 
fcfta pgrtttf-A*?) defined in Cqn (2,5), The time is some 
standard rime tn which all observations may be referred and 
3s usually the present tune. The I radial) velocity of the 
ttb particle is 



f<*4) 


Denoting t ime- differentiation by a dot, and Hubble 1 s parrimetrr 

by ff[tj, 


;.,im = A(fj = 


I 4 . S) 


Thus Hubble's poraraeter determines the same connection between 
velocity and position for all particles £ at ±h* a ami? timm t- 
]t is not .i constant in the ■=■ ensc that this connect ion wall in 
general vary in time: w* like ^ : s is independent of the suffix 
tj but it does depend on t . Thus eqn (i.31 effects a fectori- 
nation of a function of i and t into a product of two ftj.no 
lions * one depending cm t and the other depending on t. 

3*4. THE BSEB6Y EQUATJOH FOR ^ PARTICLES 

The energy of the n particles is, by eqns i 4.1) and [4.31* 



a 






71 


THE COSMOLOGICAL DIFFERENT I Ai« EQUATION’ 


a 

where? E denotes \ and £' 


denotes 


n 

i 

** •?=■ l 
(**/) 


(4,3) and [4 hI) ( one finds 


Incorporating eqns 


IT 





a i 

AFT 


-CE r 




£ 

i 


= 



-ofSfr 


SO that 


>: * 4JT 



M.61 


Since the energy ■” of the >i -particle system ss a constant, eqn 
lfl,6j represents a constraint on the possible time-variation 
o£ £. The coefficients are 


M 2 

(energy * (timers 

(4.7} 

a i m i 

w 

(an energy) 

(4.5} 

t'iiVi" 

Ian energy). 

(4.3} 


They a re independent of time, and depend only Dn the nature of 
the system at the reference time s . In eqn (4.6) we have 
derived the important aoh^lo^iaal differential Ration For 
the scale factor 5ft], 

Eqn (4.6) has a simple interpretation. Meg leering the 

term due to cosmic repulsion, an expanding system (e + g, a 

universe) increases its potential energy ■r?/5(t| 1 for as S 

increases, this term becomes ies* negative. Thus the total 

a ■? 

energy remains constant only if the June tic energy i4(/?) w also 
decreases with expansion. This is masonahlr since the con¬ 
stituent clumps of matter have to overcome gravitational 
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fit tract ions in order to participate In the I'lpanMcm. They 
arc the refare slowed down. How much are they flowed down? 

Mow I DriLL will the scansion last? These are typical questions 
For cosmology, Some rough answers can he given, and this will 
be- done hoiow. 

4.5. THE RESCALED ENERGY EQUATION 

IF wt note From eqn f4<7) and [4,9) that 

n/A = A/3* £4.10) 

the energy eqrt 14.6) can bo written morn elegantly as 

*» . i , J *2 . * (t.U| 

AH 

Thus, even if G and A arc universal constants, one still 
obtains a different differential equation Far each value of 
B/A and RfA* By passing to u new function fl p instead of S, 
it proves possible to collect the main physical characteris¬ 
tics of the model into a new constant C t and. with reference 
to the energy E „ to retain merely the sign of it. This is 
quite adequate since the property of chief interest is the 
nature of the evolution of the universe in time. This is 
clearly unaffected if 17 is independent of time in 

P{S] * FfrfrfcJ# [4,1 la} 


which will he used to rescale the cosmological differential 
equation. This relation implies 


V*J 


r . I f {y 1 

—f— 


Jf{4) h 


14.121) 


where b m , is a coordlnnte which is constant in time for each 
galaxy and will he used later lChapter 11 ). 

We shall now pursue the consequences of [4.1ZJ, Using 
(4.11a) in (4,11}, 



7.1 


THE CDSNOl&UlCAL DIF FERENT IAI. EQUATION: 


U*. , 


5f 3 1 

~r s 


. A s 2 
* 5 * 



(4.15) 


Let P now be chosen so as to obtain agreement with general 
relativistic equations as normally presented: 


Ui If F»0. choose ft - i.c. to KP Z jA - -V 2 choose : = -L . 

tb3 If E«d„ Choose |P 2 . « 2 4/|Bt l - c - ln ■ ~*» 2 choose ft = *1. 

Ic) If F = i)j leave ft arbitrary, i.r. in HP 2 // = -V choose ft = 0, 


P * " flT (* * 


Thus 

The cosmological differential eqn i 4.13) is then 


[4.341 


J t y S 2 - ft*? 2 (ft - -1, B or +1} (4.151 

C 5 - °jSf (F * f». (4.161 


If o is. the velocity of light in ua&u-.- 1 eqo i,4 P lJi) i± pre 
Lively a gfliier*! relativistic result for the simplest coitno- 
logical Models. t1s derivation here as -i classical result 
teprcsGiits a development of later ideas [3.4^1. ttote that w-c 
are 'fils I dealing with individual gnlaries os shown by eqns 
(4*71 to (4*9)* 

Applying dimensional analysis, and denoting the dimen¬ 
sions of A by [a]. 


[p 2 i 


y] ■ 


8^1. 


f«v 


It fol lows that t while tf is dimensionless, ft is a length. 

Eqn i4 + IS) if. the cosmological differential equation which 
contains as main parameters r, k - -1 or n or *1 „ and A. Its 
properties will occupy u.s a great deal in the following chap¬ 
ters . 

One should note that by eqn : 4.3-1 p 
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Thus eqn (4.12) Turn i$ht?H 

wtt 0 f 2 fl 0 - p = {.^/D* - c(it/re|)' 
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E«.17) 


I 'I, IflJ 


wliere the last twu j'nrrs hold if l * 0. Also 


ii 5 


k 

s 


h 

JF* 


14 . 19 ) 


Therefore T if one? u?ev eqn (4-1 SI at the characteristic time 
t j} p one finds. ifteT dividing by and using C 4 4 141 „ 


fl 


2 

0 



U.20) 


The last icrm can also he written as This is a very 

useful result and becomes more so N if one makes the ident i f j 
cation that 


& 0 is the present time* [4*21) 

since the tefr-hand side of eqn (4,20) Is then reasonably well 
known trem experiment. We shall adopt the interpretat ion 
14.21) throughout the rest of this hook. 


4,b r PARAMETERS FOR THE EVOLUTION OF THE UNIVERSE 
A number of parameters have become standard In the description 
Of the universe, line is the Hubble parameter [4.19). Another 
variable measures the r4te at which the expansion of the 
universe slows down, and is called the dzee l^rxtic-n pupzaat**. 
As such it is made to involve -ff, To make it dimensionless 
it is then defined by 


r ? E 




f * + £ 2 ! 


It can be calculated from the ’equation of motion of the 


76 THE! CGSJOJOCiCAl. DIFFERENTIAL EQUATION; 

universe' which m understood to be the ttrac derivative of the 
energy eqn £4^15]^ 


« 

ff “ 



C44?) 


The left-hand side cot responds in classical mechanics to the 
acceleration, while the right-hand side give- The cosmological 
farce [$. 2 1 ? and the gravitational force which act on unit 
mass. Using eqn 1.1,] y) + 


t j f - - - --fj f—£... t '1 j| > a - I 14 * 24) 

tM)* 1 IS- * 1 

We have here introduced the hm-stt y panimrt^r rep resen t i ng the 
deceleration due to gravity which is. usifiu eqn i. 


o ~ 




so that a Q 



(4.2S) 


hq have also introduced a paramrtur representing the accelern 
lion pf the expansion n£ the universe duo tu the cosmological 
force: 


jt - -^™tp i £ o that lr f, - -;, 1 f (4.26 ] 

3E 2 0 Sfl- 

The parameters thus defined vary in their accessibility 
to observation- The present value of fi is known with fair 
.accuracy from the slope of the rod-shift versus luminosity 
distance curve (Section 11.2.1; the present value of the mean 
density p of matter, and hence of o 9 Grin he estimated from 
the observed density of matter in Stars* dust, and gas, though 
the correcc value of p may well he higher (Section b.2.3). 

It is m principle possible to est i unite . f ro&i the red-shift 
versus luminosity distance curve, as discussed iri Section 11.5 
but the uncertainties are large. 

We give below some additional relations which bold also 
in general relativity and are sometimes useful. A relation 
between q and q arises from the energy oqn (4.15) which can 
be written as 
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C * A 
—I 

(TJT 3*'* 


1. 


Defining «n «i .F:.^• ■ r . r ■, this may he written as 


JL-2 

A e • Za + 1 - I - 3 a - 4 - 1 .. 

jrjr 

Thus eqns (4.24) and !4.2lH are alternative ways of writing 
the equation of motion and the energy equation respectively. 
They determine the evolution of the universe in time* 

There are also some purely iin^mat ttf L inka be tween these 
parameters, i.e* links which do not Involve the forces: for 
example 


> . f - £2 , -if-,! - F * -n*i)n 2 . 

JT 


(4.28) 


If E r (] one can also obtain expressions for F and C\ 
By eqns [4.IS] and M.Zi» 


p • m'-tt - 5 • jP'**; 


1 - -°0 - l 0 


(4.29} 


Now using 


a 3 *= 0 * 

«*!'•-#- 


1 - - *. 


(4.SO) 


It will be shown in the next chapter (eqn [5.8)) that in a 
continuum approximation £ can he expressed in terms of P and a 
mean density of matter to he denoted hy pf:1. 


PRaiilBNS 

C4>1 I Prove that galaxies cannot overtake each other in the 
mudel adopted in this chapter. 

(4.2) \U scuss models of constant deceleration parameter q and 
show that for q * -1 and & * 0 at t ■ 0 there exists a 
constant 4 such that 
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For q m -1 show that 


JKi) * *ft 0 ) e*P fl£t -t 0 5 * 

IThe case rj * -1 corresponds to the steady-state model oi 
Section 2*4; the case 17 ™ 0 4 ff * l/t corresponds to the 
Milne model of Suction 2.5:; and the case ry = JT = 2/3 i 
corresponds to the Eitistein-dt Sitter cngdel of Section 
1,6.1 


(4.3) [6] Show from eqn and it^ first and second deri¬ 

vatives that 


X 

I 


B 2 * . 

R 


Ts 


where a third-derivative parameter has been introduced: 


■■■ > T T 

if ; RR~/R 3 


(4.4) [7] Shot, from prabloia {4,3] that 

“ » — - U+i)* 1 = 

2S i 

and 


A - ^-Zgjff 2 , | | = (etij)fl 2 , 

Jiencc verify that q< \ far ever- expandin# IA = IT I mode]- 
is a condition which Mr responds in Home sense to Q < ] j'ciT 
models with ^ » Q. 



5 


THE COSMOLOGICAL DIFFERENTIAL EQUATION 
THE CONTINUUM MODEL 


5.1. THE CONTENTS OF THE UNIVERSE AS A UN l FORM CONTINUUM 
In order to estimate The coef f ic i oMS, a picture of the gross 
features of the universe will be adopted which regards all the 
matter in It as smeared out uniformly at any one time. The 
matter density p|M (mass. per unit volume] hecomea the main 
function in terms of which the universe can be described. [i 
is then convenient to assume that the model universe Is 
bounded by a spherical surface ‘ whose md lup, at any time . i 
will be denoted by o(:J. The origin nf cgnrdinatc* will be 
taken at the centre 0 of this sphere. 

At the reference time - a spherical shell of radius _e 
and thickness d^ has surface area 4ru-' and volume Jitx*’ dx „ 

The amount of matter in it is 



E S,l) 


New tunsidor any function f ( r , ) of the n particles within S: 



n 


We have nn the right hand side the estimate of this sum in the 
approximation of a uniformly smeared out universe. Instead 
of summing over all the particles, one has here inte¬ 

grated over all the spherical she U s from radiu:- j - 0 to 
x = ^ |r At x = 'I the shell has shrunk to a point which does 
in fact not contribute to the integral for post reasonable 
fund i on ? fix 1 . App 1 y i ng this process to l X . 1 ) * 



(S.3J 


The total mass of the model universe has here been introduced: 



a 


My = Sr,'i . -* 


1 . 5 . 4 ) 
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p o“o 1 


Since this quantity is constant in time one has pa b 
i*e. using eqn 14.3} imith r . (t \ ■ ,-j {H and also using eqn 


p 




[5.5] 


The coefficient D of eqn M.9 - ] could he calculated similarly, 
but is more easily found from eqns (4.10J and (5-3)* We now 
evaluate 5 (Fi^. 5*1). 



Non-ccmiri bating iphenciiP 
did Is of mill, Let lira! r>r i (t,i 




ihcLr mits.s wen? 
concftimftM 
&\ O 


J 


ilG. 5.1. the evaluation of 5. Jn eqn [5*6), hjLR been denoted by 

x, since it is there » variable of integration. 


It is now convenient to imagine chat the particles arc so 
numbered that i <rf if, and on]y if f particle is no further 
from the centre than particle J- this means that the gravity 
tional potential at the location Of particle J w at time t {)W 
due to all particles £ lying closer to the centre than J, is 


nMV 1 


-a 


$**1 

J. ^ 7 ^ 


With this de finition eqn (4,3 j cy n be wr 1 11en 
9 , - ^ 
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SI 

Because of spherical symmetry with respect to 0 the potential 
is a function only of distance r ^ from (K In a continuum 
model eqn 14.0 i can then be expressed as an integral over the 
distance r, = 3% as in eqn £S*2]: 

f a<1 2 

5 E - J F[ff f fc fl Jdr. t S * 6) 

Mote that the time now enters into t r independently of *. The 
reason is that the effect of all the particles £<f has been 
expressed in terms of the matter density o {] which decreases ii£ 
che universe expands, Y Is the gravitational potential at 
distance ^ from U due to all the mass inside a sphere of 

radius Therefore^ from Section S.5 (with V - U/m) 


^ , GN{s) 
n**t 0 \ •-:“ 


4ft 

"T 


^0* 


Substituting in eqn [5.6), one finds 

B * iff- tS,7} 

Mote that s and j? are the total gravitational and cosmological 
potential energies respectively of the universe at the present 
time £ 0+ Mow substitute eqn^ [5,3’i and f S, 6] into (4.16} to 
find 


c = I pi - T C( V' 5 “ T cpfl,:if CS,S) 

vhere I 5*5} has also bean used. 

The continuum model therefore yields f4.15) with [5,B) P 

i < e, 

ft* = £ + £ X 2 - ka 2 , C £ T? 5pfl S . (5.9) 

Ihnae are the precise results obtained for the simplest models 
of the universe from relativistic cosmology. This td*ntifioa- 
tion of rant C i* eft* main aor.zributi&n mad# t& our 

modal btf paocing f rom par tie £<a pfctsiru lo t.h& appra* 

t i fi >i Af t h • .? . .■ n Ltftit o f t h v :* niUi ne a £ y a -tftmt irtkflfe d mats #r 
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S3 

diatPibution* 

5.2. THE COSMOLOGICAL DIFFERENTIAL EQUATION FROM THE EQUATION 
OF MOTION 

We now i;ivu an alternative den velm-citi ni the cosmalaftica t 
tlif fere?ni i a J equation. By .Newton* 5 laws, n spherically sym- 
metric distribution of mass with centre 0 acts on a particle 
at radius x As if nil the mass within this radius were concen 
trated at U. This was discussed in Chapter 3. One can make 
use of this result to write dm*n the gravitational accelmra* 
tion of a particle in a spherically symmetrical distribution 
It is 


Me] - — . > ft Z X O, 0 \rAt 0 J] S ts.10) 

where the total mass M a £ thin th < irp 0 / ^u.Jfkp p, (;) has 
hern expressed in terns of the mat ret density fas turned uni 
form) at the reference time t . ilnc may suppose that a covin tc 
repulsive force, as introduced an eqn t4.Z , ) ( acts in addition 
ao that the jteiwra! U«rd acceleration of particle t is 

M*) --+ T rAt}. fS.111 

5 * 

Eqn l5.il i Is an example of an equation nf morion, a? dis¬ 
cussed in connection with (4,23), It is assumed that the 
motion is radial. 

In order to integrate (5.111, multiply the equation by 
2i* t -Ct) and treat Gff and \ as constants. Hence 

, 2c«e,[t) , . 

■ ■ - : -T * f 

i«^cnr 3 * 1 

Integrating each term rfith respect to time from some- fixed 
time to r yields 

f H 1 *" 1 - 3 ^fSf ' * '«< 

where is a constant of integration which may depend on the 
particle t, but is independent of tine. Dividing by [i^(t )] 2 
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1 us ing eqns i ■■ r 5) and I 5-10J one finds 


i*\ 2 


flntfp, 


T 


0 3 


rfSr 


IS .12) 


H - k 4 (* 0 )J‘ 

This i> a>',uin the cdsbid] i.gjcai differential oqn pre- 

videiS apiiy that one identifies <J_. as follows: 

11 
T 


F sk At tyr 

«.• ■ i'^'V • 


2n »n Q a 


(5.13) 


where- eqn [5.3) ha-= been used. Thus the energy of the energy- 
equation approach appears here essentially as a constant of 
integration. Note that from eqn (5.10] there follows an 
til t v mat i vt way of writ ing eon f 5, 11 j: 


4ti 


R “ - CP D S‘‘ + y R. (5*14) 

The analogous result housed on the sealed eqn (4-IS) i& 

fl = - * 4 JU?* £5 * IS) 


-^T 4 4 XS > 

2/T * 


where ■' is given by eqn 


5,3. THE INFINITE UNIVERSE; THE COSHOLDGICAL FORCE 
The derivation of the cosmological differential equation in 
the preceding sections raises some quest i on h of principle. 
There is, firstiy* ,i question of ^el f-consist ency. It is 
assumed in Section 1 + 3 thpt Hubble f s law applies at all times, 
and in Section 5.1. that the universe is of uniform density in 
space at all times, ^nd it is not obvious u priori that these 
i^^Umptians arc con ■? \ s t ent with the detailed equation:?, of 
motion Such Ms eqn fS.llj. The second question that arises is 
whether the derivation can be extended to a spatially infinite 
universe, ince the finite model universe considered hitherto 
violates the cosmological principle nf .Section '1.2. The two 
questions will he considered separately. 


(a) The aelf-a&nsifikwnffif pppMfrw 

It will he assumed that Nubble's taw applies, and that 
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the density p[fe) is uniform in space t at the reference time 

Then it is sufficient to show that Hubble’s law applies 
at all other times f. „ since* as discussed sn Section 2.], this 
implies the existence of a universal scale factor Eft), The 
volume hounded by any set of particles will then vary with 
t ine as |Sf fc ] |"^ B and the matter density inside that volume 
will vary as [S (-M ]"* P so that nn initially uniform density 
will remain uniform. 

To discuss the Validity of Hobble's law at different 
times* consider first the equation of motion ($.10} p which 
assumes only that the universe is uni form .it time- r r 
inft a scale factor for particle i by 


S_, z r £ {t)/F £ Ct Q ) t 


cqn (5»l(i I can be written 


**W 




l /l '-: p p f ( i JI 


1' * “7 


and r - \ t (| l cancels to give 



15.16) 


r.5,17) 


Thus . satisfies a different ini i?quHtion which docs not 

t 

explicitly depend on f. Since, hy assumption, Hubble 1 * Law is 
valid at £^ p so that = 1 and 5^we have a 

differential equation with parameter {£1 find boundary condi¬ 
tions independent of £. It follows that the solution is also 
independent of the individual particle *' considered. Honcc 
is a universal scale factor flfi}, and Hubble’s law is 
valid at all times. 

Suppose next that a cosmological force of the form 
■ 4 . 2 p ] wuh licncfal power l is present. The equation of 
motion [5.111 is then modified to 

*At} = - -T + krAtir 

onJ the analogue of eqn fS.17) is 
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AS 




Cv idenlly * cancelling **,{£*] wtH give &n equation for JKftJ 
independent of i if, and only if p = 1, This is therefore a 
condition for the Hubble law to remain valid nt all times* and 
it justifies the choice of b = l in eqn (4.2'), 

If one regards the gravitational force as an unknown 
function of distance* one can similarly infer an inverse 
square law from Hubble 1 5 law in a Newtonian universe [ 1 |. 

fb) r prabtzm af an €»/£«*** wniuej'a# 

It is necessary here to pose one's question with precis ion. 

One enn .ask Lai can the approach of the previous section deal 
wirh Hfi actually infinite universe, and Mil can this approach 
deal with an arbitrarily large finite universe? The answer is 
'No* to fil and 'Yes 1 to [ I i) , for reasons? given below, 

hith regard to (i ]i, an energy conservation equation for 
an infinite universe would consist of infinite terms and so 
would be indeterminate. The equation of motion (5.11) would 
also be indeterminate, for a reason which can be seen by 
reference to Pig. 5,2* In this figure we have imagined 



FIG- 5.2. The gravitational force on a particle ip, due to the m-5S5 In the 
intersect ion of s cane with l at Its apes and a uniform thin concentric 
spherical shell at distance t* from £, This force is proportional to the 
solid angle fi of the cone, 

concentric spheric a I shell 5 * centred on particle i , and have 
also drawn a narrow cone through particle i so that the gravi¬ 
tational force on particle < due to any particle within the 
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0& 

cone is roughly parallel to the fixed unit vector u. Then 
the mass In the shaded region is, if Hr, p£i]Br h where ft 

is the solid angle of the cone,, and the gravitational force 

2 2 

due to this mass is ih,p|' )Dr ^ ,pM ,'fiHr. Adding up the 

L 

all the forces due to all such regions, and noting that half 
these regions lie to the left of particle fi gives a net force 
on particle €, due to all particles within the cone’ 

f . ■ 0ir £ p-{t)aM l-l+i-i*i 

Now It is known that the terns in the infinite series In 
brackets can be rearranged to give any integral value what¬ 
ever* for instance 

tl-i) * (1-1] + U-l) « fl + * + B * Op 

1 * (-1+1) * + (-1+1) -1+0 +0+0* l, 

so thnt no definite value can be a-signed to F h « or* hy impli¬ 
cation, to the total force on particle r* This Justifies the 
conclusion above that neither the energy-Conservation nor the 
force approach can deal with m infinite uni verse. 

With regard to ii11 above, imagine two model universes 
Hj and which differ only in that the radius of V, at the 
reference time is greater than that of * 

Suppose that the two Daodel s have equai values of u , K i p-^ , and 
. The coefficients of the cosmological differentiat eqn 
: 5. 1Z r will then he the same for ; ’ L ^nd W,., and the boundary 
conditions ■ 1 and ■ tf f| are also the same. It fol¬ 

lows that the time variation of h is the same in both models, 
and that the motion of each particle of '-t 3 is duplicated by 
the motion of a corresponding particle in the interior of m. 
One can therefore rapZaite hy tf-, , or equivalently one can 
increase the site of a model universe to any finite extent f 
without affecting the predicted motion of any particle of 
or the predicted time variation nf E. Out- could obtain ibe 
same result by simply noting that Increasing the sire of Wj 
is equivalent to adding a uniform, spheric* 1 shell, and thl^ 
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sheT J wl|1 hy eqn (3.H) Force on the particles of 


5,4, Till FRIEDMAN'S MODELS 

The analyst of eqn l'S,9J will occupy us in Chapters 6 and 7, 
$0 that same general remarks may he helpful at this point. 
Various assumptions may he made concerning the values of A. 
and and theao lead to various models of the smeared out 
universe* These models are called r rivilmitjn module after the 
Russian mathematic] an who first considered Thom ► I'hey are now 
regarded as among the simplest such models and they were first 
snveF,n gated as a can sequence of the yenerol theory of rela¬ 
tivity. 

The first property of run i5*9> to which ol t ent i no c an he 
drawn Is that It involves, the time t or its differential dt 
explicitly on I v through Tb* term li i ' T This term i s unaltered 
by changing the direction of the time scale since, if the 
new rime coordinate he e p * -t r 



This equation is therefore unaltered under this traits format Ion, 
.and one says that it is : t Mo* 1. It can describe an 

'-jcpaiiMtin I rom some initial value - (tii at ■ - 0. jsr uLll be 
assumed in accordance with Hubble 1 ^ law; hut It ran equally 
well describe a collapse; it can □3so describe an osciNation, 
For the moment the possibility of a collapse being described by 
Che equations Will be Ignored* When one assumes that flfftj Ls 
zero or sniff] S with =? > d, one is eemside ring the so-cal led 

b {«ft Tr £ cffiina fl PT (3 e 2 3 . 


S,WHY IS THERE NO PRESSURE TERM IS THE ENERGY EQUATION? 
Some people might expect a pressure tprm in the energy equa- 
Tian. The reason why it it not there will new he given, 

if we imagine 3 small lint smooth surface to be fixed at 
s-QKe point in space, the expand in g systems of particles give 
rise 1 li occasional collisions with this surface. We can 
-assume that such :a particle wilt he reflected after impact. 
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U 

S* Chet its momentum p n ms ml a l to the plane will be reversed 
while its momentum p t tangential to- the plane will remain ton- 
stani. In this way a collision leads to the iran?Fer of 
momentum 2p^ to the surface-.. If such collision? are allowed 
to occur for a period of time* a+i averags pate of mijm&nt -tm 
tranef#r to the plane take? place. Since the surface is 
fixed, this average rate is also the average force to he 
exerted in order to keep the surface fixed in spite of the 
collisions (force 30 rate of change pi' momentum : I « This is 
another way of saying that t he particles exert □ pr*nu r* on 
the surface. 

If the small surface moves with a particle, or takes 
part in the general expansion as if it were a particle, then 
of course no collisions will occur. Ke then speak of a 
{fattrovinp dement of surface, (hi such a surface no pressure 
is exerted (see also Problem (4*1)). 

Let us now consider the differential equation (5*9) for 
the whole universe and note that iit? radius has cancel Led out 
of the equation, leaving a differential equation for the scale 
factor. This equation is therefore appropriate for any co- 
moving spherical concentric surface drawn within the universe. 
Such a surface may be thought of as 'frozen into the matter 1 . 
If such a surface were solid no particles would collide with 
It since It is comoving and therefore no pressure would be 
exerted on it. It is therefore plausible that Lhe energy 
equation for the matter within the surFaco contains no pres¬ 
sure terms , Tn thin n *:•■ *; & i: the partis*! n trtadol &f ,i Nubbin fay 
univ&r&e ij a apro-pivaeu^ madal. It is of course clear that 
there is no pressure term in the equation for the contents of 
a surface of any shape frozen into the matter. 

In Section 5.1 the notion of a continuum was introduced 
merely as a device to calculate the coefficients in the dif¬ 
ferential equation, and one was stilt operating with what is 
basically n particle model. If the continuum is regarded as 
a limiting case mf a closely spaced distribution of particle? 
then the above arguments still apply* and one has a zero- 
pressure model, so long as each partible obeys Hubble's law 
ffj-oer ly* However, if random tnotion^ arc Super i nrposed on the 
Hubble law expansion, then even a comoving surface will be 
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subject tD collisions and hence one would expect pressure to 
play a part In the dynamics of the universe. Such models nre 
a&nt’Cnuum nadelQ Ln the usual sense and they will he discussed 
iat-er fChapter 9). For the moment only zierp-pressor* models 
will, be eons ideredp 


PROBLEMS 

n 7 -n - , 

CB-I] Show thst Jr- n/2 and J r - « /3 for large rs U] by 
1 I 

using the exact Formulae k (11) by integrat ion, 

(£< 2) Show that J r* - { ° T lar Me « for a > CL 

i.5.3i Show thet fit - (n/e) n For large n, where e is the basis 
of the natural logarithms* i; 

[flfnt* Consider ^ = in nl » J In r.| 

F» 1 

(5.4) Show that the expression f5.7] For s may also he 

obtained by considering spherically symmetrical shells 
to condense sequentially from infinity to form uniform 
spheres with centre 0. 
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SOME SIMPLE FRIEDMANN MODELS 

<..i, tNTJWUUCTION 

The smeared put model universes h«ve now beer specified ade¬ 
quately , and the physical pictures and explanations on which 
these specificsttens were based have beer incorporated in an 
energy equation I5.f») or an equat ion of motion i5.15) . There 
arc also boundary conditions which state whether the mode] ie 
expandiofi or contracting at n particular time, as discussed 
in Section 5.4 , 

These procedures ;ire illustrative of the penernl ’mode] 
nuking’ activity which has hecn known for so long in applied 
mathematics, physics, and chemistry. It ha# also entered the 
biological and social sciences. The 'model 1 is often in all 
these cases a differential equation with hciundnry conditions. 

In this section the solution of these equations will be 
Considered for various special cases. These cases art- either 
physically important or they are instructive as giving insight 
into simpler properties of these equations, he shall then be 
ready to consider the more general properties of our models 
in Chapter 7, 

fr-2. 1 in DEL UNIVERSES WITHOUT OTEMOLCKi X CAL FORCE (X » fl) 

6 . 2 , 1 , C b si fz g 3 * t ■ n ini - t ;rp a r. d i. n ana ~jt <?£??<* r. t bjj mads l a t 
the ti&al nan a de:r .ji i. l u 

The moJcJ^ of this sci-tifin -iTe import Ant because they re - 
<ioirc ortlv known forces, so that an explanation of the astro¬ 
nomical observations in terms of then would be part Iculnrlv 
satisfying. Ip f&ct, many cgsmolegists consider that the 
A = (1 models arc the only ones to be used. 

The key observation to he made in this case is to write 
out main equation £S.&) in the following form 

k* 2 - ~h 2 * ^ = * F l tT * ^iloF 2 
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so that 


and 


ft t-‘ - l.p‘0^! -^-u ff , 



£- - = 4- - 2^ 


2si 
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t*.n 


where eqn 11,241 has been used, A critical matter density 
p has here bceh introduced* It has been related to the mass 
parameter cJ by eqn (4*251* and It Has the following inter 
prelation. If at acme eosmotopical time t one finds that 
d > o _, then the right-hand side of etui (6.1) is positive and 
SO ■ = *1 it all times, Hence 


k* 


c 

Tf 


ko~ 


Cfr ■?■) 


shows that there is a maximum scale factor J? * F which satis- 

m 

f Us 


tt - Cfe 2 (Jr - *1). 

ID 


l&.3} 


t^hen It is reached f P = 0* This maximum extent of the expan¬ 
sion \$ therefore succeeded b y a contraction. The time re• 

qtitred to reach R a from F. =■ ft can he evaluated by solving 
L-iin ih,: . This i* a 'detail 1 to which we shall turn helL-v-. 

For the rm-mrat shall consider the case that at some 

? 

time p"' p c . . Then eon (6,1) shows that Itc and ft - ■ 1 at 

all times. In tills situation eqn (6*21 shows that the model 

universe i> am always-expand I ay one since ? m can never he 
zero. 

be have therefore the main classification of X - (1 models: 


p > O - «? > \ “ 1 - *L> 

c 

p - 0 *r * V■ * k - II ! 

0<a - * <1 » fe - - l * 


an oscillation 
perm»ne« z expansion 
permanent expansion 


i fi. 41 


Th;- c i f icai ion (s physics 11 y clear: given The value of ■■ 
and Therefore of p^_ . then for large enough p the piTavitn t Iona 1 
attraction dgininntes and the universe collapse? again, for 
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small enough a, the kinetic eu£ray can dominate the gravita¬ 
tional effects and there can he Indefinite expansion. 

the numerical estimate ** l.B * 10" LH s" 1 leads to a 
present critical mass density 


» e „ ~ 0.6 ■ 10' 29 K Ctt" 5 
— 0,6 * kg p" ’ - 4 protons m 4 


W.S) 


The classification [6.4] also results IF one assumes 
the density tu be given* One then finds that the condition 
for indefinite expansion is a constraint on namely 



The right-hand side is a kind of escape velocity for the uni - 
verse Which corresponds to cqn [1.211. 

If the model collapses again, then it approaches a state 
of infinite density as R ■* 0, and this state is called a 
titoffulartty* It is meaningless to ask if the mad* l re-expands 
as there is no unique extrapolation through the singularity. 
The question has b meaning for the un-£it*r& hut an answer is 
difficult to obtain because of our ignorance about the physi¬ 
cal laws governing states of extremely high density. In view 
of this uncertainty the phrase 'oscillating universe' means 
that there may bo only one oscillation* 


6.2.2. f iJc h: in a ri *-j c j ■ i i €r x ■“ f* ; 

This model is- defined hy *■ a l * 0, and is easily dis¬ 
cussed. i-qn {6.2) now yields 


r h aw - c* 5 di 


whence 



n 
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Sufcst ItUtiJlfi for ■ : frfilti cqn 15,0], the r i g3i t - band side is 
*9/41 (ant;pfr i D 3 /3) so that 

■ 1 or p ■ f&nGr" 1 * (■&-?) 

Eqn [6.6} leads to 


B * Z/3t J q * 1/E. (6.8) 

rhts value of p can be found by putting cqn ( 6 - Bj Into eqn 
( 6 . 11 - Otil* recovers the critical mass density: 

P ■ 0 . { &-9) 

c 

i>ne seer? that p * at aH tines. This model is of particu¬ 

lar interest because it f or a time reversal of it ¥ occurs for 
all models of non-aero mass density in the limit ff - u [>ee 
Problem (6-1)1■ 

0.2*3. ^Pl# r iflt3B^ng Jtrfi fi i n i<' problem 

The relation between red-shift a and luminosity distance 
for galaxies yields estimates of q^ [see Sections 11-2 and 
11,5) with uncertainties which can he as large as *1- None¬ 
theless they impose some constraints on the possible cosmologi¬ 
es! models via eqn [4.24V. As an example, we shall consider 
the estimate (see Section 11-5 for more details! 

q^ ** 1* [6.L0J 

{hit can use this in the equation of motion fl.24) with the con¬ 
tinuum model interpretation (5,9) for £* to find 

\ T ■ - q * T? - ■ 4 * ^ [6-11) 

ZH 2 M* 

Taking p n * D.& - IET 2 *kiiH~ 3 nod the luminous (galactic] 
mass density of the universe at present as [1] 

P 0 - 3 ' 10“‘ B kg «f 1 


16 . 12 ) 
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one finds 


P g - 0.0S, lfr.133 

°cU 

Thus one tlA3 1'rnn eqn (6.111 



no that the cosnolofiical force i- attractive and helps sloh 
the expansion of the universe* $u% this is regarded as un¬ 
likely cm other grounds* A usual interpretation of these 
results is to assures X - 0 and to mfer from eqn* i^.im and 
(.6-11 I that d 0 2ti^ u In contractiction to eqn [6.13), .since 
2c> ti| i? much larger than tin’ luminous matter density actually 
observed. The search for this 'missing mac ter 1 is still incom¬ 
plete, but the necessity for it may he removed completely If 
lower values of are accepted. 

Also ii the gravitational constant has had preater vaLues 
in the past than it has now, one would expect a smaller mass 
density to have the same effects as a larger snas> density has 
later. The result would again he that the missing natter 
prohlem is quantitatively le^s severe [2] • It Und been 
proposed in the 1930s that and C have the same time- 
dependences |3] and the value 

hfG ~ - S * 10* U year' 1 (6,14) 

has recently been proposed hi , j | . consequences of a pos¬ 

sible time dependence of G are discussed in Appendix S. 

6,2.4* iftscry 5?/ t^ L - a = 

Vo convincing evidence is available for a non-zero value 
to the cosmological constant* For t3iis reason om put- x = n 
in many investigations and such mode 1 5 therefore assume par¬ 
ticular importance* We now discuss these cases, He? cause of 
eqn (4,14] one expects oseit JutionF for 1 - +1 fc since the 
energy then negative* and indefinite expansion for ■■ = l t 
st nee 1 ho energy ks then positive. The cnlculnt ions 1 he low 
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confirm this in detail. 

Tfl-kc- as the main equation I S«^) in the form 

af = (i - k * z ) h (* = w f6 * lsl 

and define a new dimensionless variable u by 


W * (ft * *1 or -n. ( 6.161 

e?* 

Since R > ff by definition,, u is always real, but for the ease 
k = +1 Is restricted to Values between *1 by eqn (6-3)- We? 
no!*, discuss the Hubble puraeaeter, the decoloration peiromot.pr* 
and the aje 5 1 nee the hijc btSf in turn. 

til paramatwr« I'toen tn E ■ Bn C/p^ + 2 Bn u, and 

eqns f 6 «. 1 S] and fb .lbl. 


H - 



4(w 


) 


■i 


Hence 


where 




(&. n ? 


The dependence erf on time is obtained he low* 

l ] i } f epafAdfl i'aj'iirvre r. z r. from pun £5*i5) with 

A * U „ J. Ci. 15 k, Rnd L'b.lti), 



zMi*h _ 

(o/i<r - fee 2 


L’tt " 

ZfT£>~ (1-ltte 2 ) 


<? 
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so that 


1 


Ul-ku^i 


tb.U) 


i.*.. 




The case it - 0 Kill be ignored here as it has been discussed 
in Section 6.2.2* 

(iii) l he age* From *qn (e*I7) 

f u 2 


• ■ j' je ■ s r ^ • |6 ' io) 

l a i ri-*o’ a 


where 


/w ■ if-*^ 


sin’ 1 u - kAI-h 2 ] f*f = *11 


a/(l ♦«*] - Sidh 1 a f* = -1] 


The evaluation pf thf 3 integral is discus sod in the append j % 
at the end of this chapter* Clearly the present age is 
obtained from u (? via eqn (6-19]. By multiplying eqns fbp.1^] 
and (6.19] one finds the age, expressed in terms of the 
Hubble timer H~ 1 * 


~ • Ht - «.’ s (i-*i£ a ] s jr(h), ca*20) 

H 

Using eqns (6,1ft 1 ) and \h m li)} r £ / e H can now be Found as a 
function of ry* The graph of this function (Fig. 6*1] snows 
that the time since the big bang drops below the Hubble time 
as a result of deceleration. This result is easily understood 
if it is recalled that a decreasing 'velocity af expansion 1 
b implies that the function &(t) is concave towards the time 
axis (Fig, d.2)« 

Note that the present value of q is important in two 
ways: it determine* the type of X - (3 universe by eqn (6*4), 

It also determines the present value of u hy eqn (6*1$']* 
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FlC. The time Sin.de the feij bang in models with X = CU 



FIG. 6.2 Possible universes for 1 = D r Key far Figs. 6.1 and 6„2" is 
the time since the big bang corresponding to a universe with q * ± 01 i* 

the tj rK- since the big bang correspond in g Co a universe with fc Q2 

is the Time since the big lung corresponding to u universe with % < fl- 

Thls yields the time since the big bftflg m tin its of the Hubble 
time bv eq n Thus the pro sent value of the Hubble para¬ 

meter fixes the time sc ait of the Expansion, 
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The constraints on q arc in the main the following. 

UJ Recessianal velocities.* These strongly suggest <2 (cf. 
Section 11.5). (h) The ol dest stars are those of the pi tabular 
clusters p , or which theories pF stellar evolution suggest apes 
of the order of 14 ■ 10 J years [fi|. Tins value yields 


o ^ 1*1 

t H ~1? 


41 i ?S , 1*0. q n < n „ 2 


where the recent estimate t R ~ IS * ]n' J years hns tieen adoptsJ. 
ic) Since any given radioactive element decays at 3 constant 
rate, the ratio of its abundance tp the abundance of its decay 
products viclds the average a>?c of rhe radioactive element. 
Applied to heavy elements, one finds ages of the order 

ll 

II + 7 ■ Id' years |7| B and the time since the lilj hang mu*t be 
greater than this value. In this ense 


i~ £ Hr ~ i - p - 5 n ' 5S - 


'•’ore general ine^ual1 t tes, valid for A. 4 d are discussed i n 
Appendix C. fdl The mass associated with galaxies yields den¬ 
sities much less than the Critical density eqn ['6.S1, sug¬ 
gesting via eqn (6*111 for \ = n models that j is much less 
than R*S* le) The deuterium abundance is a very sensitive 
indicat pt of the present mass density of the universe. Deu¬ 
terium wns formed in the first few minute* after the hip bang, 
and If the density then was top great, most a f the deuterium 
would have been turned into helium. Thus for ihc rosmplnnical 
element formation to leave tis with enough deuterium at present, 
the density of the present universe must he low anouph, say 
about 2 * 10 ^ gm cm ‘ flj* This vields q ^ -■ (1*1. However* 

oil these estimates are subject to uncertaini1 v$ m Fpt example, 
should It bL- discovered that deuterium can he produced in 
supernova explosions, then the present deuterium abundance 
would not he entirely duo to its production iti the big hang, 
and , ?C| could be larger, as already noted in Section 1.4, 


6.1., S, Th,. k = + f tan i? 

I f k 3 + K it is easy to see (Problem (6*2J and Fly. 6,1} 
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PIG. b.J Hubble parflinntcr H and deceleration parameter Far a model nirli 
X = n s,pd A » 1The model is capable of one dfk: i I 1 at ian and reaches 3ts 
miiatn eitpnt at a time i = after the hi it h=inj£. 

that soon after the big hung the Hubble parsaeter decreases 

from large values as f2/3r.) , while the deceleration parameter 

is 1/2* As n and in create with time, E decreases further 

and .7 increases until, nr . = 1, The scale factor ■ reaches a 

mux mum value F given by nqti (&*3)» At this time, which we 
m 

denote by t = M » 0 nnd -* * «, Since the second Jcrivo¬ 
tive of c is always negative for models with \ * fl (see eqn 
(4*23)1i the atlainmcnt of the nasi mum scale factor is fol¬ 
lowed at once by □ contracting phase in which R decreases 

from E to "ero, E increases from zvtq tn Infinity* ami ■ de - 
m 

Creases- from infinity to 1/2- These details folios from the 
tLmn reversibility of the equation of motion* which also 
implies that the time for a complete osci11 ration, tn which E 
i?oof 5 from aero to E and back to zero, is T = 2t - 

f-iveti this general picture of an oscillating universe* 
one iaav ask i ii how long is an oscillation* i.e. what is tUt 
express ion for t, and [Li] how does the maximum. extent of 
the universe compare with Its present extent, i.e, what as the 
ratio n /5 :' The answer can he given In terms of the present 

lh U 

value of either the deceleration parameter q or the density 
p* these quantities being related through eqns {b h 1j and 
(4,24) with X * 0: 






inn 


some simi-le frtbdmaNn hotels 


‘ a o * P|> /Zp BO* 


[ 6 . 11 ) 


The? time f is found ns the first time after - J . ■ 0 at 
Khich R * 0 and hence a = n. Front enn this i s 


7 - i sin" 1 (0) 

CL 



[fc.22] 


C cnn be found from e^n [4.301 with f - 0 and with re- 
plflced by ^ according to eqn [6.21). The result i3 


T 




n *Q 

«^(2H^‘0.S) 3/2 


(6*21) 


since ^ 0 >CI*S for ft * *1. 

The present value /f p gf the sea le- factor is found from 
eqn 16+18*] with k * +1 and is 



comparison with eqjt (6*3] gtves 

V*e • (>-i^)'‘ ‘ ,- 4 ?n «•»> 

ns the factor by which int ergalac t ie distance? increase in 
going from the fire sent time to the time af ma sc i ireup. scale fac¬ 
tor. 

As an Gx. am ji l c „ consider the estimate ? - I int reduced in 

o 

Suction e r 25 . This lend? to 


t ~ 3T 11 * 1C* 10 years; ~ 2 tfi.25) 

o 

where the estimate 1,8 * ]n lu years for has also been 
used. Note also thm ns ^ decreases towards the critical 
value 0,5. or Equivalently n ■- ihc present density p {| decreases 
towards the critical density p _ t both m and i-. /fi rt increase 
indefinitely: the una verse finds it Increasingly difficult to 
n lister mEeii.uate gravitational at tract Eon in order to contract 
again r 





SOME SIMI'll FRtEHHANN MfMHE.S 


101 


(i.2 T li. IFK k * -1 Z l!z*; Nit n* med* 1 

KM lc an oscillation occur- For k - +1, indefinite expan- 
5 ion takes place for ■ * -I, as noted in eqtt \ 6. ■! 1 ■ The 

dynamical parameters are given directly Hy eq ns [ & . 1 7) and 
C 6 T 1 a j j 




( 1 + n j 
—I - 

U 





<?' 


1 

? (l + ti ^ ,i 


(6,27) 


Ft is seen that both decrease steadily as the expansion con¬ 
tinues C Fi b. 



* 

US 

l>4 

(>■3 

<H 


tfc \ii+Fr) 

r* ' j? 


I ■+«"') 


NC- Ci..l The Hubble parameter W .lri! deceleration parameter £? for li Pfbdel 
KiTh i = 11 ntid k * -!. thl* is an h.nfiniLely ^p&ndihj, nciad. 

After a sufficiently long tine in a [lc * -1 1 X "fl)-model 
the scale factor is so large that the differential daunt ion 
governing the expansion thereafter can he taken to be 

* p 1 m i*o, P - at F ffi.23) 

In this l. termanal- part of the history of the universe 









J 02 
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0 * I/t and 4 - 0. (S.291 

Since the deceleration parameter is rero in a model specified 
hy eqns ir «.2fl) and (r» _ Z ?1 "i r ever/ galaxy move? with constant 
speed. This is therefore the Milne model Introduced in 
Section 3,6, 


ft-5. MODELS OF ZERO TOTAL ENERGY 

These models are specified by k •= 0 in Newtonian cosmology. 

The ho sic differential equation becomes 

& 2 = * jl? 2 . (6.30) 

This equation can be integrated. To see this one can change 
the dependent variable by means of a constant 6. to he deter - 
mined later* as Follows: 

v • £w?‘\ 'a 1 -SB 2 * 4 * 2 - 

It foIlo»P that 


h 2 = 3a[^V‘] - ,U[2,.y‘). 

In tlvc last step \*e have chosen 


fl - U/3£\ 


which conveniently removes some of the Factors from the dif¬ 
ferential equation. The equation is now 

-iu- - d r . . /sx dt. 

Integrating from f = r\ whon it assumed that R = n p i.e, 
y - 0* one has with a ■ y + 1 


[*_ 

J /rq+ir n 


/3A f or 


Js 

/[s 2 n 






/( ^ 1 £ - 
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The left-hand side is a standard integral which yields 
cosh* r Since cosh jc = %{e**e"*), cosh Q - 1, so that the 
lower limit of the integral contributes cosh' 1 l = o. it fol- 
lows that 


coshf/f3*.HJ * a - y * I - ||fl 3 + 1. 


Hence 


||k j - cosh(/t5i)t) - i 


{6.31} 


Two cases arise in this model. If ^ > 0, the model is nn 
expending one. Indeed for large limes one approaches the con¬ 
dition of an almost empty universe with 

= IX * I B *!^/{3V)t) {6.32} 


so that 

JKt) - [f^] I/3 4*p|/CVSl*l 
9 - /CVS} 
q ■= -l. 


[6.33) 


This condition of negligible matter density is approached hy 
many indefinitely expanding models and it is sometimes 
referred to as the de Sitter model. 

It is a fairly simple matter to obtain the Nubble para¬ 
meter and the deceleration parameter 

„ . /*\* fiinh /[»)* f , 

H \l) cosh 7 fs*)e . 1 ts>M} 


‘t 


Z - cosh /{3A)t 

T”+ cesh 7rmt * 


(6.351 


I st n I ii. 34 i is iounidl hy differentiating eqn (&. 3 U with res¬ 
pect to time and multiplying the result hy (fr/ZAJ? 3 } to find 
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U • 4 ■ /C3A) PiTih /( 3X) t » 

2W 3 

^Eqn £ft.34) follows by using eqn [ft,31) in the result* 

To obtain eqn [&,35) , two differentiations of cqn £6.31} 
and multiplication by €/i\JlK' vield 

1 + *s TT “ “Tf Cosh(/(3^)tj. 
ft' 4ftff 

On the Itft we have 1 qfl, The right-hand side involves 
Rk~ which is, by eqns- (6.30J and (6.311. 

c[lr| - cli+4[cosh /(3XJ t-111 

* j|l - cosh /(3A]t] 

HfiitCe 

1 - | - ||1 + cosh I' 1 

and this yields eqn [ft«35J in the form 

* ' 2 ' 1 + cosli /{SM* • 

In the limit X ■* 0 one can u^e 

J 4 

sitih af w r * + cosh j 1 ^ 1 * + ^-p 

to a^Din find the characteristics (6.R] of the Kins t ein-dc? 
Sitter model - 

Recall that Tor a real a 

cosh iff «■ * e * d ) * CQJS a - 

It follows that if ?i < 0 p rqn ih.311 hcceme;- 

• 1 - C03f/f3jA]jn 
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so that 


mi “ ["zT^T][ l ' cc,sr ^f3|A!i;' 1 - 


(6.56) 


This is an oscillating, model p and the formulae aht n i red in 
this section cun tie re-written for this case by making the 
appropriate lira us It ions from hyF^rhnlic to trl^oitoirtetric 
f unctions. 

6.4, MODEL UNIVERSES IN MITCH THE COSMO LOGICAL POKCF 
rRF.DOMINATES [C * 01 

The c n =■ mo logical differential e^ira 1.5.01 has a number of Fea¬ 
ture:- which are of interest in ureas beyond; cosmology* In 
order to make this as clear as possible, vfr shall in this 
section consider a simple problem of -mechanics nM re¬ 
interpret Jt in terms of our cosiaolag I cal model at the end. 
Problem. A small channel allows a particle P of mass m 
to move on a straight line through the centre* 0, of an 
Otherwise uniform sphere o!' density o , rail L us ff^and sur- 
face inward acceleration g discuss the motion, 
assuming rhe particle never leaves the sphere* 

Solution, 

fl) i H ?frf equation af motion. 

When rhparticle I 1 is at radius r from the centre, the 
force acting on it l £ clue to the mass within the radius ar. 

The mass outside this radius represents a spherically sym¬ 
metric distribution. On* may think of it as generated bv a 
set ok concentric spherical mass shells and these do not give 
rise to a farce si internal points*. The equation nf motion 
is therefore 



- a'^r 


[b.m 


where 



We have used the fact that the surface inward acceleration is 



snfi SIMPLE FRI imm? MTOHL 5 


iflfc 


I hi? $ 1 gn shows Th.it, 85 j- grows, the particle P is subject to 
an j Tiered singly ^frong acceleration in the negative x- 
direction, J.e, towards the centre fl of the sphere* An the 
other hand* when V lies on the other side of 0* so that x is 
negative?, then 2 is positive. This shows that the UCCc ] era 
tion is in the positive x-direction, i,e t again towards tt. 

It grows again as |x[ increases, One can thus see that the 
particle will oscillate about G. 

'lotion specified by the equation 

Jr = - ofx (6.38) 

is well known in dl any situations and is called nfripie harmo- 
■ - -■ ■ ' - . In the present case* however, it is physically 

clear the restoring force increase^ with |x|r more and 

more spherical shells of matter act to attract V as |xl in¬ 
creases, Thus simple harmonic motion is here not assumed; it 
results In u mathematically simple wav from the given physical 
situation. 


I i 1 I r .*7 uati O n of ti-an if pert £c 1 c 1 v f t t h a upftK r V 

Th l' remari in the prqhlem that 1 the particle never leaves 
the sphere 1 must now be used, for if the particle left the 
sphere, then there would be situations for winch x>F t the 
sphere would act as if all its mass wore concentrated at its 
centre and the equations of motion would be 


m3f * 3 * 

«f - - a 2 * ffV 2 

£* > *J 

(6-39) 


X* 



m2 = tT- £ 3 x~ - 



(6-40) 


T-'or negative x the acceleration is, bv eqn (6.401* In a powf- 
t i direction, i, e. townrds 0 . One sees that the attraction 
back to the centre weaken? for x | > F eis .r | increases , as 
one would expect. It is easier to jump on a mountain than ai 
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sea level* In order to keep to our sign convention we ntted! 
the two aqptions. Pot ^ * N eqns (6,37) and f6.3E?) become 
Identical and for x » -ft eqns (6,37) and (6.-SO) become iden¬ 
tical, ns t s needed for c an 5 1 sTcntcy , 

fill) U t : an G>/ ti=i3 ff<|Matian p/ mation 

The solution of a second order differential equation con¬ 
tains two constants, A and 3 say. The equation is 

'£ ■ - a" * * ~£T* f(&.41) 

and its solution can he written 

r * 4 sin a± * 0 cos at 
s + a (a cos 1 xt - I sin at). 


in order to identify these two constants, two conditions must 
be imposed* These* will be taken to be incorporated in the 
following 


Hie parti cl f is released with velocity ^ at 
radius r F within the sphere. 


lb.*2) 


Put mathfMftfttically, we are repuirinp that 


it t > t i 1 ■ p £ whence P = nj (6,431 

at t ■ 0 ! e * whence /t ■= e^/a, (6,44] 

Lord it ions of this type which specify a physical situation at 
the heyinnifirt or end of a developing situation arc called 
:t k da ry c □ nd r t ' o n n * Thu y enable us in this case IG put 


j * (y^/a) sin at + cos [6,45) 

i * y^ cos at - arj sin at* [6*46) 

(i V l L p 7s. - m* 

I he solution (6*45* 6*46) has the obvious property that 
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m 7 2* 2 2 2 2 

r~ * a"« “■ t*~ * a"r" = Independent of time. I>. 0) 

Since the right-hand side depends only on constants, the ex* 
press ions [<1,47) are independent of time. A function of the 
cooTtfiTmlc^ which is constant throughout the motion may be 
called an integral cf vquatiQnfi cf the FnrRi of 

cqn (6.47) suggests that we are dealing with an energy equa¬ 
tion : 


E = j mx" • % m 2 x~ * b flifj * b ma*n* - constant *(6>4*} 

To check that this is so requires the evaluation of the not*n- 
tUl energy of the system. 

The potential energy of the particle P at position x is 

2 

obtainable as follows- The force of attraction is -a~mx t and 
if the particle moves away from Cl fi.e- in the positive direc¬ 
tion] it is subject to the equal and opposite Farce a%,-r which 
per farms work a "mx Jj. Integrating over 4 whole pa th From x^ 
To r, yields the increase in potentUI energy in taking P from 
* 0 to m. and this is 

"i tt w «fac fc -rjj1. 

If one takes the potential energy iero at 0, when x “ P* than 
one finds the potential energy correctly with Teapot to this 
7 ero only l F is taken to he zero, With this sign conven¬ 
tion, one ha*, indeed interpreted [b.4 8'1- a - an energy equation. 
One has also made the potential energy always positive, so 
that £ Is always positive. This contrasts with the gravita¬ 
tional potential energy, which was made negative. 

f v ^ Tim £ f o r a a o-mj* J f f c -v affof ? I a (ton hfi r g i 1 ftp j i o«p a 
er]ann+il £ h* cuntre of Earth 

4ny simple harmonic motion (6*SBl has a built-in periodic 

rime, say p of oscillation, ns has been seen intuitively 

under til above. Algebraically* one observes simply that 

sin ar =• Sio[a(f+~l), cos ft?- = co*[a(r-*—r] 
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which Shows that 


T - ~ - In/Us/g^}, 




Treating the Earth as uniform and spherical {both rather rough 
approximations| f one can substitute 


a ■ 6.37 >1 IQ 6 


si* j ( * ■ s 


in cqn (6-49) for the radius and the surface gravitational 
accelerat ion- One finds 


t ' */(frir)* 1000 s ” 5045 3 ’ S4 - 1 mi|iut * s - f^.so) 

The nverBpe Speed for the cofiipUle circuit is 


i * ft. 3? X jV 

5.045 * ID 3 


- 5060 tn s" 1 = Mach <■ LS.34 Mach. 


£ 6 , 51 ) 


We have here taken thu .^peed of sound (about 330 m 5 


in air 


at U*V\ aa a Con Yen Lent unit of Speed. 

The quantity <l has the general characteristic of a spring 
constant. The larger a, the more rapid the oscillations nnd 
the less the maximum distance of travel from the attracting 
centre, if all other quantities are kept constant. 

The simple theory developed above will now be applied to 
investigate the effect of the cosmological force alone on the 
dynamics of the universe. 

The costoo logical differential equation for a model uni' 
verse of negligible moss density (C ■ 0) is, by eqn (5.9) 



£6.52) 


and has therefore the form [6.48), provided we change the no^ 
tut inn Uh follows 


* ” I 1 ?, P | * e I a 



[6.53] 


fat such a model universe to he an oscillating one 


a must he 
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real by eqn [6,45] and X therefore negative by eqrv lb.£3]. 
Inspection of eqn [b,S2) now shows that k = I. The scale 
factor is then subject to oscillations with period 

T * ~ * Ziu'tVlM). i.e- |X| r 2 = 12n 2 , {6.S4J 

[t is now the cosmological force constant X which has the 
properties of a spring constant. One sees that the greater 
|X | p the more rapid the dsgU laiioitst X corresponds to a 
single■particle cosmological attraction in the sense of 
Section 4-2, It is believed that if X is negative then 

li| <3 * iO' 56 s~ 3 {*.55) 


whence 


t>2 » 1D U years. 

If the tero of cosmologieflJ time is taken at the last 
time of extreme compression, then * W and the Hubble 

parameter can be obtained from eqns <1^.451 rind \h 4b l : 

X . J. sin at * ■ a/fS/Ul) sinC/f |A I fS)t}, 

S ‘ tinrv?" *<*> - i - **- s « 

The deceleration parameter k$ similarly obtainable from 

-f§ - tan 2 at - q = i*n 2 (^([A.| fi)t) (6.S7) 

The model expands from c = 0 to ~7 I fit/^} /[3/1 k * At 
that time it roaches a maximum radius 

/O/UI }a ^ fh.Sfll 

which increases as the cosmological force weakens. During 
this period, the Hubble parameter whtcJi initially decreases 




sewn SIMPLE rF.ILHMA.NN MODELS 


in 


t'ror, L di y.rj iiosltive valuer as 1/t drops to iero ^sec Tip, 
P.Sl, The deceleration parameter increases to inf ini tv such 
that 


1*10 1 2 *(0 * -y 


(6.59) 


rc-uia L r* constant throughout the period. Then: then follows n 
period of contraction also subject tD eqn (6.591. and the state 
of verv stobII A if.) recurs at t = , t«ht?n there is n singular¬ 

ity. tHiTing this period the lluhhle parameter increases From 
large .md negative values to lero. Whether or nor re-expansion 
occurs is a difficult root rcr, already referred to in Section 
6 . 2 . 1 . 



4 


flu. kS The Ihjhlile parnaetet It and deceleration parameter for & model 
uitM ' - i\ ‘<n. ThH is jn o-scUUtlnp model 'ihich reaches its rmrimnn 
-■■• rent For thL- first time after th v Ini t la| expiation rU time 

t ■ U/2KJ/U1) 1 *- 

APFBWlX TO SUCTION fc.2.4 
.1 ri -'nrf l f CrtlUfffa'l 

With the substitution j, = sm a. 
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ftu) • = If 

J m-un 


cos a da , r . 2 
CO450- * -| sip 3 [J8 


■r* 


f ii-ces 2&]da = |a- 5in 2 Zfl | 


sin ! u - u/|l- M “|. 


SifTialn-Fly the Substitution u =• sinh £ results in 

* 

& 


r m 2 j, 

I - .2 H dw , - 

sinh & cosh S--0 

ft 'U*0 



n/Cl+n'J - sirih -1 B. 


PROBLEMS 

Ok &n €►2 

(6-1) Show that thi= refill ts derived in Section 6.2 + 4 ure sn 
agreement with thtJSq which wouid be obtained froei t-fftis 
(4.24) and (4,271. 


C6-2) Show that in the initial stage? of a big-hany universe 
3 $£.2 n 2 , 

* “ T e * M ‘ St* 9 * 41 


and 


6tt pfiJC* 2 * 1. 

[6*3) Assume that we are iti the early stages of a hiti-hanp 
universe. If ’the present* corresponds to 

t - t Q = ltl 10 years, 


what is the present mean density of the universe? 

(6.J! Assume that we live in a bi^-bany universe with A = n 
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as discussed In this Section, if 1/A’ f , 1 in’ 1 ' v-ears is 
the present value of the HuhMe constant, what must he 
the least equivalent mass density p |( at present which 
hill ensure that the model is an □,sell 1 at Inn one? 

(ft,5) A straight channel contain 1 :- a Fixed particle n of maps 
M at its origin, while another particle P of mass « ttovrs 
under gravitaitonal attraction away from , so that its 
velocity tent!* to 'em ns * i i)P + 

Uiscuss the motion. What is the velocity of P near 
z =■ 0? Specify the cosmological model which has the same 
formal structure, 

16. & l A straight: channel contains a fixed particle of mass 
W at its origin Q f while another particle r mass m 
moves under gravitational attraction, and has a known 
velocity at OF * x Q + Let HP be denoted by Z-* and let 
t hi 1 time zero be chosen when the particle istarted off 
from O in the positive indirect ion„ 

C1J Show that there exists ran * = (positive n nega¬ 
tive, or infinity] at which the velocity of the 
particle vanishes and Find it in terrain of # n and 
e f| , Explain why is an 'effective 1 coordinate 
value in the sense that in some cn^ea the particle 
will never reach this coordinate. 

(ii) Using the sobs 1 1 tut Lon je/.t w sin‘(a/2l l show that 

* i j 

the equation of motion is with a z given 

by u sin^fEi/J] = a w and that the total energy is 
£ * - QmM/ i£ r 

(lii) Show that for ^ >x > 0 the relation between x and 
the time t is 

at - iu-sift u) * * [ (^) 0 -^) ] 

Show that the time for ra complete cycle is 
t - In/a. 

Civ) Show that for 0>w, > ■» the relation between # and 
t is with u 3 iw = real 
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Cv] Interpret the shove problem in terms ciF n model 

universe with A * D, 


C6.7) Obtain expressions for the I rubble constant and the 

deceleration parameter for a model having k - u and A< 0 R 
QiecJe that for small tines they have the valuer anrro 
prsatc to the Einstein—de Sitter model* 

On Sfffltion (5,4 

jh + 0i Verify that the model discussed in Section satis¬ 

fies eons (4.24], I 4 . Z7) p and fit.2S) „ 


7 


J jie classification of the friedmann models 

7,1, DERIVATION Of THE CRITICAL PARAMETERS FOR THE STATJr 
MODEL 

It is possible to write the differential equations for fl and 
F in terms of a characteristic scale factor and a charac¬ 
teristic cosmological const ant: i*, in order to a rri ve¬ 
st these quantities In a natural manner shall consider the 
equations ff » 0 and R - fl, These have to be fulfilled if the 
universe is static. As Einstein's original cosmological ideas 
of 1917 implied a static model universe, he had to introduce 
the Cosmological constant A tj-d ha*, and to give it the precise 
value A*, The investigation of this section is therefore not 
only of intrinsic, but also of some historical, interest. 

Two equations are needed, one for A* and one for ** in 
terms of quantities already defined. The first equation rom*?: 
from the requirement that 

S - - * hjt is.tsi 

shel l vanish when R ~ R* and A = . Thus 

2f?* a A* ■= 3(7, so that A*>0. 


UsiHfc this relation to rep I act r one Finds For our two eqns 
(5,15] and (5.9) * still kept general* hut exp rinsed in terms 
of A* and R* i 


* • ^ [-(¥) 



A 

A 1 




fT "A* 


]■ 


now use the Fact that we want 5 * (I at A' * =?■. This 1 e.ids 
to the required second equation for tin: f h* t A* ! - pal t of 
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constants: 


2 * 1 - * 


Ao" 


^* 2 a* 


Since \*>0, this can be satisfied only if t - 1 and A* * 


* 2 /ft* 2 , 


One can sumiaarite our Jesuits as follow?: 

3 C 


ff* = -^V, A* - ^4 ■ -4*> 0. 


2o*" 9C* ft** 

Our two general differential equations can he written: 


O.I) 


- It 

TF 


’ [• (?)’ 


* A ft 1 

f* S*J 


*" ‘ ¥ ! 2 T * jM^r) ' 3k ]* 

and if w( now introduce a dimensionless scale? factor and cm- 
mological constant 


* - Jtffl*, a ■ A/A* £ 7 . 2 ) 

the ct]nations become 

E 4 " 3ft | * &f (7-3) 

£ - fl{^ * a*} £ &u f?.aj 

where 3 * 4c 6 /Z7£ 2 aiul ^ u are defined as functions of n T 
A foy eqns [‘7.3') nnd [ 7 -4} - 

Eqns 17.1) to [ 1 . A ] contain in ,i convenient fnrn all The 
information needed for a complete classification of Friedmann 
models, The major distinction to be made is between 'tf&ell- 
la ting 1 and ‘continuously expanding 1 model universes. Two 
remarks are in order here, First, *ince I 7.3) does not deter¬ 
mine the sign of i, it does not distinguish between expanding 
and contracting models. We choose to consider only models 
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which arc enpajidiag for at lout some part of their history, 
and therefore make the convention that 

A model for which is never ;era is said to be 
continually expanding* (7.5) 

Secondi oscillating model? such as that of Section 6*2.5» in 
which the 5 ca]p factor passes through s maximum * have- . r -' p - 0 
and therefore x~ - 11 at the time of maximum expansion. How - 

, T 

ever, x* ■ 0 at time say, is consistent with another 

possibility — that the scale factor decreases from large 
values to a minimum at time - nnd increases thereafter. It 
is a matter of taste whether such a model should be described 
as oscillating* since there seems no way in which it can re- 
con tract and repeat the cycle. In order to keep our classifi¬ 
cation simple we make the convention that 

r\ model in which x becomes zero at any time is 

said to he r oscillating*, [7.6] 

The Huh hie parameter and deceleration parameter can he 
found from eqns (7.3) and (7.4): 



= ———^-— „ 17-8 1 

2 * - Jkm 

N'ote that since i*>0 the deceleration parameter has the sign 

of (1-tLf 3 }. 

7.2. OSCILLATING AND CONTINUOUSLY EXPANDING MODELS 
The condition for an 1 osciJla ting' model is, by eqns (7.5) and 
(7.61 b that y becomes aero. Mow y -+ + ^ as x * 0, and y has 
the sign of a for largo enough j 1 - Thus if a < fl [i.e r A.<Dj jy 
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changes sign and therefore has at least one aero* Further- 
mo re r 

jj[ ‘ - V :ai ' M*"?} ( 7.93 

Jf 2? 

implies that if a < 0, dr, /Jr<0 for .ill . lor val ne of 

k there It therefore just one tero of ■, at - = ,r , ?*y, and 

ft 

> 0 onl y For jr ^ x ^ l see Fig, 7 -1 [a] 1 . 1t foil that 

Modulo tilth A < 0 ii*t 'aemilZat intj * for k = - 1 „ ri, 1* 

their Boat* factor a w&xi'nu r - 

Ef a>h Jt is evident from eqn (".3] that y is Large both 
for small and for large f t and from l"V9j that J y/dx ■» LI at 

just one value of x p .r, p say. This value of r must correspond 

to a minimum value of (see Fig. 7,1 (h # c 1 ) , So we define 

x l * a ’ 1/j . “ J~ + ^|" ' 3fc 1 3f&'''■-*}. ("*111 

If a>l £i.e* A > A* 1 then ^ for all 

values of x, so that 

Moda Iff nith X > A 1 an cemf inn- :i n " y *• x p a rad - ra s 7 /■^ r 

k ■ - l t 0 ( 1. - 121 

I f ij <a< 1 [.0 <' A -■ A* 1 eqn 17.111 show- that , y > d for 
fc - 0 and -1* iind ^^<0 for X = +1 I see also Fig* "pIuII. 

J t follows that X is never zero for • = o and 1, but w zero* 



MC. 7.1 The function y ur> defined by- i “ .31 + for various vqluts nf ■ and 
q. Only non-ne^fltUp values of $ rcpreAenl jtttajnahli? of ;i motte] 

universe. 
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Eat some values of x r for k = +1. so that 

JtodirZa u; eih ar#> ooufi T^uovifl^ r^unaffiff for 

fc *= fi and -1, flfld are 'max! Eating * /or k = +1* £7.13) 

The Jl - il models have been included in (7,13) by referring 
back to eqn (6-1)* 

The 'oscillating* models Kith 0 <\<X* and fc * *1 ore of 
two types. Since i? <D but F is positive for both small and 

large y most have two teros, /, and ^ (see Fljg, 7,1 [cj J, 
such that £“>ti for *<*, and far *>37^, This includes [i] * 
nodol in which the scale factor increases from zero to s maxi 
mar value , and then decreases to -ero. It also includes 

i i i ■ a model in which the scale factor decrea*** from large 
values to q mini mum value and then increases without 

limit. Model (a) is not qualitatively different from the 
oscillating* models of [7,10). Mtidel [ 11) , however, is of 
special interest fis the /vfflt tfeiadwann flfl5 T e l we ActUf 
r t - 2rt*d sli fit nuvor of infinite density and therefor* tort* no 
a i k ^ u I or r! f 11' it. 

The only models not included In the classification of 
eqns 17.10), T.12I, and 17*13) are those with >, = X* (a - 11 , 
Sv eqn (7.11), these have u minimum value of it gi«n by 

*.i.' «:»-«* 

for ’ * fi and 1 these models therefore have positive y mlJ1 an d 
are expanding, Tor fe = *1* however p - is zero* and this 
-ero corresponds to the Einstein static universe i x - a c * = 

I und $o From eqn5 f7.3) and I " 1 .41 r * x = h). Near £ “ l we 
can Show that 3 ? - l * e*P (iV( 301 (t-t % H where is 

a reference time fsee Problem ?.3K I'wn possibilities are of 
interest. If r[t ) >1 and the + sign is taken, we have n 
model which was close to the static model lx = \) in the dis¬ 
tant past, and is expanding away from it. This, the Eddington- 
Len.il t re mode 1 dF 1530-31. is the aseffiS-HU 1 Frt.*\ Imavm modal tiith- 
o: 4 ; ;jq^uiarf * and we shall not find any others. IF on the 
other hand n : j ) < 1 and the sign is taken, we have h model 
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expanding from :i -ero scale Factor and approach !esjj , but never 
reaching the static model. These results can hr summariied as 
Foil QMS , 

Arenas Iff uith A = A* arc #ant{ri*4&ift expanding for 
k ■ *1# d, an« -l* Por k = +1 r^’ Atstt? ft* 

tf/ ifis s£?a^fl /gofer r?a a toirnriffP# wfcffffc rrwmot 

be eroeBBU during Cipanaton. (7 14} 

7,3. HIE SHAPE OF THE Bit) CURVE FOR DIFFERENT MODELS 
In order to discuss the shape of the E£t) graph we consider 
the second derivative x given by eqn (7.4]. Evidently x Is 
negative for sm&Il enough x, whatever the value of a Also 
* is negative for all jt if a is zero or negative, while if a 
is positive x becomes positive for a? , where = a ^ *' was 
introduced in eqn [7,11], Slnco Jr! determines the curvature of 
the x[t\ graph, it £s now po^?. thi 1 £*■ to sketch this graph for 
different models, Two main classes emerge: 

[a] Big-bano * rrodtiiu 

These occur for A ** A [see eqn ('7.10)), and for 
0 ^ A * A* attd > - *1 tsep eqn In all cases j - n „ 50 

the graph looks like Fig, 7.2fa]. The deceleration parameter 
¥ has the sign of (-3r) and so is positive. 




FIG. 7.2 Scale factor as a function of tjrtir For 1>tt classes of model, 
i **I Hig-h»ftjg oscillating mode Is. fh' Modi 1 -■ » 1 t h - 1 1 h hteh e*panU 

lidafinl ceIv. 

(h'| Siff-btntff irodtlt with A > 0 .-‘jpnnif a rtd*/£n.-i fie 1.^ 

These occur for A>A* (see eqn [7,12)5 and al^u for 
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U<A<A* if 6 - a or -1 (see eqn (7,13)1. in these models x 
changes sign st P. - F*- ] » in., and the expansion rate also 
goes through a nimmuin .11 this value of 9 face eqn 17.1111. 

The graph look* lite Fig. 7.2(1)) t and the deeL'lerotion para¬ 
meter changes sign from positive to negative as ?? passes Fj. 

’ ,4 . NODHS EXHI BIT1NC A MINIMUM IN THE t R BXl'ANSllK RATES 
The reiLitirement ■• = fl « 0 leads to the static EU astern model, 
whereas the less restrictive requirement that ft = 0 at some 
time leads to the Oscillating 1 models. We now consider 
models which hnve ■ fl at some time, ami which Therefore ex¬ 
hibit an extremum in their expansion rate Ft. In fact, only 
a minimum in the expansion rate is possible. The condition 
for this to occur is 

5 = (1 t.e, x • Xj where bx^ = 1. (7.15) 

I he mini mum rate is obtained hy putting eqn (7.15) into nun 
f. 3’ to find 


‘ <7 - ls ’ 

A minimum exists for V * I, 0, -1, hut it can be zero only if 
r, • 1 and A = 1, The second class of models considered in 
the preceding section Is of this type. These models are of 
interest in that their age can exceed the Hubble time, as is 
Shown in Fig. '.3. Indeed if I- * 1 the age can for suitably 
Chosen \ > k* be arbitrarily long. This will now be investiga¬ 
ted (see Fig. 7.4). 

Consider a SDinll departure in i from m * j? l given by eqn 
i ~. 15 r. for example let m, T * A, Then the expan¬ 

sion rate at this Scale factor is given by eqn (7.3), if the 
cubic term in A be neglected: 

( i 2 ) a - ia(J_i.^4). ,7.17) 

1 hi> expression reduces correctly to eqn f 7 *Uj) when A = tL 
]t ill so shows that the same expansion rate will be Found at 
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FIS. ?..l TTit" LciiiiilIre wodcl l‘ * Ml priUlHtlTlfc coasting 

periods as X iipjinsndirE (a} \/X* ■ 1.2. \b] Jk/i- = t.OS* (el V'Jt* = 

1.01. >\t point A the Hubble tise divided by the only 1,4/JI = 0.35* 



FIG. 7.4 A model with a minimem \n its. expansion rate. 


* 3 = For "p - li i«*. for q - I P the expansion rmte 

I? ttill5 seen to hr very small in the scale factor range 
(.Xj-4* Bui the corresponding tino interval t need not 

he small as will now he shown. 

Fig. 7.4 shows that lAf t I® an underestimate of I ,r) , and 
an overestimate for Hence r Is encapsulated within two 

inequalities; 


2 a _ 

rsr: <x< 


u 

tst; 
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Thi§ tells us that 




< , «a : *i 

T ■ar ^ 


M 


(7. IB I 


so that t*> 4/3£ if ic t - L It shows that Cor e 1 1 


!n<l! the mini mum rote 0*1 ^ = ^0n f which Is. near zor^ T con 

effectively continue i‘or .an interval c f time which need nnr 

vanish with £. 

During this 'coasting* period the sente factor lingers 

1 

nsar the value Models with b I ring coasting period wen* 

first considered by Leman re. Apart from allowing an age 
greater than r |( * and thus avoiding conflicts of evidence of 
the kind mentioned in Section L^ ( they have another property 
of interest. According to general relativity* as noted in 
Section ID - 7 „ the observed red-shift of a source depends only 
Oil the ratio of the scale foe tors at the times of emission and 
observation of the light hy which the source is seen. Thus, 
in a universe in which the scale factor is roughly constant 
for a long period, many source* should he observed with red 
shifts in □ s 1 ng le compara 11 ve L y s itsa 11 ran ge . Quae i - stellar 


objects were St one time thought to exhibit such red^hift 
clustering, but the evidence 1 * not conclusive [1,2]. 

the two* fold classification of model* in this and the 
Inst section has loft out several important models p those 
with A = 0 or A = A*, &nd also the singularity-free oscHint 
ing model of eqn (“.133. Graphs for these models are inclu¬ 
ded in Fig. “,S. which summnri-es the main results of this 
chapter. The figure shows that indefinite expansion is en 
couraged by either increasing A or bv decreasing k through its 
permitted values ■ = * 1 p ■ 5 'i, and * = -1. This can he 

understood intuitively since the cosmological force is Increas¬ 
ingly repulsive as A increases, and frirce, for given p j( and A* 
the decrousa of k represents an increase in kinetic energy. 

Both tendencies enctsuregc expansion. Xote also that the 
singularity■free mode\s , like the steady-state model g find 
difficulty in explaining the microwave background radiation. 
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FIC- 7 ,5 The mam .characteristics ti f f H edauifln asadt'l 1 -- 


! 7,1"' iIq r/u: , ( M . : I behave after long times in the 

Kd d i n g t on—Lemaf t re mode ] (ft > H* * A - A * I 7 

(7.ZJ How do ft (iJ | (f. ] , i?(cj behave soon after the blfl hanjs 

in the A * A*)-model? 

(7-5) Sy putting * * lof-*!, in tqn$ {7-33 and (7,4] # 

show that a small perturbation of the Einstein static 
model (k m *i „ A ■ A*) leads to m exponential rise or an 
exponential decay of x kith time. Discuss in what sense 
tins implies an instability of the Einstein static mode]. 
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THE STEADY-STATE MODEL 

8,1 s BASIC EQUATION 

In This model it is assumed that the Hubble paramer, which 
h jif 50 far been. treated a function of time, is a true con 
stsht , The universe is in this case assumed to be in a steady 
state in of the expansion. This means that matter crea¬ 

tion has to be postulated throughout space in order for tho 
average matter density to remain constant dti soy volume ele¬ 
ment + It follows at once that the energy equation* which is 
the basis of the cosmological differential eqn 15 + 91 i cannot 
he taken over as it stands t since it does not contain a term 
which allows for matter creation. However, the equation of 
motion IS. 1 ^ I is satisfactory as It can be regarded as derived 
from the force acting on a particle (.see eqn [5,U)) ( and this 
force need not be altered by the creation of matter, tte pro¬ 
ceed to consider the consequences of 
IiI the equation of motion 

If * - + W j> (S + I) 

ZJT 4 

whore 


C 



U)5 5 te)- 


li t j the steady-state cordition5 

&(t) * p flS Ftr) a fif c - Lfi-2) 

Not C p hut only "7^' . is now a constant since o(t} must be 
constant at . 

from the definition of the Hubble constant we have for 
any pair pf tine* t p t Q fcf- uqn [Z_10)J : 
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5[*)/Sft) = » 0 r i*e. fl[t) - ff(t 0 )exp{u o Cir-t c )}, (S.J) 

ft follows at once that 

a — 

" 2 - R ft 

«t*=J - s 4--Hr? * -l. (fl.il 

0 m z 

Combination of eqns (S,J) and [fl.U yields an identification 
of the Hubble constant 

V ■ * + t<*V <•■*> 

Thi_s sense only if the right-hand side is positive. 

An equation of this type was derived from a mod?] which 
assume* the proton charge lo be slightly in excess of the 
electron charge [l]. This theory was u gen*rn3]tat ion oJ the 
original steady-state theory 12] and provided n physical in 
terpretation of the constant A T in this theory A is not an 

constant for a cosmological, force N but arises from the 
assumed charge excess., It will therefore be brief 1 >■ discussed 
at the end of this chapter* even though it is not in agreement 
with experiment. 

8.2. THE MATTER CREATION RATE 

In order that the density of matter he cortstant in time a 
creation rate g of matter per unit velum? is needed. In order 
to calculate it, assume radial expansion of a volume IT f: ] in 
time At to v(e*At] + The volume expansion is best specified by 
imagining a smooth surface drawn through a set of named 
galaxies and thus 'froteti into the matter 1 . Then if this sur¬ 
face is a sphere whoso radius increases from r to r * ■ with 
Hr, then 

VU*At) - r(t) ♦ 4nr*ft - * 4r,J<3ff ii * Vft) * AV. 

This newly 'created 1 volume must he filled by galaxies of 
average matter density p p so that a mass 

P 0 4V * p 0 At 



THE STEAL!V -STATE MDJ3EE. 


127 


is needed. Dividing hy V and At to obtain tlie creation rate 
per unit volume per unit tinie r one finds 

(t - 3fl 0 p a , 

Taking ff as about l®" 10 years 1 qi y * 1® *' S 1 and. p^ 
as ID* 26 kg in"* flD" 39 gm c«' S ), one finds 

0-3*1* ir t7 * lfT 26 kg n ‘ 5 s ' 1 

• lo‘ 4 » kg a" ! s' 1 . (8.7) 

This is equivalent to creating one hydrogen atom per century 
in a cube of side approximately 1DD m since 

iitfllSMl , s * w-« t* t .' 3 s’ 1 . 

4*l(r{Jr) *10 t» 1 

It *ouid be extremely difficult to detect such creation rates. 

To see the error which we have avoided by using the 
equation of motion* instead oC the energy equation, multiply 
eqn 10.5) by 5? 2 to find 

» 2 - - !? <*»„ - * U 5 1 , (b.«) 

S 0 JJ 3 

The energy equation would have yielded the result 

ff 2 = ^ Gp 0 F S + jX a 2 * E/A, (8.9) 

and this i= seen to he invalid in this case so long as E/A is 
a constant. 

0.3. TIEE THEORY OF Ah EXCESS PROTONIC CHARGE 
\\L- tkj* indiCAl? bow eHe force tern. ,J . f 7 ran arise as -i result of unequal 
chary; c> of protons and electron's m a steady-Male Riedel. Let He? the 
mass of a proton and ■; 1 vi■ its electric charge. The bass and charge of 
40 electron are rr^ and t ^ = -c. Consider B «as* of :V hydrogen atoms 

M = Ito i + .Un- ^ ito 

p E p 
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m the ^0 smi of n sphere? of radium T within A con Centric larger Sphere. 
niE- electrostatic repulsion on a hydrogen dXom situated an the outer i-ur- 
face of th? inrner sphere, due to the protenke charge excess, is (in e&s 
units I 

fE = = *ii. 

p- « p p" 

The charge outside the sphere 3 iAs no effect for A uni fora distribution. 

The Base holds for the grivUttisnil effect. The gravitational attraction 
of W an the surface atua I* 

p* 


The ratio Is fin cjp units'] 

F„ J2 




(■pIO] 


The net repul s i vl- force Is, with M a Up Jr fl* 


Giir 


V * f e ' *g " V*** 13 = '■£ * T^- 1)flH p v C8.il) 

Since the particle is part i C spat I nfi in the Nubile L:lu e^pHnsItm, and putt in]! 

r = «*-! = V fti.j « # tt V, ca.12) 


r * flPj, 


nhure ec;n (£.4) has he«n Dtd, From eejns j Jt,) ] . and lfl.121 

M* 

V ' i.if. u * l * . ( 6 -ID 

.in _ t 1 -1 *7 -1 

Adopting C£S units add ■; ID g cm ' . - y 10 S * eqn (S..13] 

give.! 




THE STEADY-STATE WODi-L 12! 

H<'TU-B aqn (i.10] jrie IlLs in tgi units 

l0 ~ 4 ■ [, i S 7 ^ 1P " M J " 2 < iO- ia . [U,1S 

* 4 M2 * W" ID 

The theory therefore Suggests that the expansion of the universe sS 
dnvm hj a disparity of charge given by cqn Ifl.M), indeed, comparing 
frqns Cl+S) and tB-i.SK the electrostatic rtptlllion U seen to he equiva¬ 
lent to the existence fif 11 COSmo logical const an I 


% * 4i Jiflfe - 

J 

In a etodel which is ml in j steady state one wquid have = C4*/5jp(tJtf 
instead of and wuU then not find an equivalent cosmological 

ccrnstpm f B -1 h) . 

The theory in this simple form can be rejected oh two COficlturtvf 
grounds. First, by eqn {3 r 10K the ratio of electrostatic to gravitatio¬ 
nal forces f_/F_ is the sane for all spheres of hydrogen, including star*. 
E v 

The observed fact that stars are stable Jigftinat their 0*m radiation pres¬ 
sure then implies that F £ <f 6 and p<l. La contradiction to eqn iS r 14: 
Second, experiments suggest a limit on y which U much lower than eqn 
(B.1SK in fact ^<1* Kf 33 + leading to u<5* to L ' [3], 


-19 

- In 31 units we have r = 1 . hQ2 * 10 C and 

„ = [MHHfil ll . ZlQ1 . w -« 

where £, = a.85 ■ IC*~ 3 “ J-m J . The 4quttfC fMt tei* Iti the Jcnomi(isitor 
0 12 
arises from the force law in S3 units, which is e /4 i£qP - 
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UNIVERSES WITH PRESSURE 

9.1 AN ENERGY CONSERVATION LAW INVOLVING PRESSURE 
The Interesting and important point to he made now. and to he 
discussed In morn detail in Section 9.2, is that far uniform 
cosmological models, we hove not gone wrong in deriving eqn 
(S.9) or (5.15) from Newtonian mechanic*, for these results 
follow also fTom general relativity and eqn i5.9l holds for 
non-iero pressure even though the pressure does not occur 
explicitly. An independent relation is therefore needed to 
calculate the pressure. It Is given below as eqn £9,3). 

The generalization of eqn (5.153 which allows for a non¬ 
zero pressure p is 

fl * * ^pCte+Spu/o 2 )* 4 (o,i) 

The flTSt term is exactly the same as the first term in eqn 
(5. is] : 


- ^ffpr^£t31'Vzfl 2 = * c/2x : . ( 9 , 2 ) 

The last term is also the same. The second term with u - 1 
arises from the general theory of relativity, when the relati¬ 
vistic field equations are applied to cosmological models. 

This term asserts that the gravitational acceleration acting 
on a volume element is due to the material density o to ukich 
a term proportional to the pressure in the fluid hao to be 
o-Ue:':. This effect is closely related to the two relativistic 
notions (i| that all energy ha* mass, and fii) that all mass 
is subject to gravitational effects. The energy involved in 
this case is the term pay, the pressure cnergv in a volume &v, 
with which a material density 3p/a‘ is then associated. In 
the limit “"*» relativistic results tend to lead to correspond¬ 
ing results in Newtonian mechanics. Hence one con sec that if 
the Newtonian picture is token seriously we might equally well 


universes mm PkESSuan 


)31 

put u - 0, and arriv-fr sixain at eqn 15.I5J. Thus the value of 
u distinguishes he tween two different theories. However, only 
the case u = 1 (general reLatsvity) yields results which, far 
the model s considered here, would currently be regarded as 
correct. 

The modification given above to Newtonian theory 
brought about by putting n = 1 does not involve the full 
apparatus of general relativity* One may think of it as New¬ 
tonian, amended by the principles (l] and (ill discussed 
above. It will be termed the ’amended Newtonian theory " t and 
we shall proceed to develop it further, and drop now the 
simple purely Newtonian theory. if in this relativistic ^t.e* 
generalised] theory the pressure term Is neglected, one speaks 
of dufi or intirGher+n* matter. 

Although the matter density p hn^ been assumed constant 
in space at tiny one rime, it has hero also assumed to change 
In time t . Thus changes dE in energy F within a fictitious 
surface which is frozen into tha matter can occur in time 
intervals dt, The law of energy conservation then requires 
that 


2 

where in our amended Newtonian theory one can put ••/V * pc by 
virtue of (1)* Eqn (9-3J attributes the rate of energy gam 
to the rate of compressioni I work done on the matter within 
the surface s* by the fluid external to *. The volumt within 
5* has been denoted hy r. The result [9*51 holds lor a 11 
uniform cp* mo logical models also in the general theory of re I a 
tivity J t ] t and is the independent result needed for the cal 
eolation of the pressure. 

In addition to eqns [9 * 1 | and (9.31, one requires an 
equation of state for the cos so logical fluid. This relates 
its density to it* pressure. Several exnnpl'pF will be fllvcn 
in Section 9.5- 

It will also he assumed that a constant relates the 
volume v of 3* and the cube of the radius of 3*; this i* oh 
viously valid in Newtonian theory, hut it also holds in 


IWIVtUSIS WiTO 1’KESSIIftl: 

gencm 1 relativity for »ll cases of interest in this hank 
fi.c, for Robertsors-WaIter metrics).: 


V * an 


5 


fiqns (P.3) and (3.41 triply that 


(?.*) 


dfofl 3 ) p 6R 5 

*e 2 TF 

C 


f 9 . 5 I 


where o l* the mass density and p * 2 ih<» energy density. This 
is an equation for the pressure, a dot deflating differentia¬ 
tion With respect to time: 


- « 0 + yftp/R, 

or, written differently. 


(S.e) 


p „ _ 3 i 

O+p/e 7 p 


(S.TJ 


This result, which (using eqn j'9.4) | is equivalent to the 
energy conservation eqn (9.5), holds for homogeneous models 
also in general relativity, not only in the amended Newtonian 
theory. 

An additional is sumption Involved in eqn ( 0.i is that 
the processes which take place are slow enough for the pres 
ULire P to He representative of thermodynamic equilibrium- If 
it differed from the equilibrium values the right-hand side of 
eqn [0,3] would not he sere. For a change which Lakes place 
over a period of time, this means that at each Instant daring 
this change the system is assumed to be in thermodytiurn i c 
equilibrium, Such changes are studied in the science of 
thermodynamics «nd are then called qua*tatat-£v changes [ 2} * 

In addition it is assumed that heat exchanges between d t f - 
ferent volume elements can be neglected. 

for ifero pressure one finds from equns (9,3), [9.5), or 

(9.7) 


e( 11 [fl[;) ] 1 = independent of time, t.c„ fi ■> - s", |'9.81 

fT 
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which we knu* already from our iero-pressure Newtonian model 
lcf\ eqn (5,45), 

The first and second law of thermodynamics for fluids 
subject to quasi Static processes can hu expressed by 


(5.9) 


d£- *■ ptH' «= 


a generalization of eqn (9.3) . Here f is the absolute tem¬ 
perature and S is the entropy. This introduces a tern TAg/dt 
on chc right-hand side of eqn, (9 r 5") „ a terra -7 jj/ 3*V'- on the 
right-hand side of oqn (9.6) , and modifies eqn f9-7) to 



[9.10) 


However, the terms involving d S or vanish for zero heat 
exchanges, as usually assumed in this kind of work. This is 
forced on the 1 present investigations by thr assumption of the 
isotropy of the model. Heat exchange? pick out preferred 
direction# and so disturh isotropy* 

9.2.. THE DIFFERENCE BETWEEN THE AMENDED NEWTONIAN AND THE 
RELATIVISTIC THEORY OF UNIFORM MODEL UNIVERSES 
[f was seen in Section 5.1 that an equation of motion can 
yield an energy equation by integration. The generallied 
equation of motion (9-1) should therefore also yield an 
energy equation. To sec this, multiply this equation by 2R 
MEsd eliminate the pressure by eqn (9+h], thus using the amen¬ 
ded Newtonian theory, to find 


2 ft# = (1-5 uipM-u* 2 p1 + 


Integrating from a fixed time (say) such that - R^ tu 

a general time, 



2 


(9*115 


For u = l (i.e. far the cfl^e of general relativity) the into- 
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pral in eqn (9-11.3 is 

j"dfpfl 2 l . pw 2 - [Dfl 2 ) t 
*1 1 

so that 


(S. 13) 

one con sl-e that we hove recovered precisely the earlier corn- 
pressure Newtonian eqn (5.3), uhoa, range of validity Jiae tHki 
been cxorvottn t l. broad* ned i it is valid for uniform mode) uni¬ 
verses of non zero pressure when treated hy ger=eris] relativity. 

A most important chant;? has occurred in passing from 

eqn (5,9}, 


f : - ^oA J * i;ur * {* 2 -|jLtf 2 . 
If the constant of integration is denoted by 

-Ice 2 * - fyfif - S^(pfl 2 ), , 


* 2 - | ♦ ixff 2 - ko 2 . £ « ^CpS 3 . 

to eqn [9 * U) ff 

ft 2 - * -JJL* 2 * fce 2 . 

It is that pir* can no longer be a&stmtftd #5 constant in tlmti 
thin hold* airly far n modal# I see eqn (E». H ) K 

Thus the models to he investigated, now will exhibit dependen¬ 
ces of p on the scale fact qt which have not been encountered 
in earlier sections- 

(t is convenient to regard eqn (3,12) together with eqtt 
(9*13) 6s the tirst of our main equations fur uniform univer¬ 
ses with pressure. The second equation must then specify the 
pressure, and one could use eqn (3.1) with u = 1. However, it 
is more usual to use the equation derived hy adding (2/ff) 
times equ (9,1) to H~ 2 times uqn (S.9). This Leads to can- 
collation of the tern (Sn/3H’p and one finds 
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_ ®I 


G 



X 


14) 


Thus eqns {9.11) and (V.14) can serve as cur main equations. 
They nn* precisely the appropriate equations which are Fur¬ 
nished by general relativiiy* Eh that sense there is no dif¬ 
ference between the amended Newtonian theory and general 
relativity* 

Alternatively one can use cqns <9.12; and fS.Sl as the 
equation for the pressure* This will in Fact be our proce¬ 
dure here. In Section 9 + 4 we shall use the first law of 
thermodynamics in the form {9+5) * In Section D.5 we shall 
apply the energy eqn (9. i 21 tfpr 

9,3. THE THERHODYNAMICS OF SOME IDEAL FLU I 95 

Due may suppose that the cosmological fluid behaves locally 

like a simple fluid whose pressure is determined by an e-^c- 

t £ot\ of atats. This is a relation connect i rig Three variables 

of a Fluid. For example, tAft-rindT tfquatilffM of &tat* have the 

form 


p * ptV.IT) 


and the ideal Glae&Coal ga$ furnishes the best known example 
in 


ft.IS) 


p * UtkT/V. 


Here T denotes the absolute temperature measured in decrees 
Kelvin. .V Is the number of molecules In volume 7, and Boltz- 
smnn 1 s constant is 


k * 1.380& * 10 lfl erg per degree Kelvin 

- 1.3804 ■ Hi"* 5 Joule per degree Kelvin (JK _1 ] 


Hero we shall use also the equation of state of an ideal 

bum fafl 


pV * gtl or p ■ 


2 
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where iv is a constant and £' is the internal energy * 

[t is shown in boohs on thermodynamics [see Problem F.5t 

that 

•- * T (W) r " (f£). • I5 -”> 

Multiplying by Vf# and usinii vqn 



Suppose that there exists a function / such that 

UV® = f[TV g ) * f[a] f m ■ fV ff r (9.19) 


It Eollows From this assumption that 


and 



■ ff dr/1a \ 

3a\ *27 



(l?) t ' ' f* * ¥ £■ 

It is therefore seen that e^n 1.9.19) satisfies eqn I 'I, l ) Ear 
In Fact 31 ca 3i be shown that eqn '9.191 is the only sol □- 
tion tsee P rob! erti U H &K 

The -icrond law of thermodynamics states that for quasi- 
rtat-a proMXjtMr there exists a function ‘ of state, called 
the entropy of the system p such that 


d,9 = T” 1 | dOtpif) , 


f9 ,*03 


We can f md properties uf the entropy of an idea l quantum jsas 
by nultiplyinfi eqn ( 9 . 20 ) by rv s to find 

TF*d? « l' ff (di'+l~fdV] = 


It follows that 
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dS - t' X df\*) , 
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so that 


constancy of v u t constancy of s, constancy nf 1 
are equivalent for an ideal quantum ^as _ 


This result will be useful in Section B*4 ami in Problem 

We nest iftTsh to discus# the ideal classical p,as. Observe 
that eqn in eqn f9.lt] yields 



whence 


(flflr/av), r * D (ideal classical 

fSiisj 

It feHcws that U is e function of only. Hence the heal 
capacity at constant volume is 

*r ■ (H) v ■ *(»), ■ (S) r - 00. 

where eqn 19.20) has been useJ. The heat capacity at constant 
preysurc, on the other hand, contains uc terms; 



It fellows that 



'(H) - (H) * ** 


dV 

If 


* nk . 

(9.25) 


c p - C y - Xk< (9.26) 

For a generalisation of this result, see Problem 9.7, 

It is easily shown that an ideal claps tea] gas of con 
slant ■ is in fact an idea] quantw gam Par is then also 
a constant k so that £qn (.11*24) yields 


U * 


(P.27) 


3 M 


if one assumes that U * 0 h$ r 
h>- , 
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0. Multiplying eqn (9.27) 


e v 


-jffer 


,-V 


KkT 


W 


(9.2*! 


where eqn (9.IS] has been used. Since are constants, 
y is also a constant. Hence n form of eqn (9.1&J has hcan 
obtained with 


ff - Y"1 (classical ideal gas of L-pnstant 

heat capacities!. 19.29] 

It can lie shown from kinetic theory or from statistical 
mechanics that if the particle:- of the gas consist oJ struc¬ 
tureless, weakly interactingmolecules moving In !, 2, or 3 
dimensions, the heat capacity is 

Cy - jj*k p ak, or |a'Jc 

respectively. In these cases eqn (9,2ft) shows that 

* - i 

respectively. If the particles of the gas arc diatomic mole¬ 
cules in three dimensions with two rdtut ideal decrees oi 
freedom"*" a further term is added to so that 

* V * I**' % ■ l**-* T - i * 

More generally fc for panicles inth f degree 5 of freedom, 

Cy = C * Y * 1 + 7 a 

i\ particularly important type of idenl quantum ga- is 


i Tlitfse arc in this case rotations about the [wo- nits |s. r|Hjtid m.u inr tci the 
=u!-» joining the atoms. 
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bidi-r -bed}' radiation at titmperQture . r . Such a system is 
specified by a special form of eqn |IK Mi i , namely 



- 7.564is- IQ" 1 S erg cm' 3 K' J 
* 7.5641- irr^J m' 1 K' 4 . 


[11. JO) 


It follows from eqn? 19.19) acid that 



(9,31) 


and from equn (9.21 I that d S ■ 4na*dis, &o that 


Iff - faa S r - |#*? = j!' 


( 9.321 


The pressure can in this case be visualised by imagining 
radiation ta be composed of particle like entitles, called 
photons, which would be reflected by a surface held in the 
system. They would iti fact hounce off like ordinary particles. 
However, the energy of ihese particles arises from their mo¬ 
tion and not from any Inertial j resti mass associated with 
them, Thu* p stands in this case for radiation pressure, 

One may also associate a number of photons 



(9. 35.) 



- f r 5 v 

n K 


with the radiation, where 


CtTj * l i~ K [*»«, Cf3.) - I.20Z (9 

/-l 

the so-called Ficnanfi ;eta function. Because energy is 


{ 9.341 


equivalent to mass, one can express the energy as equivalent 
mass density per unit Volume 





The entropy per unit volume is then 
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9,4, scale factor dependences in universes kith matter and 
RADIATION 

The early universe can probably be modelled hy thinking of it 
as containing both matter and radiation, to he denoted by 
suffices m and t respectively. if oi: i: : the equivalent mass 
density and ,r the pressure, one then has 


P = p m * P r . F - P m * P r * (9.3?> 

The matter content will ho modelled hy an ideal classical Rbs 
of constant heat capacities as discussed in Section 9*3* Let 
rt @ he the number density of gas particles of rest m» ^ . 

The internal heat energy per unit volume nt temperature r Is 
then by eqn I 9 , 28) 

^ - Lif-1)'n p * -£ (9*31) 

where « is tlie number of gas particles per unit volume. To 
hi 2 

obtain p this has to he d i vided by ci" t and the density 

m 

due to the rest mass of the partieles has to be aided: 

o, * ". , n + lt*l] " _*!!’_■ (9.39J 

m m u mm 

The pressure contribution is obtained from trqn (9.151 p 

p. * n kf , (9.4Cl ] 

The radiation is modelled by black-body radxHtiun in the same 
volume* so that hy cqns 19,11 and 19.311, 

P r - w~ a P r 4 P p T * (5**11 

he shall substitute eqits (9.19) to (9 P 41J into eqn (9.55 In 
the form 




pe' "d/?* 


0 
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or equi valently 


+ Jpo'V = 0 


19.421 


This yields 





ir 


.‘VW] ■ «■ 

t®.43) 


There are now -i number uf cases oi interest. 


£ 1 ! T'y it t or f nt? o * p t* 'it mat ;# n tr i&ni? 

These terms are applied to matter which does not exert 
any pressure. 1 1 follows directly From eqn (9.42] tliat n /T 
is independent of time. Thus p if is Independent of time* 
and using eqn (9*27) r 

p„ - ^v' a - f®-«) 

IN m 

fiU f tiled J quern E arc ijm 

We shall consider the extreme relativistic region in 
which the energy due to the rest mass of the particles is 
neglected. Problem LMO deals with the appropriate general i 
nation* Using eqn [51,1 h] in eqn (9.42] t 

fl 3 + 3ph! 2 * - 0 

e 

so that 


T? * - • 

Thus an ideal quantum gas, when taken as the cosmological 
fluid, implies an expansion of the universe such that the? fol¬ 
lowing quantities are independent of time: 

pP ltp = (or)lf B , UV*. S. ( 9 . 45 ] 

En the last step etin (9.21) has beep used. The expansion of 
dust is energy-conserving hv eqn (9.44], but the expansion cs 
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an ideal quantum gas is entropy conserving, while its energy 
decreases during the expansion as This drop in energy 

is due to the work done by the pressure of the gas in the 
expansion. Apart from the constancy of $ * case ft) is 
recovered if $ • d. 

In particular for an ideal classical gas of constant heat 
capacities and constant particle numbers* eqn (9.0 1 yields 
T - fl, where s is independent of i.e. 

m 


afl 3(l-T] 

n 0 Crt B ^ 3 ) 


|= Sff' 2 if t * fj 

* rhy-n f? iT 


IS.«6) 


For blade -body radiation* un the other hand, eqn (9.4S) with 
0 =■ 1 / 3 * together with eqn [ 9 . 31 ) t shows that 


1/4 


[ 9 . 47 } 


(lit) Aton-fni errant inf matter and radiation 

In this case eqn (9.42) splits into two equations, one 
for matter and one for radiation, and one finds eqnn r.'-46] 
and (9.47) p so that 


P 





T » R~ l 


[9.481 


where ct has the value 3 for dust and 3 t * 5 when the gas pres¬ 
sure is not negligible. The gas and the radiation develop 
independently in the universe during the period in which the 
assumption of negligible interaction is applicable. 

A rough idea of the possible cireurnstance* in an expand * 
ing universe of matter plus radiation may he obtained as 
follows* Starting with a Hot big bang* radiation and matter 
are initially in equilibrium. As the expansion proceeds, the 
radiation energy density drops more rapidly las H i than doe* 
the matter energy density On the other hand, the 

situation is reversed for the temperature* the matter tempera¬ 
ture dropping more rapidly Ofl'*) than the radiation tempera¬ 
ture l>J7 -1 ), as the twp components cease to he in equilibrium* 
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This is, however, only a rough picture sineis matter obeys the 
thermodynamic laws of radiation at high compression when It is 
relativistic. Furthermore the creation of heavier nut 1 eons 
as expansion proceeds has to he taken into account I see Sec¬ 
tion 1.4 k However t these simple Ideas can alaq he extended 
to oscillating models of the universe, but they have to he 
corrected for the interaction between matter and radiation 

r*i - 


f 1 v) Wstter p&diuki&n in i Ji&riuJn 

The simplest Interaction between matter and radiation 
which one can suppose is that these two Systems are In thermal 
equilibrium; : ^ * r^. IF it l s also us^um^d that the number 
Of particles in the gas is time Independent, then eqn (9.43) 
yields, after multiplying bv <s 2 /3« m fc. 

(snV*K af * *™ 2 * ™' 2 ‘ “■ 

where 

4a? 5 

” ' TTT t»-«l 

m 

is the photon entropy cqn IP .32* per particle of the gns in 
units of k . tt follows that 


*1 . . l+ n to 
[KT‘I)]'K 


Two limiting cases 
(a) 0 <s < K 


are of interest: 
In thin Case 


7F ^\y-i) 


is independent of time as for 
the ideal classical gas. 


(9*5D) 


(9*51) 


(b) b> K In this case 


7N i -S independent of tine ns for radiation, (p r 5 2 ) 


In the first case one would expect to behave as 
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-9 


fir 


C y - a) 
T3 


„U-i?V I", p -5 fBt y ■ |], ( 9 .S 3 ] 


Thus if a was small in the past, it will remain so. tn the 
second, case one would expect 


cr « 



(9,54) 


So if c was once large it will remain large, since it is 
roughly constant in time. This second case appears to he the 
one which is realized [see relation MJ.6G}). 


9.5. mm NUMERICAL VALUES 

The number density of photons in black-body radiation at tem¬ 
perature T is given by eqn (9.331 t 

- >4 -P 1 (M ) 5 ■ , 3i ) ! ** 

r ' n /90 V °' r ' '2.998*10 xtl.&&25*ln 33 ' 

• 20.30[r(K)] 3 10 6 (m' 3 }. f&.55) 

One can re-express a of eqn (9,49) in terras of as 

• ■ jftlJT ir ■ £ ■ <*■“» 

If we take the present matter density as 

5 ■ L0" JB kg b' 3 < D n0 < 2 ■ 10- 2 * kg b' 3 (9.57] 

_ l-f 

then for protons of rest mass 3.67 * 10 * k^ this implies a 
material number density 

0.3 *' S < * mf) £ 11 nf’\ J9.SHJ 

The main contribution to the present photon number densitv is 
tht recently discovered hack ground b I at t- body Tadiatioti at 
temperature 2,7 K, which hy eon [$ + 55> yield? 


ru 


■< » 1& B [m' J ] 


(9,59) 
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Ife lie It eqn [P_S&) yields 


1.3 * 10 a < ^ i- S3 ■ 10 8 


f9.6Li) 


which is a large number, so that eq.n# t?.5D] anil (9.54) held* 
There fort.' if e has remained broadly constant in time* a large 
value of 41 L-an be assumed in the treatment nf the early uni¬ 
verse. The present number of photons per proton is, by eqns 
(9.5*) and (9,59)* 


p.h, T [Ml*- IMPENDENCES IN EARLY UNIVERSES WITH MATTER AND 
RAD 1 ATT OS 

If the scale factor is small enough t as it has been for the 


e.'irl y or young universe, o is large- enough to enable one to 
simplify eqn [9*12) to 



C9*«) 


The high densities in the curly universe led to a rapid estab¬ 
lishment of thermal iqu i l i hr I um between matter and radiation, 
so that case (iv) of Section is relevant. Also s>l from 

Section 3*5. so the radiation regime of case (Li) is a good 
approximation by eqn (9*50)- Accordingly, 


p '-*■ fl ' J > t i + e a 0/0 = - 


can be u&ed in eqr [9*61)* whence 



i. e. 



(9.62) 


This also implies a statement about the time dependence of the 
temperature since 
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where the numerical factor E depends on the precise content 
of the universe. If black-body radiation dominates, d 1. 
But if relativistic particles contribute sensibly j, then A>1. 
It follows that 


/ }>\ \ 

V 32 nfl aGj 


Mi 


.-1/3 


[9.6 3] 


The value ol' the coefficient is iwith c/<?' - 7.4 25 * 10 

M l l 


l3M'- 7.5b4-L0 


3 

TIT- 


7.415* 


io- 2 0 


1/J 
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10 


10 


so that the temperature in degrees Kelvin as 0 function of 
time in seconds is 


T - 


UB2* 1(! 10 

• WJ /tn ’ 


[9.64] 


Various corrections hsve to applied to this result, How- 

ever* its wide rough applicability i.% duo to ii characteristic 
of quantum statistics. This Is that system* of particles of 
non - cero rest mass share many of their thermodynaiai c proper¬ 
ties with black body radiation* provided only the temperature 
Is high enough, so that the particles have an average energy 
which is far in excess of their rest energy* 

Pig, BA gives an idea of the presumed thermal history of 
the universe. The curve far the radiation temperature roughly 
follows eqn {9.641. The densities of natter (barydns) r and 
of electrons are also shown. kt U\ b years or 3 * 1 fl l0 s p 
(natter and radiation 'decouple' and cool down separately 
according to regime l i i L > p the matter temperature falling more 
rapidly than the radiation temperatures in accordance with 
eqns [9.4M and (9.4 7 ). 

We shall now use the property p T ■ (eqns (9 + 16) 

and (9. SO]} of black-body radiation for all the contents of 
the oorly universe. This is justified because .j system of 
particles moving relativistic speeds does in fact satisfy 
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Pin, 9.1 The pre^uned thermal history of the universe |y|- 

thi- relation. It is therefore applicable tu the whole cqti 
tents of the early universe to a good degree of approximation* 
Eqn (9.62) then yields 

2 

p = 32:^-^ * 

For this simple case we have therefore obtained □ rather com¬ 
plete solution of the Cosmo I o g i cn 1 problem by finding p* p, and 
■'t as functions of the time. i.’onr m ry to- whnt one would expect, 
the universe has developed its non ■ equi librium, characteristics 
with lapse of tlmei 7^ has dropped below :' pl and both P. n and 
P r decrease now more rapidly than rtiher. as seen in eqn I 9, 4-H) . 

Slightly more complicated models can he made which also 
allow complete solutions to he obtained bv analytical methods 

Ml. 

SUMMAftV HF THE hVNAMlCAL E1JUATI0KS 
For unifoTTO model universes two energy equations have been 
encounirr e d. One of these arose from the Newtonian model, 
oqn (5.y j T and was seen to held also for relativistic univer¬ 
ses of non-zero pressure, eqn [9.123 - This dealt with the 
total energy of gravitating matter enclosed within a surface 
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.-?• which was assumed frozen into ihr mutter. The energy was 
gTsvitatlonnl and kinetic; 

ff 2 - ^pfl 2 * jUT - fca 2 , [8,551 

The ether equation dealt with the effect of pressure nt the 
surface, eqn (9.5) or (9,£i] or (9,7 1 : 

1 *+♦ ill “ ®* (*•«) 

op fl 

It is convenient to introduce again the following abbrevia¬ 
tions 


ff * P/P - [Nubble's ‘constant'1, u - -FE/fl 2 - 

[the deceleration parameter) [9.671 

2 

5 * p/s p [-1 constant for the ideal quantum ^a.s t 
hut not otherwise* sec Problem ?* 4 . it is a dl- 


mensionless quantity). (9*68) 

o ■ 4nGp/3.¥ the dimensionless energy parameter, 

2 

pi?" being the energy density C9*G9) 

2 j 2 1 

L * 1 / f JC * fce? /JMT , two more dimensionless 
quantities. {?- 70 ) 

The energy eqn [U.HJ is then 

if - t - Zo-1 (energy equation) (9,713 


Several of these results generalise those of Section 4,6. 

DifCerentlating eqn [9.&S} with respect to time and 
eliminating by (?,&£] v one recover!: the equation of motion 
(9.1): 

- A - 

Multiplying; by a 2 /&' t this can W written as 


(9.71) 
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; + L - • equation gf motion) 


[9-73} 


A number of other relations can be derived, from these 
two. For example p subtracting j?" 2 times ( 9 . 65 ) from ( 9 . 72 ) 
one finds 



f9.741 


q * x = - 1 


CS*TSJ 


This result is also obtainable by adding eqns (9.71) and 
(9.73) . 


An important equation, bocauae it is one of the Einstein 
field equations for these models, is ( 9 . 141 , This cun he 
written as 


2q ~ - 3L ■ l * bgo 


(9.-6) 


This result is also obtainable hy subtracting eqn ( 9 * 75 ) from 
three times ( 9 . 73 ). 

far lero-pres sure models (5 - DJ one recovers eqn (4 ..2 4 I 
and 14,271 in the forms heln^: 

from oqn ( 9 . 71 ): K - 1*2a 1 (energy equation] (. 0 . 77 ] 

from eqn ( 9 . 73 ): q * l » a (equation of motion) ( 9 , 73 ) 

from eqn ( 9 . 75 ): q + A' — Jkj - 1 (an implicit Ion) . ( 9 . 79 ) 

In the general theory of relativity it is shown that 
eqn ( 9.6 51 or ( 9 . 12 ) and ( 9.14 1 are the Einstein field equa¬ 
tions for these models, and the other equations obtained hew 
occur as consequences* in this sense all equations obtained 
are relativistic equations. 


universes mu 


iso 

problems 


On ;'s +tian 2,1 


[3,1j In some hybrid of the Kewtonijn theory and the amended 
Newtonian theory one might allow for non-zero pressure in 
the energy conservation eqn (9.3) (or (9.5'} t (9.6), or 
; 9.7 Vi „ thus using the amended Newtonian theory. But one 
night put u ■ 0 in eqn (9*1), thus using the Newtonian 
theory. Show that in this case 

k 3 * -*™± I p?? as * yiJr + |ft 3 - , (9.90) 


\?.l) kepJ ace ir by an effective gravitational "constant 1 

defined by the requirement that Newtonian and relativis¬ 
tic theory shall yield identical results, Stance show 


that 


s 


twn t 

~1 


* rpfl z i t 

2 

PjV djff 


t 


2 


(9*3) Show froei the result of Problem 9-2 that G^ * for 
sero-pressure models. 

2 -, 

I «, 4 An ideal quHrttum j^Ss j 6) i> _i fluid SUCtl that : = ' P 

where gr is a constant. Show that if the cosmic fluid is 
such a fluid + then 

HI pft) is independent of time, and hence 

(ill ffjjj is a constant whose value is 1 + % times the 

normal gravitational constant, Note that for g “ fl 
one recovers a special ease of the result of Prob¬ 
lem 9-3. 


on See ti OH J?. d 

(9.5] [1) The Gibbs free energy of a system is (T ■ u+p& r's* 
Show by considering dG that (^4rJ ■ (jjyJ ■ 
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(11) From the second law. Lisin# the result of UK 
estnh HsFi eqn f? *17] s 

(9,6] Show that eqn (9.19] is the only solution of (9.16). 

J9. T J Show that for any simple fluid, cqns 19.241 and (9.25] 
can be generalised to - C y - [(if), * P ](H) ‘ 

f Hint: (If) ' (If)., = (H) (H) *** ho 

first.] P V T p 


[9,8.1 An ideii 1 quantum gas which satisfies the additional 
relation TE * jit where S [f 1] is a constant Is called 
rzi^er-idtial . Show that the function f[>K a 3 TV ^ t has 
then the form of the simple power law /(*]<!* 3 11 ' 11 " ! 1 , 
Apply this result to black-body radiation [7K 


On Section K 4 

£9h 9) A classical ideal gns has 3 constant heat capacity 

ratio v and contains a conserved number ft m of 

molecules of rest mass *r n . Show that If this system 

11 

serves as the cosmological fluid then the mass density 
as a function a£ scale factor has the form 


P 


m 


■*c f%*I 



where the constant C is given by 


7^ 



Here? V is the volume of the model universe and T is the 

in 

temperature, 


(9 + 10i Generalization of ease [iil eqn (9.45)« An ideal 

quantum gas of particles whose rest mass is n p satisfies 

pV * pH * # (t? \\rh ^ . 
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If the number pf particles V = ffi r is constant „ show that 
for a cosmological fluid consisting of such a system 

P ' * T^Fn 

where c is a constant. Show also that the entropy pf the 
system is conserved during the eitpansion OT contraction 
pf the model universe„ 

On Svetivn B.fi 

19.11) Verify the table below for radiation temperature as a 
function of time 

* - radiation dominates--- 

t * Id $ 100 s K000 s l week 

10 ci a a 7 

Tcaporatun: [K> 1.52-10 3*16*10 1.52*10 3.16*10 1.29*10 

-—-”—"— - <r —— iM?etT dominates—*- 

30 days l year 10 years lO 10 years ',Hdw\ 

7.42 i0* t.79 10* 1790 J7.8 

[Use eqn (9.65).] 

>12) Find the volues of p and P n|l , the equivalent titter 
densities due to radiation and nucleons at the present 
time and verify that 


O.o'OrO ~ 

[Assme the radiation is due to the background black-body 
radiation at 2.7 K.| 

On Ssotfo* 

[9.13)(i) Show on the same basis that at present tht* Tat ip of 
the number of photons to the number of nucleons 
□f order ID « 

[ii'j If the nucleons were at present all in the form pf 
hydrogen atoms, show also that if they were to he 
all ionized at the expense pf energy in the back¬ 
ground radiation, the temperature of that radjat ion 
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would drop only by a fraction ^hlch is less than 
10" 5 of its present temperature of 2.? K.. 

Suez-Za n £. ? 

C^,14) Prove that qK - fl+f)£ = C2g-3fl-l)tf + 

[9.15) Provo that Zy + 3(l+pj,' ■ {l + 3fl)[K+tf = 0 , 

[9.16) Prove that o * whete £.* is ^ivon by oqn (5+S]« 
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OPTICAL EFFECTS OF THE EXPANSION ACCORDING 
TO VARIOUS THEORIES OF LIGHT 

10-1- THE PROBLEM of Tm ETHER 

The objervations which formed our present picture of tbs 

universe* and those which may lead in the Future to a decision 
between cosmo logic si models, almost all involve the reception 
of light or other electromagnetic radiations [the word Might 1 
will often he used where ’electromagnetic radiation 7 would be 
more accurate]* In order to discus ihe observational cdhsc- 
quenooK of any cosmological mode] it is therefore necessary to 
supplement It with a model of light propagation. Classical 
physics offers tvo obvious models for this purpose; the par¬ 
ticle model * which was preferred by Newton, and the wave model. 
In the particle model light omission is pictured an somewhat 
analogous to the firing of cannon balls whose trajectories 
correspond to light rays. One knows that frequencies have to 
be associated with these particles of Light, and classical 
physics provides no simple way of doing this. One has to go 
to the quantum theory in order to obtain the appropriate rela¬ 
tions k 

A more convenient model for the purposes of this chapter 
if therefore the classical wave theory of light, which can he 
summarised as follows: light consists of waves, which travel 
in Interstellar space In straight 1 tries, with a constant speed 
& relative to the ether. We shall also need the? result of 
quantum theory that a light wav*, when it interacts with 
matter, can he considered as n series of particles or photons* 
and that the energy E of each phototi is proportional to its 
frequency vt 1 - where h is Plane!; 1 s constant. For our 

purposes the ether is needed merely as a reference frame, and 
the question of its essential nature does not arise* However p 
the expansion of the universe poses some awkward questions in 
the wave theory; is the ether stationary, so that all galaxies 
lot all but one) are moving through it, or does it take part 
in the expansion? The first possibility would mean that most 
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□f the galaxies in the universe are moving through the ether 
at speeds comparable to that of light, Sinn* our own galaxy 
is certainly not moving at ^ooh a speed {or the wavelength of 
light would not serve as a precise standard of Length) wc 
would be in a highly privileged position„ and casmologtsts 
tend to distrust any =ruch singling out of our own gaUKy [see 
Section 1,1). The alternative, that: the ether expands with 
:he galaxies, isoses other problem? — does the ether become 
leas Jens-c with time, and does light (and all electromagnetic 
interact j on) therefore become weaker? Fortunate]'- these ques 
tiotts were never to impede the progress of cosmology, since by 
ihe rise the expansion wb? discovered p hi aste rn had u. 1 ready 
provided , in his special and general theories of relativity, 
have models of light propagation whjch did not require an 
other. 

The use of alaaaia&Z option in Sections 10+1 to 1 u, S is, 
therefore, an attempt to understand the h&ssc optical phono* 
Siena in their simplest possible setting- To do thi^ tfc shall 
jisf-ucic that the ether does n-: t take paTt in the expansion, and 
also that astronomic*! 1 observations are made by an observer at 
rci in the ether. This violates the cosmolog sea] principle, 
but has the advantage that sorn^ important equations can then 
he easily derived In the precise form which they take in the 
r1a 11 y £ o £ i lt mods Is (Sections 1D + fi and 10*7). The ms in 
results of all three models arc collected in Tables 10.1 and 
1 ii r J B for use In di.wLU.js a iny. Cosmo log I c al observations In 
■ 'hapter 11, They serve as a summary of this chapter, apart 
from the last section. 

Although the genera] relativistic model 15 general tv 
believed to bo the most accurate for observations of objects 
at cosmological distances, or with intense gravitational 
fields, the other models have their own spheres of usefulness. 
I he classical mqdnj la vaiid for observations of nearby,, slow 

moving objects [velocity v<e and distance r<at M J and offers 
extreme mathematical simplicity. It i? used for the Andro¬ 
meda galaxy and at her nearby galaxies- The special relativis¬ 
tic model is valid for observations of nearby fast-moving 
abject si (w — but H < *v r (( , which may include some quasars [I], 
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tSfr 

takui id, a 

flfeantitpoe no fwxrtiima of md-akifi ;? 
far &h* fUtwioal mvu theory M ffpfffliijlj, and £r<niwi£ neZffts'uiC^ 


Factors by which ib* apparent brightness 
of 3 receding source 1% mull if L lc d : 

ked-shi t't factor, f = i l>”* 
fS -2 

Aberration factor, / q = (U^j 

f requency response factor f = * 

for e radio source with 
spectral index 0 

{*qn 1(1,71 

(eqfl 10. a 5) 

feqn 10,13J 


Hatio of apparent to real 
density of sources * 1 * ■ 

(ti in 1U.23] 


Eolumd ru’ luminosity 

distance of a source p 

observed at distance r, d £ = Cl+a) P 

(eqns 10,31 and 10,47) 



TA&LE \Q.2 

Equal i&Ht pmL-Hing ih r&d-B kr.fi. s of & fiazirfr tr. “'ie tfpt-h.'d 0/ 
ri3£irfa«-2-c>M t- i.'iMd So £fre tifflL' c;/* cwrl&aiofi Of the light by tih-USti 
it gi-eerttaCi far Vafin** thvorivfi if light pr&pcQQtzvt; 



Theory of 1 ight propAyali&ft 


r las^tee1 

Special 

rcJatIvitv 

- 

f ]ener&] 
reIatIvit^ 

Frequency ratio v F /v^ - i * a 

1 * n/o 

i l«1»/o l >t 
\r^7?f 

*t*o» 


1. eqn 10. S i 

fceqn ID- 2.E15 

(eqh 10.43} 

Speed of recession * 

cp 

a*l£« L 

(uil *i 

- 

Scale factor at 1iof 
gpissign * 

- 

- 



The lasi t.^o Lines of the table contain simple algebraic consequences ijf 
the First line. 
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and j L; use in that context is illustrated Iri Problem A.3 
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10.1. THE RED-SHIET AND ALLIED EFFECTS 

The name ^ed-shift 1 indicates that visible light emitted from 
a receding source with frequency appears to the observer to 
have a frequency v f , which is less than v R , so that the light 
appears to have been shifted tGuards the low-frequency or red 
end of the visible spectrum* The amount of the red-shift * t, 
is defined by 


3 * 




110.1} 


A= rule suffices € and 1. will refer respectively to the time 

and pla.ee at which ,i photon is observed, and the time and 

place si which it is emitted* 

The calculation of the red-shift can be tinders rood by 

reference to Fig, 10.1. Let two successive wavecrosts of 

light leave the galaxy G p which is receding with Speed u * at 

times r. and t. * ic_, and let them arrive at the observer 0 
E t b 

St times r 0 and t Q * at^. Thus the emitted frequency u E is 
1 /A-^ and the observed frequency v (} is so that from 

eqn fiO.l] 


1 * JJ 



&tu*i 


'Yow suppose that the distance QQ is equal to r at is me 
and to r * Hr at time t y * A t t , Then the first wavecrest 
travels the distance r in time [ t n — t £ ) and the second travel's 



I Ifi, 10,1 Space— t 1 iDG diagram for the calculation of the red-shift in 
Li' reference frame. 
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the distance r * An in time t Q * At & - Since both 

waveercstjs travel with speed relative to 0 it follows that 


t 


□ 



* E + a* d ~ M fi 


F 


- 


c 


or, subtracting the first equation from the second and re 

arranging. 


Ai 


At„ * ^ 


tlO-3) 


Also, the galaxy moving with speed a must cover a distance 
Ar = uit E in timv At- Substituting this into (10.3) gives 

At o * * E {* + s} £10.4) 


which with £10*2} gives the required expression for a: 


1 



y 


i .e* & 


u 

ff * 


ilrt-51 


Fur a source approaching with speed u one would have 
af ■ -oAtp; and so is = -y/s ( 

As well as its obvious effect of shifting spectral lanes 
and so giving a measure of the speed of recess ion* the red- 
shift has effects on the apparent brightness of the source* 

In this content uppurenf brightm*.?? s s defined as the amount 
of energy radiated fro® the source, falling on a unit area 
near 0 in unit time and within the operating frequency range 
of a particular instrument. The instrument may he a human 
eye, a radio telescope or a camera/telescope combination* 
sensitive in each case to a fairly narrow frequency range; 
alternatively it may accept radiated energy of all possible 
frequencies. One can now envisage three ways In which the 
motmn of 3 receding source may alter its apparent brightness: 
'll the fraction of omitted photons which will ultimately 
reach the unit urea in question may he altered; 
til) considering only those photons which will reach the 

unit uroa, the number arriving per unit time* and the 
energy of each Individual photon* may be altered: and 
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iii i) the frequency shu t may cause the instrument to respond 
to a different range of emitted frequencies. 

Of ihest effects (ij is not directly linked to the red* 
shift* and is discussed in Section ID.3. hut £lij and (iiij 
depend directly on the red-shift. Suppose that is the num¬ 
ber of photons emitted per unit time in such a direction as to 
reach a certain instrument p and t is the mean energy of these 
photons a both measured in the reference frame of the source C!, 
and that h.^, E (> are the number arriving per unit time and the 
mean energy on arrival, both measured in the reference frame 
of the observer 0, Then the effect (it] of the red-shift is 
to multiply the rate of energy reception, i.e, the apparent 
brightness! by a factor 


, m n J%L 

rs 


( 10 . 6 ] 


compared to a stationary source. Non a figure exactly analo¬ 
gous to Fig. 10.1 could be drown in which At , are the 

lime intervals between emission or aruva! of successive oho 
rgns* rather than wavecrests. One would then hove 
TT^ * and so 


jn 

n 


0 

£ 




•Uso* the quant urn-mechanical relationship £ = Jry is assumed to 
hold in both reference Frames, so that 


fa. *0 . !i. i 

*E ^ V E ** ' 


Combining these results gives Finally 




rs 


L 


7 


(10.T) 


as the main factor by which the red^hift nuS ti.pl ses the 
apparent brightness of a receding source* This factor is 
present for all types of instrument. 

When the instrument has a limited frequency range the 
apparent brightness is multiplied by o further factor, which 
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will be called / p resulting frorr. the effeei uii) oJ the red^ 

y 

shift. Suppose that the frequency spectrum of the source can 
be described by a function Fiv^} in such a way that the rate 
of energy output of the source in an emitted frequency range 
Cv,v 2 ) is 

f V 2 fV, 

«V ? ) - j *f(v e ) du e > j *?{*) dj: U0.8'j 

V i V | 

where the change from v £ to the dummy variable x has been made 
for Inter convenience. Suppose also that the instrument in 
use registers all photons with observed frequencies between 
V ID an ^ ^20* ant * n0 others. Then the apparent brightness of 
the source, if it were stationary i:n the ether), would be 
proportional to as defined In eqn 110.3). However, 

the motion has the effect that photons with obtem^d frequen¬ 
cies between v tf[ and v J(J arc- those with smiitez frequencies 
between v [r and , where 


V IE ’ a#c ^io- V 2E 1 

It follows that the apparent brightness of the source is in 
fact proportional to 

^''lE-'W " f» PfaO dx Cifl.lO) 

V 1E 


and the appropriate correction factor f is therefore 




E(V m ■ V 2E 1 

f(v 10' V 20> 


no.in 


The effect is illustrated for a hypothetical spectrum p(v E ) in 
Fig. 10,2. Evidently f v can be greater or smaller than 1 
depending on the shape of the spectrum, and will not in. general 
be a simple function of x. 

For observations in the visible region ol the spectrum the 
calculation of / is further complicated by the fact that the 
instrument, which usually incorporates a photographic film, 
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F 1C. ID.* Effi-tt of the red-shift in Causing on in 3 tTlJn*nt tti register 
a different p^rt of the apc^trLm] ot' j iffiiTCc- The Fl^utis Is drown for 
5 * 2 in £ ID.S]. 

doc* not respond equally to all frequencies within its range. 
2n the radio region thing* are- sometimes simpler, because it 
often happens that 

i a j, tbE? response of the instrument is uniform over the fre¬ 
quency range [u^vj 

hi The upectrum of the- source can be represented over the 
range □£ interest by a power Law 

P(V E ) - Xvl* (10.12) 

where - and art independent nf and n i s known as the 
*p*et*al index of the source. Because of (aj the correction 
factor f is given accurately by eqn [10.11). Substituting 
eqn ilD.12) into eqns (10.fl] and .,10.101, one finds 

* lw i’V ‘ T^{ v 2' e - V i' fl }’ 

t* f l) 

"^1£ ,V 2E i ” I^e{ v 2f _V 1E }' 

Substituting for u |E and from eqn [10.9) and using the 

result in eqn (10.11,* gives finally 

f * [l*s) 1_J5 (radio source with spectral index e) (10.15) 

Taking the value s » 0.7 as typical, vc find f - [l*a l' 1 "', a 
rather small correction compared to / „ bqn [10.133 is also 
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valid for a = 3, although a separate discussion Is needed to 
establish this (see Problem 1G,]JK 

The calculation of the Factors / r r ^ and f t ijiven here 
merely assumes (a) the existence of the red-shift factor 
(1+n) f and (b) that the same factor reduces the arrival rate 
oi photons relative to their emission rate. No particular 
theory of light propagation is involved* Therefore. / and 
f v are the same functions of n in the relativistic theories as 
in the classical theory considered so far* However, the rela¬ 
tion between 5 and the speed of recession l* is quite different 
in those theories, as explained in Sections lG,h and ltt.7, 

10, J* TEE ABERRATION OF LIGHT 

The name aherratlon is given to any change in the apparent 
direct Son of a tight ray consequent on the motion of the 
source or observer. In the present context we consider that 
the source £ is Moving* as illustrated in Fig- IQ,3* 



MC. 1U3 Vtfiocllt udd it iL'in d j agram fur the aberrut ion of iight p re tiling 
the velocity c Of ii light ray relative to 0 tn it* VrltfC:1y c R relative la 
G. 


Here G emits a light ray which an observer moving with G 
considers to move with velocity at an angle to the line 
GO. for 0 the velocity ol rhe light ray u- c t composed of the 
light ray's velocity Cj_ relative tn G and C's own velocity v 
relative to O: £ = C^ <- V. The geometry of the two right- 
angled triangles in ihe figure shown thai 

sin 0^. = & sin S 
"e cos ■ 


c* cos & * it 






ACCORD1KU TO VARIOUS THEORIES OF LIGHT 
□r dividing 


tan & E 


s in d _ 

cias & * y/fl 


IftjS 


t 10.14 | 


Th£ effect of aberration on the amount of light re reived 
tram ii source at distance r can be seen by reference to Hr- 
1D „ 4 . This shows [solid lines) the piths of a set of light 
rays which all make the same angle 9 with the line i30 ifi Q*s 
reference frame, and (dotted lines) the paths which the same 
ray> would take if the source were at rest. In PH reference 
frame the rays define a circle of Tidius r& and area nl>S I" 
centred on 0. If the source were at rest the same rays would 

7 

define a smaller circle- of aroa nirG T. Thus the l ight which 

i e 

would have covered an area ni'-fi. j" if the -source were at rest 

h j 

is spread out by aberration to cover a larger area n(r&P* 
leading to a correction factor by which the encTgy received 
per unit area per unit time must bo multiplied to allow for 
aberration: 


r 


a 


t&p/S) 2 . 



MG. SO. 4 The spn-admg nut of tight r a vs by aberration. 

-*- direction of ] l^ht rsyfl relative to Qj — — *■-direction 

Of Jlght relative to Cl. 

Using eqns (10,14] and (10.5] with the approximation? (valid 
for small angles) tan t ft £f sin 3 4 cos © =■ 1 gives 

/. = - l - -y “ —H [10.IS] 

* ll + u/c) 1 (i*«r 

Thus aberration reduces the nnergiy received from a receding 


snuree. 
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10.4. THE APPARENT BRIGHTNESS OF A SOURCE 

Consider a source of electromagnetic radiation which Is ob¬ 
served at a ii Iht .nice -, nnd define the following four pliant i- 
ties: 

f- is the total energy output of the? source per unit tlBie, 
measured in the reference frame of the source „ 

A * V/^n is the corresponding energy output per unis 
solid angle, 

S is the rate at which energy from the source falls on 
unit area at the observer 0 in unit time, 
d L is defined by 


d c ■ f 10. 161 

The last three of those quantities have ijidividual names: 
A is the ibarometric] Intrinsic bi Lghtness of the source. 
S is the |holnmctric] apparent brightness of the source p 
d!jj is the [boionetric] IurnSnosity distance of the source 
The term 'bolometric F , whIch will often be omitted for con¬ 
venience, mean?; that erne is considering the entire spectrum of 
radiation from a particular source. Corresponding | non- 
bolometricl quant l ties which relate only to a restricted fre¬ 
quency range are given the suffix v. Thus, for Instance, the 
symbol $^ wilt Always denote the rate ai which energy from 
the source falls an unit area in unit time within the fre¬ 
quency range of a particular instrument. £ may be an optical, 
photographic,, or radio apparent brightness depending on the 
instrument considered. The corresponding luminosity distance 
is defined by 


d lu " [ID.17) 

The reason For the name * luminosity distance 1 can be soon 
3S follows. IF the source were stationary. Its light output 
L would be spread uniformly over a sphere of area 4rtr 2 when il 
reached 0, and therefore 



A 

— 

r 


S {stationary source i 


(10, W] 
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The £ame cant 1 its i cm fields for a r*slrioted frequency range, 
since there is no red-shift # and so 

A 

S y [stationary source} - -j . 

p 

It fOllOVS that, fdr « atatSonar^ aonree, 


(10.151 


• ft)*®- 


so that an observer who believes the source to be stationary 
will Infer that its distance is ( A/S]' 1 * d £ or (4 l) /S' (f J la ■ d £u . 


depending on the type of observation made. 

If the source is not stationary, its bolometric apparent 
brightness must be multiplied by the factors f Ts and f a of 
eqns [10.7J and (10.15]) so that eqrt (10,13) is replaced by 


S * J T * f * ? ’ 




and the luminosity distance (10.lb) becomes 

d L “ VtJJ*** ' (l*a) 2 r » 


( 10 . 20 ) 


( 10 . 21 ) 


\ non-bpioMtric apparent brightness will also be multi¬ 


plied by the factor f v of eqn [10.11] p so that in general 


5 = / / f -S * 

g J t s J b j g 7Z 

P 


Vv 


( 10 . 22 ) 


and 


Lv 




(1U.25) 


This result simplifies somewhat for a radio apparent bright 
ness, when may he of the form flfl.lJj. One then has 


fl+a) 3 r 3 (radio source 

with spectra 1 i 10,24 I 

index #) 

d £y - (l+.) (3 * sW2 p. 
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An alternative way of describing apparent brightness uses 
the concept of h source of apparent brightness 

s (or S y ) is said to have an apparent magnitude m [or m 1 P 
where 


ps “ .5 log 1Q f SJ + constant t 

(1U.ZS) 

m o * - 2- & £S y ] + constant* 

The number 2,5 arises from the convention that a change of 5 in 
apparent magnitude corresponds to a change by a factor nf ]im 
in apparent brightness. 

An r. H ®gn£turf* M (or M ) is si so defined as the 

apparent magnitude which would be observed if the source were 
stationary at 4 standard distance usually taken to he ID 
parsecs. Considering only bolometric quantities and combin¬ 
ing eqns (10*19) and (10.25J, 

M a -2.5 log 10 M/ 0 *] + constant, 

and subtracting this Iron eqn [10*25] gives 

m - m - 2-5 Jog 1Q UASi? z l 

- 2 - 5 Wj/**) 

* 3 log l0 id L fB) {10.2b) 

where et|n (1C + 1&) has been used. The relation between appa> 
rent magnitude and luminosity distance is therefore simple; 
however, the luminosity distance L* more suited to tho purposes 
of this boot* 

10 . 5 , THE DENSITY TRANSFORMATION 

This effect, which appears to have been discussed only re¬ 
cently [ 2 f arises from the time taken for light to travel. If 
a photograph taken by 0 shows thro galaxies G, G ^ tp he at 
distances r. r + At* respectively, then, allowing for the time 
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light takes to travel, 0 will correctly infer that he is see¬ 
ing G as it was at time t ■= t- r/j,, and 0! as it was at time 
tj * t 0 - The situation is illustrated in Fig* 10.5 

for the case where 0, G* G 1 are in a straight line. 


r 



f IG* LO.S Space-time diagram for the calculation of the density trans¬ 
formation in Q r s reference frame, 

Em thi£ case A r is the distance between G and as .pb- 
a*vved by 0. But Ar is not a true distance, because It results 
from comparing the position of C at lime t with the position 
of G ] at the different time r^_ The true distance results 
from compering positions at the sa^r tame t r and this distance 
is marked Ar^. 

Evidently the difference between Ary and Ar is just the 
distance moved by in the time Hence, if Gj's speed 

of recession is u 3 * then 

APg * Ar + Vji't-ij) ■ Aj- * rfd m Ar (1 ( . 

Therefore if Cy is at nearly the same distance as G and there¬ 
fore* by the Hubble law N has nearly the same speed of reces¬ 
sion V , 

p- - 1 * 5 - 1 ♦ "■ no.27) 

Now suppose that a lot in in set of galaxies Is photo - 
graphed by 0 .11 time z and that the photographed positions 
of these galaxies approximat ely fill n rectangular volume of 
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dime nsions Ar% Ay, £a (G and are at two corners of the 
volume]. The true positions ol the galaxies at time t will 
fill a volume of dimensions Or , As A* ^distances at right- 
angles to the velocity of galaxies are imchangeil by I he effect 
"under discussion). £ f n is the number of galaxies in the set* 
the of gal axles observed by 0 is 

» - A1- A, Aii 

and the true density at time t is 

rt 1 > _2__ 

E if- F *5 Aa 

so that* using eqns and [10*27]* 

jp ® * 1 + k . {10.28] 

The foreshortening of distance for the observer,. described by 
eqn [10.27.1* lead:- to an apparent density in excess of the 
true density measured at the emitter. Note that, although 
Ar and .v are observed quantities, the suffice n has been sup¬ 
pressed For simplicity* and to avoid confusion with the pre¬ 
sent density first Introduced in Section 2.*, 

10.6. CONSEQUENCES OF A SPECIAL RELATIVISTIC THEORY OF LIGHT 

PROPAGATION 

It ua< mentioned at The start of this chapter that special 
relativity I which we frequently abbreviate as SR! provides a 
model of light propagation which avoids the problems of an 
ether. It does so by postulating that the speed of light is 
e relative to all observers. This entails a complete revision 
□ f classical idea.* of space and time* which has the effect 
that many quant it Us hitherto thought to bo absolute in nature* 
such as the length Of an object and the time interval between 
tva events * are scon to depend on the state of motion of the 
observer who measures thottu The consequences of This theory 
for the optical effects already described are discussed in 
Appendix A, and can he Hurnmarized as follows: 
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Ml The- relation between red- >Tm ft n and spot-d of recession 

e is 

1 + « * {r-Hr7ff <»>* c»~“) 

C ii3 The factors / rs . f s * f v » and are the same func ¬ 
tions of s a> iti the classic*! theory (see Table 10.11, 

and the e-qns fUL.21J, (10.24) for luminosity distance are 

also the same. 

An important difference between these theories of light 
propagation is apparent from the behaviour of these expres¬ 
sions as rht* sp^ed u of a receding galaxy approaches the speed 
of tight ct (Fig. lb.b} , In the classical wave theory a 4 f _ „ 
approach the finite viilues 3 P b.25 p 0.25 and no difficulty 
arises as one considers greater values of u* According to 
special relativity, on the other hand, becomes infinite and 
and / fl approach tero, implying that n galaxy with = i* 
would have rero apparent brightness and so be unobservable* 
Speeds greater than f are also ruled out as they lend to 
imaginary values of :. r i'Shus special relativity implies iTidt 
only sources with r p - ’ are observable. 



FIG. 10* tP . Fed-shift (a) and aberration factors f * f as a function of 
speed v for classical | solid line) muJ special relativistic |dashedj 
theories at' light propagation. 
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In almost all cosmological models the restriction :? < & 
implies an upper limit on the distance et which sources can 
be observed. The observer □ is effectively at the centre of a 
spherical surface of radius , known as a and can 

observe only sources inside the hon-oru For the simple cos¬ 
mological models of Sections (2.4) to (2,15) the horizon dis¬ 
tance f, is found simply by substituting u = ■-* in equs (2,S) s 
n 

(2.151 and (2.24) with the results: 




h 


ot^ (steady state) 

0.5 et n (Milne) (SR] 

,0.4 utjj (Einstein-de Sitter) 


(10+30] 


where t |( is the Nubble time. En these modeJs, and in most 
others, the horiton distance is of the same order as the dis¬ 
tance oc uP , that Is to say of the order 10 Ll1 light years at the 
present time. 

The existeticc of a horizon or ’edge 1 to the observable 
universe may suggest the possibility of observing and ynumeral - 
inf nil the galaxies within the horiioiu There are a number 
of reasons why the possibility should not he taken too 
seriously. Firstly * galaxies near the horizon wiH he t.uch 
fainter* because af the factors /' and f , than their distance 

“5 a 

■I t o ru.' would surest. Secondly, the number of galaxies to be 
observed within the horizon is the integral 


\ot«l • I 11 4TU - lfl ^ 

0 

- 4rt> 2 (I-* = JJV e dr 

0 


(10.31 ;• 


where the factor A 1 /s r = 1 * s has been introduced from et|n 
(10.21), Sine* a * - as p * , and sine* in most cosmologies 

H increases with r ( the integral may well diverge at r = 
leading to an infinite total number of galajciOA within the 
horizon (s« Problem 10.2). 
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A further complication arises ii we cons i Lier also the 
fact that time intervals in special relativity are different 
for different observers. For instance s the number density 
v E was calculated for the Milne model ismts eqn [2.17 1 on the 
basis that n galaxy at distance r is observed by light which 
left it a time [ t (J - rf-*\ after the 1 b e g h»!ig , i However, this 
time interval ft - r/c } is calculated in D 1 s reference frame, 
whereas what is needed is clearly the tittle interval in the 
galaxy 1 s own reference frame. The result of raking allowances 
for this is, as shown in Appendix A, that eqn (2*J7j is 
replaced by 



[ 10 , 32 ) 


The sapae complication arises for the Einstein-de Sitter model, 
but the required correction is then much more complicated 
because the relative velocities of galaxies vary wsth time, 
and this correction wiil not be discussed here. The steady - 
state model is unaffected since . F .’ K is not a function pf time 
in that model. 

ID,7, COMSEQUENCES OF A GENERAL RELATIVISTIC THEORY OF LIGHT 
PROPAGATION 

The classical and special relativistic models of light propa¬ 
gation already discussed have Otic property in common; the 
motion 0 f a phut on once emitted es not affected by the motion 
of the galaxies or fey the changing scale factor of the uni- 
verse* In general relativity (hereafter often abbreviated to 
GRJ the. 1 situation s s different; the gravitational field of any 
massive body or of the un i verse u& a whole is described as a 
curvature of space-time which affects the motion of photons as 
well as of material panicles. 

The difference Can best be described in terms of the 
dimensionless distance coordinates iy. introduced In eqn 
|4+I2fe) + Eve can describe the position of any particle [Includ¬ 
ing a photon) relative to the Earth tit time t either by con¬ 
tent ?ena 1 spherical polar coordinates \r, & ¥ or by 
dimensionless coordinates (a „ ft, yJ} , Mere 3 + ip are angles 
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which define the ifieurffon in 5 puce of the particle's position, 
r is the particle 1 s distance and *1 is defined tv 

e » (10.33) 


Notice that [j, a, us) are coordinates; they are con 

stant in rime for any particle which moves with the general 
expansion of the universe. 

Considor now the motion of a photon coming directly to^ 
wards Earth, For such a photon ft anti <p arc constant, and r 
and 0 are decreasing. There are two obvious possibilities: 
Ii) the photon T s speod relative to us is 1 ¥ and therefore 

dr/dt * - ff t equation of motion of a photon, 

classical and SR optics]; tiU.34 


(ii) thu photon's speed is l' relative to a local observer 

moving with the expansion of the universe, in this case 
the comoving coordinates must be used, giving 


JI[tJ da/dt 


4 * ['equation of motion of -1 photon , 
GR optics* flat space). 


I III. 35) 


Different! at in S eqn it 11 .33) and using eqr [1C. 35), one finds 


& = 


r * 




TT 


■■ + .* 7 p- {equation of motion 

of a photon „ Gft optics + 
flat space] (10.36) 


which makes explicit the difference between the results of (i) 
and (ii), 

General relativity involves a further correction result- 
ing from the curvature of space. In a uniform continuum 
model this correction results in rep lac ins I10-3S) by \3] 


ft it jda/dt 

/(i-fe« 2 V 


- e [equation of motion of a photon, 
GR optics) 


(10.37) 
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where k is the ’ury^tkr^- index which tnk*s the value o fur 
flat space and ■ 1 Ear curved space. It replaces in general 
relativity the quantity * introduced in eqti il.Mi, which 
detorfninos the sif.n of the? total energy of a Vewtonian system* 
The coordinate a has been scaled in such a way that in- 

stead at’ a parameter describing the i^ount of curvature of 

space one has a number : - describing only the ^ \ n of th«. : curva¬ 
ture. ]n i'ac t the i r,t roduct ion to cos fro logy given in this 
book is made possible by the complete identity of two cosmo¬ 
logical differential equations: that of general relativity 
with its *. and that ot Newtonian cosmology with its -* 

The reader nay by now be uneasy on at least two counts, 
First, eqn U0i3fi) seems to ascribe to a photon a speed dif¬ 
ferent from ■, and second, the whole lt f this section assumes 
the existence of if r universal time scale 1 in that the simple 
time coordinate r is used* On both counts :t seems that 
special relativity is violated. In fact this is not ho; 
special relativity says that the speed of light av m^^aured bw 
an rite r is ■, and the Quantity (dj*/d 1 I of eqn [ID, 3b) is 

ijui directly measurable. As regards the time scale, It is 
true that differently moving observers will in general measure 
time differently, but it can be shown [4] that a set of l>g- 
maping observers in a Hubble law universe can agree on a com¬ 
mon time scale. In all discussion of general relativistic 
optics from now on, the symbol i will denote this common time* 
It is now possible to derive the red-shift and nsFaciated 
quantities in lIR- Re-write eqn (lil.37) as 



GUJ 


[ 10 . 33 ) 


snd assume that this photon was emitted at time t ( from a 
galAXy at coordinate , and that the photon has coordinate 
at some later time t , Then integrating eqn, {10.3&} gives 
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dr 



dt 

?TtT 


ff- £ J - /(a p 3 


where 


/(a] 


[ V da * 


sin' 1 e if ft - +1 
a >f k - 0 

sinhf 1 a If J * -i. 


[10,S9] 


(10.40) 


In particular, if the photon is observed (i.e*. 
at time then 


a 



*V* 


reaches a ■ Q} 

(10.41) 


Now tf EI being the couiovUg coordinate of n galary p is 
constant in time* Hence if a second photon ior wavecrest] is 
emitted at time c■ + and observed at time t * eqn 

(10.41) is replaced by 


/(Bg) 


(j 


V 4t o 


, r 4 if 

E E 


dt 

MTJ 



o4t^ B&tg 
ffr tg} 

(10,42) 


where it has been assumed thai nit) does not vary signifi¬ 
cantly during the timo intervals £r. QT + 

Comparing eqn (10+42) with eqn [10 + 41] gives the very 
simple result 


“0 E 

Ht^T = *T^T 1 

end as in Section Uu.2] we? infer that the red-shift jb satis¬ 
fies 


1 + as 



■tv 


[10.43) 


This result has a particularly plfuslrtu interpret at Jon in 
terms of nave lengths. If X £ and * u are emitted and observed 
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wavelengths of a photon, then 

* <r/v 0 V* flCt.) 

V 0 


I 10,44) 


SO that thL" wavelength has been Stretched 1 in the course of 
the photon’s journey by the ^-ime relative amount ns the scale 
factor Of the universe hah increased. 

It has already been noted fp. 1621 that oqns (10-7) and 
MO-131 for the factors f and jV remain valid in GR optics. 
ThU is also l rue for the aberration factor f ^ , as is best 
Shown by calcuU tiflg the apparent brightness of a source dir¬ 
ectly,, as follows. 

Consider a source with total energy output L and intrin¬ 
sic brightness A in the notation of Section 10.4, and suppose 
a system of cojiiovkng coordinates i r t ft, i?! has the .u-uror at 
its centre* By the cosmological principle the Laws of optics 
must be the same in this coordinate system as in that based 
nn G t so that photons must travel outwards from the source in 
straight Lines, The distance these photons travel before 
reaching 0 at time is (by etfn (10.33}} (s 0 >s^ so that the 

photons which strike unit area at 0 form a fraction 
t/4nCfffS 0 1*}~ of all those emitted. Combining this with the 
red-shift factor / = (l+q)^ of cqn (10.7] gives the bolo- 

r P 

metric apparent brightness as 

/ £ 4 

s = -“-7 ‘ -7^- J 

4it{flCt (| )a3‘ £ (1+■)*(*<>]* 

and the bolometric luminosity distance therefore as 

d L * (I} 1 " ' [10.-IS) 


This result looks different from that of eqn [10.22). 
However. the distance at which 0 observe* this source is it7 
distance ai the time r determined by eqn (10.41), jf wt call 
this d 7 sfante r, thee by eqn I l II, 5,5 ( I* = -(r ( ),-i, so that eqn 
[10.45) car be written 

#cv 

^ - <»«*> kTT^T 


T . 


110.46) 
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Final iy* the expression (10,4 3) for the red-shift >; i ve> 

d, - (1**3 £10.47] 

U 

so that the form of the classical expression for Luminosity 
distance is retained in general relativity* It follows by 
eqn (10.21) that the aberration factor / mu$T a l .so retain its 
classical form [>qn [10.IS)). 

10.8* THE CASH OF SMALL RED-SHIFTS FOR THH THREE THEORIES OF 
LIGHT PROPAGATION 

In this section show that despite the very different 
appearances of the three exp res si an? far r. in Table )0*2 P they 
all reduce for Close and slaw)y receding sources to 

s +* y/e U)/c < l ur | c g -1 Q | sufficiently small). [10,48] 

In the classical wave theory, eqn [10*403 is exact. In 
special relativity one can see from the second row of Table 
10.2 that 

— ■ - " * z - T ^ I for t < 1 and therefore for tf/o<l. 

** 2 + lx + * 2 

In the general relativistic case: notice first that vqti 
(10.43) implies 


f?£t 0 ) - if(t E Hl+a) # (10.49) 

Now expand H{z Q } as a Taylor series in (t- £ E I , retaining only 
the first two terns: 

*c* 0 ] - *t* B ) * fvv(S?) t 

^E 

- Rfppill*ff[e fi l(t c -t E )». (To.50) 

Notice also that if is small, eqn [10.41] implies that 

t £ is small and that 
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fl E “ ** 0 ( ! o -: E 1 


130.511 


Comparing oqn llii.* l J} with eqn llfl.SO) and using eqn [.I□•. 51) 
gives finally 


Z « «t£ E lUj,-f E J *» 


= Ht£ E Jr F /e ■ ti/o 


where i* L « n < 1 1 )n is ihn distance at which the source is 
observed. 

# 

10,9. THE DEFINITION AND MEASUREMENT OF DISTANCE 

sencTal relativity involve?* thr idea of curved apace it is 
natural to ask whether the common-sonse idea of distance is 
adequate in a cosmological context* The purpose of this sec¬ 
tion is to discuss possible Ways of measuring and defining 
distance- The types of measurement to hv considered all in¬ 
volve light lor signals using other parts of the 

electrpnagnetic spectrum] and can be classified as follows i 
[i ] Indirect methods* inciuding measurement of apparent 

brightness and measurement of apparent angular dimeter, 
[ill direct methods t including parallax measurements and 
radar measurements. 

[HU Simultaneous measurements by widely spaced observers. 

The indirect methods are those which require knowledge of 
some property of the object whose distance is to be measured. 
For Instance* if one measures the apparent brightness £ and 
the red-shift u o( i distant galaxy, and if one knows its 
intrinsic brightness A , its distance p can be inferred from 
eqn [ID-20]. This is valid for all theories of li^ht propa¬ 
gation if in the general relativistic case r Is the distance 
defined by eqn at the time of emission 


r * m E )s 


[10*52) 


The apparent angular diameter of s source is defined a* 
the greatest angle 5 subtended at the observer by any pair of 
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light rays from the source I.see Fig, 10-71 - The figure is 
valid in curved space sine* the light rays involved travel 
radially„ anti therefore in straight lines t in the observer 1 s 
coordinate system. If the true diameter tj o£ the source IA 
known* one can infer r from the geometry of the figure, which 
gives ,\ ■= 2r tan [6/2j, or in the Limit of small 6 „ D = r6. 
This is also valid in general relativity j S | if r defined 
by ciqn (10,52)* 



FIG. ID+ 7 Apparent diameter of .i source. 

The direct methods of measuring disTnnce can he used with 
no knowledge of the object's properties. The parallax method 
involves measuring the change in direction of the line of 
sight to the distant object as the I a r t h moves from one side 
of its orbit to- the other, In practice. This direction also 
changes because of aberration of light resulting from the 
Earth's changing velocity, but the amount of aberration is 
known And can he corrected for* Fig, iBMfa} illustrate* the 
l ight paths for classical or special relativistic optics u *e* 
jn Euclidean space] and Fig. IQ.B(bl does the same for general 
relativity* The angle 6 is called the pa rail £ j-j of the source. 
It is evident from Fig. 10. (□ I 1 that if Jennies the diame¬ 
ter of the Earth's orbit* then in kuetidean space =■ r tan 6, 
or since 6 is always very small, r = It is Conventional 

to define a papallur diutanec d accordingly, so that in all 

F 


cases 


w dp = t in Euclidean space 


(10.53) 
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FIT. r 10 ► 81 a) FaralLajc of ii source m .q J ass a ca ] ami -q*eciia] relativistic 

Optics. 



FEG. ID.£i b> Purul Lax of n setiftp In getterraI relativistic optics. 


j i 

p 


v » 

/{\-kn *7 


• (G.R.l 

/[l-If# 1 


i in.s<i 


^here eqn* (10.43) and -1(3.52 1 have been used. 

The radar Masurement of distance uses the- following 
procedure: a short pulse of electromagnottc waves is emitted 
the observer 0 at time . The pul Sr is reflected from 
a distant object ii and some of it returns to 0 at time i 1 l - It 
ip then inferred that the pulse was reflected at a time 


t 


r 



fID.55) 


and that the distance of G from 0 at their time was the radzr 
di e tarure 


d t * |[t r t 0 ). uo.s*) 

The reasoning behind this procedure is apparent from 
rig. UK 9(a) which shows the motion of the pulse relative to 
0 according to classical or special relativistic optics, for 
which the equation of motion of the ptilse as d**/dr ■ ar. 
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FIG. lfl + 9(al Wot Ion of SL radar pulse in classical and spec us 3 relativis¬ 
tic optics* 

Notice that the motion of G (here shown moving gw ?y from 0} is 

irrelevant* and that the radar distance d^ is in this case the 

same as the actual distance - a * the time t * 

Ci r 

in general relativity with flat space the equation of 

motion is* by g,n obvious extension of eqn [l0.161 p dr/d: = 

* a + Fir. As a result Fig, lft,3(a) must be replaced by Fig* 

10,l{b)* This figure is drawn for the steady-state model H in 

which is constant! hut the curvature of the radar pulse 

paths will he Similar in all expanding-universe models,, Note 

that £■ denotes the actual time of reflection of the radar 
r p 

pulse, which is not the same as r , The equation* of motion 
can easily he integrated for the case of constant Ft iser Prob¬ 
lem IflLl) with the result that the radar distance is 

(b) t 




FIG, 10.£(b]] Wot ion uf ii radar pulse in general ret -it IVt si tc optics for a 
st tody - s ta it uti I verse, 
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ft f l+r £ 7flt Hl j 

u' r (steady state 1 ■ —j— loi^ J flO-SO 


Writing r for r fox brevity, and expanding eqn I UK 57 J 


one 

finds 

I p ,1 

i r y 

Pi 3 

* e V 

.!/_[ - 





fO that radar distances approximate ■tnie" distances closely 
at short range [r . 

Li is apparent from eqns tiD-54) and £10-SSI that both 
the ^direct' methods of distance measurement produce results 
which differ from the distance r defined by eqn (10.48) t but 
also that, these three quantities arc nearly equal at short 
distances* This suggests that one might approach the defini¬ 
tion of distance by dividing □ distance such as 0C imo a 
large number k of equal sections, each section being so short 
that the different measures of distance would bo approximately 
equal. The limit n ■+ * would then give a unique measure of 
distance. Tor instance t if n observers 0 P 0^ h *,*, 0 flT 
equally spaced along the line OG p each make radar measurements 
so synchronized that the pulse reflection time t is the s &me 
for each* then each individual radar distance would in the 
Steady-state theory be like eqn f!0*5flj with r replaced by 
r/n. Adding these n distances together would then give 


d r [steady 


n observers) 


•©Hd 

■Hfe) 


T -} 

► "•}* 

[10.551 


Taking thu limit of n * «■ gives a measure known as the proper 
diatanv* t 

d 

prop 


(steady state! « r„ 


(10,60) 






tn 


OPTICAL EFFECTS OF THE EXPANSION 


This simple result is a consequence of the fact that the 
steady-state model has flat space* k * D. The corresponding 
result for genera] fe is 17] 

tf p rop f E J ’ I dj> ' — 5 “ * 

p ' J /ll-ftfn p 1 “l c 

0 KLn 1 J (10.61) 

where fU 0 is the function first introduced in eqn (10.JO). 

It follows that the proper distance of a source at the time of 
emission t g equals the distance ^ of eqn (10.4a] if* and only 
It* - 0, 

Obviously the sot of tooperating observers envisaged in 
eqn [ID. .59) does not exist on a conao] ogles I scsle, so that 
"prop ^ ft&t a directly measurable quantity. The radar and 
parallax methods arc- al *a limited in range the radar method 
to within the solar system and the parallax method at present 
to a few tens of light yejir^ - so that the only practical 
measures of cosmological distances at present arc those based 
on inferences (Tom apparent brightness and apparent diametetr 
Both are subject to a basic uncertainty in that the inference 
depends in each case on knowing the intrinsic brightness or 
diameter. Also the intrinsic brightness mny change with rime, 
as discussed In more detail in Section IKS, while the mea¬ 
surement of apparent diameter is complicated by the fact that 
galaxies do not have sharp edges. A comparison of the two 
measures can help to reduce the uncertain!lest however t n 
prinaiptc the two need not hr considered separately since they 
are Simply related In all models- 

d r ld { apparent diameter) - fl+*)~r :r * fl + = ) 2 :l* 

The nest chapter therefore concentrates on the notion of ap¬ 
parent brightness. Apparent diameters sire discussed in Sec¬ 
tion 11.6. 

Of the distances j% d w d , d, . and d intro-duccd jn 

Ji r L nrop 

this chapter, by eqfts (10.33] and flG-frl] both r and d 

p top 

satisfy the Hubble law in the form 


* Hr with 1 ? * fi/JV. 



kcmvtmm to various theohiiis of light 1&3 

problems 

(10.lj Shot that if a radio source has a spectrum of the type 
(10*12) with $ = l t then as defined in CIO * S J 

depends only on the ratio Verify that this 

itp]ies f = 1* la agreement with [10 + 13) for a ■ 1, 

I 10,21 tiding eqn* (JO.29) to 110.52!, (B.25), and (2.8) to 
show that for a special relativistic model of 
light propagation the number of galaxies within the 
horizon is 

(a !■ infinite for the Milne model 

•. h finite p and less than fl/2 n for the 

steady-state model. 

the change of variable a * n. 5 - r/.ri is helpful 
m i'a!p and similarly u * l - is helpful in (h).l 

HO.3] By integrating the equations of motion illustrated in 
Fig. l-Q + 4[b), and using the definition (10*56), verify 
the expression (10*57) for a radar distance in the 
steady-state theory. 
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U + t. OBSERVED QUANTITIES 

The node?Is of the universe which have been discussed $□ far 
can bv sLLBiEhari zed as follow?* Sources of elect romagnet ic 
radiation are distributed more or less uniformly through 
space and art? moving according to Hubble 1 .'- law. The scale 
factor Pft i obeys a differential equation with thrtM para ■ 
meters C M k* k r Lor a Large number of the sources one can 
measure the apparent brightness s [or s^i and thn red -shift n 
Within this framework there are several possibilities for 
relating observed quantities to cosmological paTn&ietf?rs, One 
can observe* to quote Only the more important items: 
tij the apparent brightness of sources as a function of 
their red-shifts; 

fiia. the number of sources having apparent hrightne?scs with 
in s given range p or 

(iib> the number oT sources having red-shifts within a given 
range; 

liiii the background brightness oi' the night sky + 

In each of these cases one can t with some additional as¬ 
sumptions* predict the observed quantities theoretically for 
a particular set of values of (i7. X + k) r I'he proems of pre¬ 
diction is illustrated in this chapter for the simpler cosmo¬ 
logical models. The brightness j red-shift relation Mr is dls 
cussed in Section 11. Z t the source counts [lia'j in Section 
11.3 f and the background brightness f i i i 1 in Section 11.4. 

This account suggests tbst the basic questions of cos 
mology are near solution one has only to compare accurate 
observational data with the predictions and the values of i7 p 
A p * can be found. Thai this has not been done is a result 
partly of observational limitations - for instance the correc 
tion factor f of Section 10 *J is particularly difficult to 
estimate for photographic observations of galaxies at largo 
red-shift * and it is just these observation? which are needed 
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to distinguish between c^siswilogi^eil Models, ns noted in Set- 
t i an li. J. A Boru fund Mental problem is the uncertainty in 
the intrinsic brightness of sources. This uncertainty has 
two components. 

First, different of galaxy have different intrin^ 

sic brightness at the present time, and presumably at other 
times, so thiit fl plot of observed apparent brightness against 
red-shift will show considerable scatter, The scatter can he 
reduced by Looking at clusters of galaxies and recording only 
the brightest galaxy of each cluster, since such brightest 
members srr- found empirically to have more nearly equal in¬ 
trinsic brightnesses than the general population. In recent 
times there has been a tendency Co use the Fifth brightest 
member of a cluster instead, and a Lao to use criteria based 
on the type of galaxy. 

Secondly, the intrinsic brightness of each galaxy must 
change J urine: its Lifetime, since this brightness must be 
■-mu 11 both before stars have formed and after most stars have 
exhausted their nuclear fuel. In all big-bang models the 
galaxies are formed in s single relatively short period of 
time. Thus * if two otherwise identical galaxies are nb 
served at different distances, the differing light travel 
times -lean that we see them at different stages of their his¬ 
tory and therefore probably with different intrinsic bright¬ 
nesses. The amount of this evolutionary change in bright 1 
nest and of the correction needed for it arc very uncertain 
at present >!see Section J1 .FI. 

In the next three sections of this chapter attention is 
concentrated on the three cosmological models First mentioned 
in sections 2,4, 2.5, and 2.6 the steady-state (Si, Milne 
i'MS, and Einstein—de Sitter CF I models. These models have 
the advantage of mathematical simplicity* and also yield 
simple values of the deceleration parameter.; - I (steady 
state!* 0 (Milnej, and *0,5 (Einstein-de Sitter p, One enn 
consider each cosmoLogiea 1 model itt conjunction with any of 
the three theories of light propagation* Leading to a 3 * 3 
matrix of possibilities with an Associated simple notation, n$ 
in Table HA. This not a I ion is used frequently in the 


m 
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following sections. 


TABLE \IA 

Kotatici foi k \ui 


Theories of light propagation 

CUtfSlCft] Wave Special General 

Theory Relativity Relativity 

(C) (Sit) fGR) 



Steady State 

SC 

SSSL 

seg 


IS) 




Cosmological 

Milne (Ml 

MC 

MSR 

H 0 I 

modoIs 1 

Einstein- 
do Sittor iE J 

L - 

EC 

ESR 

E GR 


H,2- TIEE APPARENT BRIGHTNESS - REE-SHIFT RELATION 
Ifl this section the luminosity distance introduced In 
Section 10*4 used as the most convenient measure of appa¬ 
rent brightness* The procedure for calculating ^ as a func¬ 
tion of red-^hift a is different for different theari.es of 

light propagation* 

For the classical and special relativistLc theories the 
most convenient expression for L$ contained in Table 10.1 
and is repeated here for convenience: 

d L - { 11 . 1 ) 

These theori es also provide unique relations between the rod - 
shift of a galaxy and its speed of recession v , and these arc 
reproduced here from Table 10-2: 

y “ « (C) * 

» * a ^ l4s ^- "•■ I = — OB ^ 4 "J (SR). ( 11 . Z] 

[!*#)■ * 1 (1+a)’ + l 

Finally, the travel time of a photon from a galaxy observed at 
distance r is simply r/,? lji both theories* The relations 
between r and :> p calculated on thl5 basis in eqns (2- 8>. 
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1S7 

(£. IS) * and [2*.£4-) for the simpler cosmological modes 3$, aje 
therefore valid and arr reproduced here 

(S) 

(MJ (11-3) 

oo 

where In each case ia the Etqbble time, the reciprocal of 
the present value H Q of the Hubble parameter. 

The relation between d r and a is now easily found by com 
bin ins the appropriate part of eqn [li.3) with the appropriate 
part of eqn (11*2) and substituting the result in eqn [11. J.)* 
For instance, if one is interested in the Milne model and a 
special relativistic theory of Eight propagation, one combines 
the result [MJ of eqn rII.5) with the result (SR) of eqn 
(.31.2) and finds 

9/Q 

1 1 * ttfa i+i (]^} 2 -i}/ui+*i 2 +n 

at..(2 + a) a 

“ -- 1 - * —- j (M5R). 

m+=r*n + ia+»r-ij 2 fi+»r 

Substituting this In eqn f11.1> gives 

d L - <it H 3 £1+0. £*} (H5R) . £11,4) 

This, ‘"inJ the five corresponding results arising from dif* 
ferent choices of models, are suflsaflriind in the first two rows 
of Table 11,2. 

E’or a general relativistic theory of light propagation 
the procedure is necessarily quite different. Since the travel 
time of a pilot on is not simply r/- , the results (11.3) are 
net valid, and it ss convenient to replace eqn (11.1) by eqn 
[10,4S): 


r = V ty 

„ . / *H 
1 + o/e 

Zv * H 

p = i + 3 k/s 
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table na r 

in units oj m f&r twtocif dels 


Steady-state >3i Sne ElFUCeift-dc Sitter 

model jMdfil model 


Classical wave 
optics 

*£!+*) 2 (SCj 

-(1**3 (MC) 

T^ra- (K1 


Special 

*P«J.CU-J 2 (S5P ) 

■ [1*0 ,•*»)*' (MSRJ 


fESR) 

relativity 

(W}*1 

l»3.53*I.JS* 2 

General 

relativity 

[SCRJ 

3|1.0.i=]* (HCR1 


[EGB] 


•Other observational implications axe also Identical (Table 11,3, 
equations 110,50] and (11-S3]]. 


d L * Ci+*J (IKS) 


The dimensionless coordinate # is itself re lated to the rsm* 
of emission t ( by eqns (10*40) and (10*41'] [the stiff in or u 
has been dropped for convenience j 


c 


dt 

STiT 


*E 


fU) 


sin* 1 o if fc * *1 

# i f t =■ o 

sinh' 1 s if k = -I 


111 . 6 } 


and the time of emission is relsited to the red-shift l*y cqn 

( 10 . 43 ): 

*{0 

1 * - * 

These equations allow one in principle to calculate .f r as a 

w 

function o£ , given the form af the function £[i] and tb^ 
value of k . The procedure is fairly complex and the thre^ 
simple cosmological models will be considered separate ly* 

Tor the steady-state model we Mow frodi E?qn \.Z- Hi) that 
the scale factor fl(t] is equal to estp [ jjfi-t ) }, and it can 
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also be shewn that -■ * ,i [ 1 [. The re-scaling procedure of 
Ss^ction 4. S allows an arbitrary choice of the re-scaling 
factor » when k * 0, and the post convenient choice is that 
which lead's to 


ff(t) * | exp(H±] ts). (U,a> 

It is also possible and convenientsince the steady-state 
model has no nature! origin of tiM* to choose 


t_ = 0 and hence Fit j = ^ IS), U1.9) 

u o " 

Substituting eqns (11*BJ and (11,#) into (tl.h) with 
Jfe = 0„ one finds 


41 =* ci 


r° d*_ 

J T£73TFxpT5TT 



*xp[ -i/c^) -i 


whence 


exp* 1 + e. (11.10) 

But from eqns [11.7), (IKS), and {11.9* 

1 + a “ TaTHespTHpT a Cii.iU 

Comparing eiin.5 [11*101 and {11*11) gives h = s* and substitut¬ 
ing this with eqn [11.y) into CM*5) gives 

d. - £(1+*)* - »i u a(1+*J (SGRj. (11*12) 

h tt * n 

The Liftstein-d.fi Sitter model is discussed in Section t . 2 
and has k = Q and £(*) <* t 2/ ' J . The scal ing factor p is again 
arbitrary and will be chosen so that 

ffft] - S*tJ /3 i 2/s t (11.13) 


and in particular 
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JfUflJ = 3ci 0 . 


01.14) 


Substituting this in eqn (1I.-&) with k • tl gives 


0 ,-2/5 


fl *= £? 


I — 

I 3 “-0 


d t 


T7F 


J_ i/3 1/3 

1/3 ■ e 


* 1 “ £**/*o 3 


1/3 


whence 


t E - 4 # 0-*J . 


f11.15) 


Also ( using eqn [11-15], 


2/3 


Rt*J £ 0 2 

1 * a *Fnp--^n= r 1 -* -1 


whence 


e = 1 - U**J 


-o.s 


UK 16) 


Substituting eqns [11+16] mud (11 + 14] into eqn 111.5) gives 
finally 

- 3^t [f |l+#-El+,) 0 - 5 ) [KGRJ. (11.17) 


where the relation t = 1-5 r f|t Farst noted for the Einstein- 
de Sitter node! in Section 2-6 t has been used. 

THl- Milne model is discussed in Section and is 

defined by & = -1 and 

- c»; 0{%J * e^., (11 + 18) 

Substituting Into cqn [11.6] with k « -1 gives 
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t. 


m 


sinh’ * 1 2 ff 




E t * Mp(*siu IT 1 *) ■ * 0 (/Ip‘+U**) 1 - + til>19) 


The red-shift, using, eqns (-11*1*3 emd 111-19), is given by 


1 + J3 


W " 


which can be solved 


t 


to give 



/ ( fl “ +1 ) + a 





(11.20) 


Finally* substituting vqn$ « 11 - 2 <0 J sind [11,16) into cqn 

111.3) gives 


e t. 


Ui+^i -n ■ 


ift^s [l*Q,Sm) (fHGRl t [11,71] 


where eq 31 (2-133 hes also been used. 

The results of this section are summarized in Table 11.2 
and illustrated in Figs U.l Lo 11.3. All three figures have 
two properties in commons first* all curves lie below the 
straight line j = d^/^t t and secondly the value of r for 
given J' L increBses as one goes from the steady■state model to 
big-bang models of increasing deceleration parameters- The 
first property is a simple consequence of >1 „ 

which holds for ill entries in table 11,7, The second proper¬ 
ty follows from the fact that for a given observed distance, 
the velocity of recession is higher for models with a large 
deceleration parameter- it is evident from the figures that 
nil models predict d t - er^s for i<J t and this allows obser- 


* j 2 t * 7 

f>ap|>use u w ^+1i+fl. Then /(a +1) ■ £ - i5, * l - M + * - l 3 !/* 

r 2at, ■ J, ,- - [Jf 3 -n/3t= 1 J - With 1 / = 1 * A this verifies eqn 

I IJ „2ti) , ftlsi!-, if • ■ 1 .'" then r * ■i-[e ll -c - ‘ J J « sinh u. so esp rsinh" 1 n | = 

2 * 

cup [m| ■ # - /(* *lj * fi, as required for eqn [11,19]* 
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Siltrr = 
l*=(M 

Slcudy-HiHc Uf —1 I 


01 Q-2 0 3 U‘4 0’S 0 6 0 7 O S 0-0 S O M 12 
</ L /rf h 


FIG, ] 1.1 Luminosity til nance a* a function of red*ihlft according to 
classical optics using che equations of Tql*le Ik2. 



I 0-7 (y% 04 u 5 Oh *7 OH 0-9 ! ir i j i: 


L-. insMn -d«- 'Sutler I ^ - l I 
<fl = 0l 


?VliCikd> - stills (V -1J 


F[G. 11_2 LLrtninosity distance as function of red-shlft according to 
s pe c i. 1 1 re 1 at 1 vi Stic optics US l n t foe i-qua f i ans n f Tab I e I J , J , 
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he;. ]] 3 l.iUDan&sity distance as it fuiltti&n dF red-shift accDrtl3n ij to 
(■^[leral relativistic optics using ihe eqmiEions of Table ILL The dashed 
15 calculated f rom the power series approEIMOEtan p eqn fll.72)* 

rational estimates of to be made which are independent of 
the model chosen. It is possible to distinguish clearly bet¬ 
ween Models only at rather large red-shifts, where the obser¬ 
vational uncertainties are -also large- Data of apparent 
brigfetness Versus red-shift therefore do not yet discriminate 
very convincingly between different cosmological models, as 
will also appear in Section 11*5, 

11.5, SDimcH COUNTS 

It is possible, as noted in Section 11,1, to consider either 
the number of sources within specified brightness limits or 
the number within limiting values of red-shift. However, the 
source count technique has been used primarily for radio 
sources, and red-shifts cannot lac measured for these unless 
the> can be identified with a visible or photographabic cb- 
)ect. It is therefore usual to consider the quantity rf(S v ), 
defined as the total number of sources with apparent radio 
brightness greater than some limiting value >• t , as a function 
of * t . In this sect inn the bolometric brightness S i* con¬ 
sidered for simplicity * and the calculation of H8i *£ Mfl- 
cusaed with the simp lying assumption that all sources at what¬ 
ever distance have the same intrinsic brightness A* A more 
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accurate calculation j2] would involve an integral ivn over the 
range of possible values of 4 at any given time* together 
with an allowance for evolution* 

Since the Intrinsic brightness of radio sources not 
identified with visible objects is poorly known, theoretical 
values of s are uncertain! and attention has been concentrated 
on the shape of the N(S)-S graph. In this context it is 
interesting to consider what shape the graph would have in a 
uniform static universe with flat space ii.e* liudidean geo¬ 
metry)* In such a universe the space density of sources is 
equal at nil times to its present value JV so that the number 
in a sphere of radius r f centred on the observer is 

* T^Vc* 

^ince there is no red-shift in a static universe the apparent 
holoraetric brightness of a source on the surface of the sphere 
is f a& in eqn rill. ID) p s * a/fJ:. Sources in the sphere all 
have apparent brightnesses greater than £ r so that W(r jT ) is 
the same as ft follows that 



and til ere fore 

l&g{tf[£)l - * h - {3/2J log[5j f uniform,. static, 

Euclidean universei (11 *22 ) 

where A and A r involve only the constant Intrinsic brightness 
and constant space density of the sources* Thus a graph of 
Lon [J? | Sl] itfiuinst log [S) would in this very spue in.] rase be a 
straight line with a slope of 1-3/2}. 

Khen discussing source counts in an expanding universe it 
is necessary to specify a theory of light propajfation* for 
the classical and special relativistic theories it is reason¬ 
able to assume Euclidean geometry and to consider again a 
sphere of radius centred on the observer. The number of 
sources observed in the sphere (I. t-. observed at distrmce- up 

tO F f ) 15 
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where , the observed source density at distance r, is related 
to the tTue density fey eqn [10, ZB], so that 



[11.34} 


The limiting brightness $ corresponding to the distMCC is 
given by eqn [JO,20) that 


e, being the red-shift corresponding to distance r ,* 

It is now necessary to specify the theory of light propa¬ 
gation and the cosmological model. These determine s, as a 

function o£ r, . and a and ,V as functions of r* so that ?f{S) 

L n 

and $ can both be found as functions of r%* U would , of 
course, be desirable to solve frqn fll-j^l for ,■■. as n function 
of but this is not possible For most models. The best that 
can be done is to calculate fftr) and S separately as functions 
of j-., and pint one against thr other. The results needed are 
the expression* for a as n function of :■ in T^hle 10.1. and the 
pressions for a as a function of V in Table ID.l . and the 
results oI Sections 1.4 to 2.t reproduced below: 


of- • xfS) „ W(l-r HM] 



f IK56) 


and 



V'. I'*!* ^ C) ■ 


* 


F 


fit.57) 


I -2xt V2 fMSRl, n/^/d-l .5 j) 2 (EC) 


where the notation 




(11,561 
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ins? been introduced. It is convenient to rewrite eqns ui.34) 
and (11.35) in terms of x and 4 : ■ / / D : ns 

L It u 

ms) * | ff 2 (! +? 3 ff^tlar, (11.39) 

0 


s 


A/ («„]' 


2 * 


■ 11.4 11 I 


The calculation is now straighr forwjrd except possibly 
for the evaluation of the integral. For instance, if onr is 
interested in the steady-state model and a classical theory of 
light propagation, Table 10.3 with eon (11.3 m (S) gives 


a = it/a - f, t L - x L (SCI 


and so L - qn*s 111.59) and ill.lti) become rpspectively, using 


eqn (11.37) (5], 

»£S) - iTt(e! u j J f r 2 (l-i)^ 


4nt^P H l ff 0 |-j*T 


X L*L 


(SC) 

(11.41) 


and 

4/(et H ) 2 

S * -J-T (SC). (11.42) 

(l + * £ ) X L 

The resulting. graph is shorn in Mr. M.J, Corresponding 
graphs for models SSR i an d f r r are also shown in figs 

11.4 and 11.5 and some of the underlying mathematics is dis¬ 
cussed in Problem 11.2, 

All curves shown have a negative slope simply because the 
number of sources damn to brightness j has been plotted, nnd 
this number must decrease as S is increased * There are two 
main effects which displace the curves shown relotive to the 
line X " S~' ~ appropriate to the static universe. The first 
is that expansion weakens the apparent brightness of any given 
source * and this displaces the curves to the left* Further¬ 
more this effect increases with distance snd this result* in 
ihe curvature shown., The second effect explains the 
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dit'feien lq between the steady-state curvet alyu those for the 
big-bang models* It is this: ns one observes lower apparent 
brightnesses, one is observing earlier states of the universe p 
which correspond in big-bang models to higher densities* The 
curves for the big-hang models are therefore expected to lie 
above the corresponding tune for the steady-state model. 

The general relativistic calculation of source counts 
differs from the foregoing because the photon travel time is 
no longer rfe , and also because in non *Euc1idean space the 
volume between distances r and r * dr differs from the Eucli¬ 
dean value 4rar 2 dp. In terms of the dimensionless distance 
coordinate the number of sources observed at coordinates 
between & and e * d.j is [3J 

d* - ^ d % til.43] 

E E y'U-fe® 3 



KtC. 11.4 tf umber #{$) of GtiurceH with apparent brightness greater than , 
accord mg to classical optics using eqns Lil.41) and 111 ^ J - i and ihr 
results of Problem 
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lOR m \$\ 

FIG- 11,5 uaber K{5} af source* with apparent brightness greater than 
according Co special relativistic optics using the results af Problem 
11 . 2 . 


where £ R is the time ot emission from a source which Is ob¬ 
served at coordinate an d has been re-named A 1 1) to make 
the time dependence explicit. The time r R and the coorsiinate 
.> are* of course* related by the photon travel time eqns 
(10*41) 3nd (10.40): 






d*[ _ 

/U'ftr» r ri 


(11.44) 


In the context’of a source count, the time of observation 
t & can be regarded as constant„ Thus a change from r to 
b + da involves a change from to t { * &t R „ where 

" 0 ft*do 


CT 



frrr 


i 


d ii > 


rii.4S) 
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Subtracting eqn ( 11 . 45 ) from eqn [ 11 . 44 ] gives 

fldt E , *1 

Htuf using this to change the variable in cqtt [11 + 43] from e to 
t gives the* simpler result 


d.V = In off 2 {* E Jff(t E J« J dt E 


[11.46] 


where .- must nov be regarded an a function of f £ determined by 
eqn [11.44 ) . 

The source count iuTj is now obtained by integrating eqn 
[11*46] from the present time l 0 bscV to a limiting time t ] 
irfhlch is the time corresponding to an apparent hrightness S* 
The steady-state model has V | t f 1 ■ iV flt and so 

r, p 

S{$] * *iu* 0 j S 2 {i E )ji 2 di E (SGR). [11.47] 


fn the Milne and Einstein^d* Sitter models* as fuming no crea¬ 
tion or destruction of sources during the interval of cosmic 
time ( tj T t o J , one has instead t^] ) 3 from 

eqn (2.1b), and ^o 


ttl$] 


4n£?tf 


I* 

! V ] ffirrr 


(MGR, EGRJ 


(1] .48] 


The corresponding Limiting value of 5 is found from eqn 
[10.4&] as 


S 


_ A _ 

* J u 0 m+* t ) a *J 


(ii.«i 


where a { > s are values of ?, : corresponding to the time t . 

The calculation for each model can now proceed using the 
relations between *, r p F, and ■^ derived in Section LI.2. 

For the Milne model we hove from eqns |t1.IS)(11.20), and 
the relation * t that 
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j9(f.) - <?t P ; ff 


[tjty -1 

-W^r- 


; 1 * 


' H 


. [ 11.50) 


Substituting the first two of these in eqn ( 11 - 48 ) with 

5f ?H ' l \ At l 


t„ - t H gives 


Tf n riv^pj - M 

ffW) ■ { { 2 ^/tJ ) 5q fU 6lJ 


A change of variable lo # * * fc l^ £ H ccmveTts to 

*{S) - !»,,!**„)* ^ 

»L 


n# Q {et H ) 3 j rif 5 -V 3 *|r> 


■ * 2 i«g 0 fs L ) + o.sa*tJ}> 

and if we def ine w ■ lfy~ = u L * l/»“ * L )' - . 

this reduces to 

m = «V*V s {tt - - jy* til-S3) 

the limiting value: o£ is found fron eqn 111.491. Not ice 
that from eqn fll.SO), = ex^ = ot H ond also 

U+*)« - \ re H /i E )^l}/3 = ' 1)/21 


SO that 


£ * -^^ [rtdRj. (! 1 -S 3 ) 

fct H r (y L -ir 


Equations (11.51, 5-3j are equivalent to ,v[s) in problem ill-2) 
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with the replacement * t - 1/f 1 -2ai L .j. The calculations of )l[S) 
anJ s for the models SGR and EGTt are equally straightforward; 
the results are given in Problems 11,3 and u.4 and the graphs 
for all three models are shown in Fig. 11,6. The qualitative 
features of these curves have already been discussed in connec¬ 
tion with Figs 11. i and IKS 



4-N “ 
I! X 


Mil a I i a L I 1 . 
114 1! 0-4 J-0 I 4 

N* IS) 


_ 

2-t) 2-4 


FIG. II,#. tf[S) of sourceis with apparent brightness greater than 

5, according to genera] relativistic tiptits using eqns 111 - 5 2 i and [H,S3| 
Mid tbs result * Of Problems J ] .3 ,ifid i J .4. TTic dashed cune re Elites to 
a radio apparent brightneai j , ussuraing a spectral irwfes a-" 1 , not to .i 
boleittcLiMc apparent brightness 

The (lotted curve represents a source count Tor the &GR 
model in. which the apparent nadf* brightness is considered 
rather than the ho J orne i r U brightness assuming a spectral 
index of 0.7. It can be derived from the corresponding curve 
For s as follows. By eqns [Hi.£2) and i 10,24) the ratio E^fs 
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for a source with spectral index 0.7 ami red-shift n_ is 

V s ■ tv*)u*V °‘ 3 ■ 

Now rfffi) * calculated from eqn flK4£J or (11.49) , Is simply 
the number of sources observed at red-shifts up to r; . „ and can 
equally well be denoted by fllsj. The procedure for convert • 
ing a graph of iV ( S ) against S into a graph of vf S^) against s 
is therefore simple: multiply each value of E by 
[A^/A} tl*.=r ; ) D ' V. Since I he graph shown is logarithmic and we 
are interested only in its shape * the constant factor A cun 
he ignored p and this has been done in the figure. 

It is now possible to compare the theoretical source 
counts with observation. The theoretical curves all have 
slopes which are le^s than the value (-1.5) fur the .straight 
line ffts] ® However* the observed source counts HI 

lead to curves which arc generally a tan per than this line* 

with slopes of about HK6K The discrepancy is so large that 
it almost forces the conclusion that evolutionary affects are 
important, in the sense that either the intrinsic brightness 
of radio sources changes with time or their space density 
changes with time in u way different from that allowed for 
hy eqns ill. 40] at (11.49), Since the steady state theory 
cannot allow either form of evolution* the source counts are 
generally considered c.o he strong evidence .igafcnst that theory. 
It is also clear that the source counts cannot he used t.n 
decide hot ween Friedmann models until evolutionary effect? are 
wel1 understood* 

1U, HOW DARK IS THE MIGHT SIT? DLEERS 1 PARADOX 

fa } s rta r ■: r & r. i4 <?n 

The preceding two sections discussed observations which can 
be made only using a fairly large optical or radio telescope. 
Mo instruments* at sH arc 3 needed > however* to make the obser¬ 
vation that the sky is dnrk at night" The surprising fact 
that this rules out some otherwise possible models of the 
universe w&s pointed out by de Choseaux [S| in 1744 and inde¬ 
pendent Ty by 0)her? |n] in 1A2&. The result is now commonly 
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known a5 the Ribera 1 paradox [7j. 

The paradox arises when one considers a universe which 
is 

£11 infinite in extent; 

(li] uniform in space - the mean density of galaxies in 
space does not vary with distance; 

Uii] static there are no systematic motions pf the galax¬ 
ies, also the mean brightness of galaxies does dot 
alter with time; 
fir) infinitely old. 

Such a model universe* differs from any commonly accepted to¬ 
day in having, by property jiiino overall expansion. 

Property ( ivj in conjunction with (H i} is also ruled out by 
the conservation pf energy w since it implies that each galaxy 
has emitted an infinite amount of energy in the past, In 
fibers 1 tifltc p however, the first three properties at least 
aoenied p li -iusufil e and were quite widely accepted, with the word 
T star r replacing galaxy', The fact that property fiv) is 
essential to the paradox wjis not noted explicitly by tubers. 

\ non -mathematical statement of the paradox can be given 
ast follows. Since stars are of finite any straight 

Line drawn through an infinite space containing a uniform 
den .si tv of -stars must sooner or later intersect the surface of 
a utar. More precisely* i f is the probability that a line 
of length intersects the surface of at least one star |p is 
certainly not iero if L Is much greater than the average dis¬ 
tance- between stars) then the probability that a line of 
length does not intersect the surface of any star ls il-p) n t 
and tends to :ero as n - Thus a line of sight* drawn in 
any direction from an observe r k must end on the surface of a 
star. Since the apparent brightness af a Luminous surface ,rt 
rest does not vary with distance, the sky should appear in -ill 
directions as bright as che surface of a typical star. 

The paradox can be resolved in several ways. Evidently a 
finite universe ilacking property (111, or one in which the 
density of star* or galaxies decreases rapidly with distance 
from the observer flacking property can avoid the prob¬ 

lem. So can a universe infinite in extent but finite in age 


^ Li 4 
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(l*e. lacking property (lv)J* since if the stars were all 
treated a time •- ago no star at a d i stant._■ greater than 
can nth he seen. However, the resolution of the problem which 
is currently of most interest is that which discards property 
{HI} and replaces the static universe by an expanding one* 

The expansion introduces throe effects: ml the light from, 
each galaxy is weakened by the red--shift and aberration fac¬ 
tors and (10*15]* lb) the apparent density of galaxies 

jn space is Increased by the factor (10 * £ &). and [c] the true 
density of galaxies in space at large distances is increased 
since they are observed at timer, earlier und nearer the start 
of the expansion than the present. Since mi decreases the 
tight received fron distant sources while (foj and i c) increase 
it f a more detailed calculation Is needed to find whether. In 
a particular expanding model universe t the paradox is in fact 
resolved, 

i h} Quanti tut f n■ d ie ■- u cs4 i n n 

The detailed calculation cun maker use of the thecrv Of source 
counts in rhe following way. If one writes the number of 
sources with in a sphere of radius* j formally 



0 


then the total Energy received by a unit area at 0 from these 
sources is 



0 


where s is the average bolometric apparent brightness of the 
(4#/dm)ii3* sources between r add t* + d**. (The unit area must 
be nrranged so as to accept energy from all directions* i,e. 
it must he a sphere -of unit cross-seel ion - I The total energy 
received from fill sources is obtained simply hy making + **■ 
[if no horizon exists) or * * r h (if a horizon exists at 1 ^)* 
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One thus has t]it? following recipe: to convert an expression of 
the tvpo (11.34 1 for a source count JV \S) into an expression 
for the total energy t incident on unit area, multiply the 
integrand by S and extend the upper limit of integration Ip 
the horizon. The reader should satisfy himself that Che same 
procedure is reasonable for the general relativistic expres- 
sions (11-47) and (11,4B}, except that the lowr limit of 
Integra cion 15 extended to tj. = (l (for MGR p UGH r or to = -- 
(for SGR)* The relevant expression for 6" is of course A/d r . , 
with i f given by eqn Ufl* 21 ) or eqn (10.4S) depending on the 
theory of light propagation in use, and with ■' taken to he an 
average value of intrinsic brightness* 

In a universe satisfying the conditions fi) to (iv) p and 

2 . ? 

also having flat ^hce? , one has E * Afy and dv/d t 3 , 

There is also no horizon* so that the total energy i is eqn 
(11.54J with i* r ■ “ f or 



Eqns {11.54) and [11.55) overestimate by neglecting 
the fact that some fraction of the light from starts at dis¬ 
tance r will he intercepted by nearer stars and prevented, from 
reaching the observer. Allowance tor this effect can he made 
by multiplying the Integrand of each equation by a correction 
ficmr [1 -/ K £>ne would expect that / will he small for 
^rnall r and approach unity For large r, so that the ef fect of 
the correction on eqn [11- 55J will he to impose a 1 cut -off f at 
some large hut finite r + and so mate E for the infinite static 
universe finite rather than infinite. The correction is less 
important for the expanding universe models discussed below, 
and will m fact be neglected. This is justifiable because 
most Of the light in such made Is comes from distances less than 
or oJ the order of -t fc|i both because of the existence of hori¬ 
zons in some models and because in any case the red-shift and 
aberration factors of Table 10.1 reduce the apparent bright¬ 
ness of more distant sources, 

be can estimate f^ as follows. A cylinder of cross- 
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sectional area X and length r p stretching from the observer to 
a star S P will Pit average contain a number n * tfdr oJ stars, 
being the average number density of stars in the universe. 
The probability that any one of these stars will eclipse 5 is 
{a/A) w a being the typical cross-section of n star. The 
probability that npnc of the n stars will eclipse £ is there¬ 
fore 1-/ = (l-a/4)" - l ■ na/A f so that f *- rta/A * Jfaj*, The 

^ _ 1 2 r ~ j t 

estimates If «* 10 stirs per cubic light year and u ~ 10 

_ 7C 

square light years then lead to /"^ — It) ‘ r . Since is 
about 2 k ID 111 light years, it follows that for 

r < o£ u , / can therefore be neglected in expanding universe 
models. A similar calculation involving galaxies rather than 
stars would greatly overestimate f pt because the outer layers 
of galaxies are transparent+ The corresponding numbers for 
such a calculation are # «■ A p 10’" 3 and a —■ t"0 9 , leading to 
< 10" 1 for r < ae r 

Note that a universe which satisfied fli] to (iv) in flat 
spate, but was a finite sphere of radius r y centred on the 
observer, would give 


u 


E * 4tU^ u J dr * 4iml#^P u 
0 


We can therefore define„ for any model universe, an equivalent 
radius rlequiv,] p which is the radius oi a finite uniform 
Static universe which would have the same value of ■ * by 


(■ ( dquiv * ) ■ g’/flutflflT 


( 11.501 


To illustrate the calculation of consider first the 
steady-state model with classical optics. The source count 
integral is, from eqn [11.41), 



0 


with x • vf& - r*/c? j- (| in the steady-state model. Our recipe 
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requires us to multiply tbs integrand by 


m 


S * -^2--j 

[see eqn U1 + 4JJ] and i ntogratu out to this horizon. In das 
sical optics the horizon is At infinity* so the result Is 


E 


H 


4lM ' J 0 O1C H 


r 

o 

r 


f ..t 1 **) 

-r*£l+*) 


4 


dr 


(SC) 


dj 

! I ‘J: 1 


ZrUiVgOt 


}|" 


(31.57) 


In tersii of the equivalent radius of eqn (11.56), this gives 


F(equiv.j =* (1*5 (SC) (11.5ft) 

As h second illustration, consider the Millie model with 
general relativistic optics. The source-count integral 
(11.51) must have its integrand multiplied by s ami the lower 
limit of integration must be zero. From eqns (10.45) and 
ill .5(11, and using also that H i r 0 > « ot H for the Milne model, 
we find 

s = _ a * a _ # 


Multiplying the integrand of eiqn (Hi 51) by this and 
t L - D gives 


f h H df p 

‘ * n V*H J T7 = '^V*# 


i, rzcv^ir -I 


f‘ H 






setting 

t t dt E 

(V 7 

(11.59) 


with a corresponding equivalent radius 
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rjeauiv.) = tf.S ot H - (NCR) (11*60) 

Similar results can be calculated for orheT irotlel>, and 
the results fire shown in Table 11.3* details of the calcula¬ 
tion being. discussed in Problems 11,5—11.7« Model Q5R has 
been excluded from the table T as- it from the discussion of 

source counts, because of the difficulty of evaluating rbe 
correction discussed ftt the end of Faction lr\6. 


TABLE LUJ 

SquimUnt radii of mud* i imivrtftfua 




Theories of light propagation 

Classical S P Dcial 

relativity relativ3t> 


Steady-state 

DiS 

0.1576 

0*25 

Cosmological 
model 

Milne 

glrtSte Lo¬ 
de Sitter 

1,0 

0.5 

0.5 

0.5 

IM 


The Table shows equivalent radii rfcqmv.J* related to the tttlil energy 
Incident from the nisjht sty by eL|n C U-56j, in tin it* OF 

11-5. THE LUMINOSITY DISTANCE AS A POWER SERIES IN THE RED- 
SHIFT 

The preceding three ±eclions have given exact results for 
three particularly simple cosmological models. When one con¬ 
siders more complicated models it is usually necessary either 
to analyse the problem numerically, for particular values of 
the parameters, or to s^efc an approximate method of Hojuiiion, 
One such approximate method involves the expansion of the 
scale factor ,?{t p ] as a power series in the photon travel Time 
or r tim* Of High! 1 defined as 

- V fll-61) 

Such an expansion is roost accurate for nearby objects which 
have short photon travel times. It is therefore particularly 
appropriate for calculating the Luminosity distance d Lt which 
Itself is most accurately known for naahy objects, The present 
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sect ion uses the power series approach to exam me the relation 
between d and the red-shift n , In this context the notation 

** ii 

»(j- 1 ^ I * meaning 'terms containing j- and higher powers of x 1 is 
useful, Also the symbol ** will be used to indicate that 
powers of j or higher Thun those exp He iriy given are 
neglected, 

The starting points nre the express ions (10.45) for □ 
and [I0.JM) For d, . Expanding fitful as a Taylor series about 
the present time t Q gives. 


*<*p) = *to * 


dfl 

3t 


( c E - : o ] * '* 




dt * 


<vv' 


tn. 62 ) 


From eqns [4,19) and (4,22) it follows that 

4 2 

- *nd - 

t 


dA 

J7 


€ 

dt' 


VVtV' tn.633 


Substituting these results and eqn [11.61] into eqn (1T*01) 
gives 

Afi t ) - [11-643 

and if one introduces a new variable 


x * 


fl 0 t f • 




this la equivalent to 

“ K (11.66) 


and so by eqfl 116.45) to 

Aft,,) , . 

1 + 3 = 1 • 


ill.67) 


It is now necessary to decide what Level of accuracy is 
needed. We already know From Section 1 1.2 that d. — 
small a* A significant improvement on this will involve the 
second power of a 3 rtd be of the for® d, ~ Jt^a(l + EL r + ,,,), We 
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therefore need to retain terms m x £ or equivalently in 
and shall neglect higher powers. Using the general result 
C3--y) 1 * 1 * y 4 + *** in sqn (It.&71 gives 

* - {*♦>* „* 2 ) * l**^* 2 ) 2 * 

"■ - + (l +, Jtf Q )* 2 . ( 1 I. 6 B) 

+ 

This result can he inverted to give 

3! * a - 

Since eqli ( 10 , 44 ) involves the coordinate .t p we nos* need 
a relation between s and jr or a* The starting point here is 
eqn ( 11 . 44 }. The right-hand side of this equation can be 
approximated as 

/£•) - d*' 

0 

» «■)*♦... | d*‘ 

0 

fe.J 3 

■ s *ij- + • iM 0(0 , (11.70) 

sp that /(a) ^ & if powers higher than a* ar* neglected. Also, 
tf we define 


* p * - EV t,/£ H (11*71) 


then replacing t £ by i and hence x hy x * in eq,n [H.b«) gives 


I 

flTty 




J l+:r 


(!+<*„) I*')*♦ 


I 


]f a 


b * (a-&3*“ * 


T 2 2 2 
. .. h and if ^ ■ a - Hn" * ... then & = 1 ' 

which is correct up to terms \n A* if 0 ■ ll , 


+ * p 
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in 


so that the le£t> hand side of equ I 11,44 1 is 


J “srn " "« fror- *<• 


^4y 


tut 


Combining this with eqn (ll-’Gj gives 

* * 


and substituting this 3 ti eqn i ] ] .44 I gives 

2 


d L = * *| 

- c t M tl*.){a-U*hq 0 )a 2 ^<?tJ«^} twsins eqn [11.69)) 


« ert^ff 11+0, S [l - 


( 11 , 72 ] 


This is the required power series for d r m function af 
I* By comparing it with observations it is possible to esti¬ 
mate both the Nubble parameter E ^ * 1/t^ and the decs I oration 
parameter q (r and this, is one of the better ways of e>t limit¬ 
ing those quantities. 

The accuracy of the estimate of q Q can be improved by 
making allowances for the evolution in brightness of sources. 
Define an evolutionary parameter which is re la tod to the 
rate of change of the intrinsic brightness 4 of a source by 


a 

* 


1 Ua 


U1-75J 


where & u is the present intrinsic brightness. Then the in¬ 
trinsic brightness at the time of observation rs 
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J(t £ ) > Att D ) * 


iA 

37 


... 


dn 

37 


rn.T*) 


where eqns I'll, 61) and ill, 65) have been Used, Np* the appjj 
rent brightness S of the source must satisfy 

4Ctg] ^ & 0 

-5~ ” s “ — 

v 


where i r the luminosity distance which would be inferred 
From the apparent brightness vtih&ui allowing for evolution. 
Hence 


d * = W^V 1 ^ ’ d L ll- %X ,O ix 2 V^ 

" rf- L I ) f 

- d L {l+a.5a c A+0(i 2 }) (11,75) 

whjth with eqn [11.72) Implies 

d* * dt H .n+O.S[l^-^ & ]nK tn,?e) 

One weiy of cjpffS^ing thi si result is tp say that evolu¬ 
tion replaced by an apparsni deceleration pWMOtet 

*0* * " V [11*77] 

Estimates of a vary considerably. G-ott ct al* [H] consider 
it to lie in the range from -0.4 to -K2 t which combined with 
Santiago 1 * estimate [91 i| flfl * 1-fl - 1 leads to -1.2 < 1 < -3 *h , 
the more recent estimate [If 1 ! t 0.5" suggests a 

negative value of r implying hv eqn 14.2 4 > a positive value* 
of the cosTTJologicq 1 Constant k. This conclusion was also 
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readied in a more detailed discussion by Gunn and Tinsley [II j 
but rtnjst Sae regarded as tentative. 

ll.fi. HORIZONS ASD ANGULAR PIASTERS 1 N GENERAL RELATIVISTIC 
MODELS 

In d i 3 cussing the existence of a horlton in a GR universe one 
has to specify which bchsutc of distance is to be u,sed, For 
instance f one could asfc either 
U) Which sources observable at the present time have the 
greatest value of the dimensionless distance coordinate 
*? 
or 

iiil Which of these source* had the greatest distance r at 
the tine of emission of the light now being observed? 
Since by eqn (10,57] de/d£ <0 for all the relevant 
photons, the greatest possible value of e is found by going to 
the earliest possible time of emission -to t £ = D for models 
MGR p EGR and to = ’« for model 5GR. One then finds from 
Eqns (11*10) * [H,lS) t and [11.19) that the greatest value of 
& is 


ff 


man 


«> ISCR) 
™ [MGR) 

i mm 


[11,TB) 


and corresponds in e-teh case to an infinite red-shift* Thus 
only the Einstein—de Sitter model has a definite horizon in 
the sense oi question li) r The s>.m proper distance of a. 
source on this liori son Is found from eqns (10.61) and (54,14 ) 
to be 


*W —- 3pt o - **■ «»»»■ 

Weinberg [15] gives results generalizing eqn i 11.79) to dif¬ 
ferent (X * 0] model universes. 

The greatest value of i, on the other hand* is not nece>- 
£31 i ly found ;it the earliest Lime, since eqn llU.3fO shows 
that df/dt need not be negative the motion of a photon to- 
u.1 rd b the observer may he more than balanced by the overall 
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expansion of th* naiverae, We ansi therefore consider each 
model ih detail* For model SGR it follows from eqns (11.8}, 
ill. 10] , and (11,11) that 


T ■ fl(frg)a - fl^fl-eipfStg) \ - Dt^a/tl+aJ [SCR]. 

Similarly from eqns [11.15), (11.15), and (11.l&l 
t 2/3 t 

" - W(tj) if} ' ^{pttp^jtt} ' bct > 

and fTQPs eqns (11, 18) to 111 , 1 $) 



ni*eoi 


(11.0.1 ] 


111.BZ1 


Inspection of these results shows that fnr models 5GP and MGE 
the greatest distance does- correspond to an infinite red-shifty 
the values being 


^ r« H tsm 

Pmo * U.S*e H (MGR). ( 11 . 83 ) 

Fur model JiGR. on tin other hand, an infinite red-shift corres¬ 
ponds to p = 0. Tht greatest valut* of r is Found -hi a red- 
shift such that dr /da = n, and is 

8ot H 

••... --17 s (ECI, >' 

corresponding to j red-shift n = 1,25 and to a time of rmi?. - 
sion t E = t 0 /[2.2S) i/2 * ft fl /27. 

The kay in Which model EGR differs froia SGR and MGR can 
he seen more clearly From Tig, 1 1 ,7 „ which is based cm eqns 
f i 1 + &01 to U 1 . ft? ) . Pecanse gravity is the dDminnnr force in 
model the recessional velocity ■ fir of every galaxy Is 

very high soon after the Ftart of the expansion, rind so pilot on 5 
emitted at early times, at First traverse regions in which 
Iir > ^ and nre 'swept 1 away from the observer, they can reach 
the observer only when the rate of expansion has slowed down 
sufficiently. In models SGR anil M(lR p on the other hand, the 
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velocities of »IS £Ma*ie ;a hi-l- constant or decrease as one net:- 
further hack in time, 50 no 'sweeping 1 of photons occurs. 




Fl'i II " iree photon props gat im (solid lines) to reach the observer 
at Ap.an.ij mutmn of galaxies ritosfrod lln-fislpfor three ^neml relut i vlstlcr 
c 13 s.r:i -1 1 l-.l j model &- .11 Steady-:-tate; the present tine has been t alien as 

:-fu. hi Mj Ine, a ptturnn emitted .-it rhr big bang is shown. 
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(cl 



FIG. LI r 7{c| Einsttiit—de Sitter: cl photon emitted at the biR banR is shown. 


Because the angular diameter of a source at distance r is 
6 - 5/p, being the true diameter, eqn [11,01} implies that a 
set of identical sources at different distances in an EGR uni¬ 
verse will aU have apparent angular diameters greater than or 
equal to a limiting value 



furthermore p the limiting value 6 ffjn occurs not at infinite 
red-shift but at a s 1.2S* Less than many observed red-shifts. 
In fact ail Friedmann models with q>o have such a limit for 
given £ [13]* Thus observations of angular diameter as a 
function of red-shift or luminosity distance can provide evi¬ 
dence to distinguish between cosmologies] models* 

Some recent measurement s 1141 suggest that ; - (3.3 i d.Zp 

thus apparently ruling out the steady - state- model ns discussed 
in this book. 
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PROBLEMS 


Ul + 1) Using eqns 111.1) to i 1 L . 31 „ verify the First two row* 
of Table 11.2, 


UK 


2} Pi mens ion less radio source counts and apparent bright- 
nr -^5 are defined by 


r* 




Jri,V n fot^) 


3 * 


S' 




Using eqns (13.36) to (11,16) verify tbtf Following^ 
For model MC, 


A* 



and 5 ' 


Far model HSR T 


V 




It 


and S r 



Lot model 55 R, 


A" 




iLr and S r - 



l11.3J With the notation of the previous question and eqns 
i11,8) to [11.11) and i11,471 show that for model SGR r 

rr rn l -4 ** 1.5 * tn(tf) and S' - - w 

* Zu 1 ^(#- 1 ) 

with a ■ expt-fft L ). 

1.11,4) Using eqns ill. 13) to [11. IS) find (11,4B) show that 
for model EIGR* 

2 

*’ ■ *" d s ' ■ {rtr^r} 

.uh , L . (t t /t 0 ) ,/3 . 
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(11*5) Verify the entries In Table 11.5 for models -MC and EC + 
using eqns (11,36) to (11 + 30) and noting that the great¬ 
est observable distances in these models are at^ (MCI and 

2£?ir../3 (EC) , corresponding in each case to infinite ve-lo- 

ri 

cities of recession, 

U1+ 6) Verify the entries in Table 11.3 for models SSR and 
MSR, using Cqns [11.56) to f11*38) and the horizon dis¬ 
tances of eqn (10.30)- Mote that 

\ l dj * 0.2876. 

0 

(11.7) Verify the entries in Table 11-3 for mode Ls SCR and 
HGR- 
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EfFccss or' ;l special relativistic iheory nf hghl pmpsgutiuri 


AK THE LORFNTZ TRANSFORMATION 

Jn this Appendix the special relativistic results required in 
Section 10 P o are established. 

Suppose that an observer 0 P at rest relative to the 
centre of our galaxy, and an observer 0 r at Test relative to 
The centre of a galaxy G, measure the position and rime of an 
event t. Suppose also that they agree to choose Cartesian 
coordinate systems S and S r such that correspondin g axes in 
the tkc !rvsterns are parallel „ and that is receding from 0 
along the r axis of S with a constant speed ;= , as in fig. A,l* 



F T E l. A. J Relation btiweth reference- frames in relativistic rant ion, nt 
time : in frame 


Suppose final It that the observers agreed to synchronize their 
clocks to rend zero at the instant when the two sets of axes 
coincided. Fhen Newtonian ideas of the nature of space and 
time lend to the following relations 


* x - vt 

- y 


3 ' = 1 


fi 1 * l 


CA -1) 


where .c, j/ „ s are the space coordinates and t the time of any 
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evt nt E , mbsi^urtti by Q, and x\ y*, s', r- r arc corresponding 
quantities measured by 0 r . 

It is a Consequence of (A,I] that the velocity of 
moving object or signal depends on the reference frame in 
which it is measured* In particular, a signal propagating 
with speed <? relative to 0 along the s'-ns is will satisfy 
jf ■ c?c + y * a B 0 * and it follows from (A-1] that 
x p » [*-y)t r * j q1 ^ * 0, so that the signal propagates 

with speed i r—v'i relative to 0\ There is, however, strong 
experimental evidence that the speed of light in vecumft is the 
SflBie relative to all observer;;. If one accepts this constancy 
of thy speed of light an n^ioin* and looks for the simplest 
possible equivalent of (A*!) which will satisfy the -axiom, one 
finds the /.fl-renEs transformation : 


£* * [3(x-Vtl 

*r 1 * jf with i ■ (I-o"/-?*] " s 



fA-21 


It is easy to verify that x - at implies x* ■ at 1 and con¬ 
versely, so that a signal travelling along the x-axls with 
speed l? in one frame also has speed a in the other frame. It 
follows from iA.17) below that the same is true for a signal 
travelling in a general direction. 

The replacement of [A.l] by the Lorent z transformation 
fA.2) has far - reaching consequences for classical physics. In 
this Appendix we confine ourselves to discussing effects of 
d y rect relevance to observational cosmology as discussed in 
this book. 


A + 2. TIME DILAT I OH AND THE RED-SKI FT 

Suppose that n light source at rest in S' emits light pulses 
which are seen by both observers* Let the events E 1 , be 
the emission of two such pulses, and let the time interval 
between them, measured by 0 1 , be Ar' £ , According to classical 
physics the light pulses are seen by O at times separated by a 
time interval f because of Ehe classical red-shift 
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o£ eqn (10.4), but O can allow for this red-shift And infer 
that the time interval between k } and was At ^ = at ^/(1 + u/j], 
The Inferred A:, would then he equal to At 1 ^ by (A.l). tn 
special relativity * however, this At. ^ is still 5 time interval 
in Q's reference frame 5, and the Loreotz transformation -must 
ha usL-d to relate it to the time Interval in $*. Neglect ine, 
the Eind a coordinates, the coordinates of end F., in S f 
can he written O' , f \) and {x r t t f * At * £ ) respectively* If 
the coordinates in 5 are £x + t _1 and (r + Ax, f * Atg), then 
I A - 2. | gives 

x 1 * ■ &(x+Ax -u(t+Atg))j 

t « . = &^t + At E -“(s+Ar>^ 


whence 


Ax » tfA: E 


and 

“' B -K a v-V*) ‘ 

ip- it 

Recalling the definition af & tn fA.2), this can flniiily be 
written 


At' E - (I-K*/e a lV E - At E /0; At E - &at' E . fA.3J 

Although time intervals are thus seen to be relative to 
the state of motion of an observer fc the interval At r E has a 
special importance in that it is measured by an observer for 
whom tho Two events coincide tn space, Thus a clock located 
at the point in S* where F.j and E, occur will actually register 
& time interval At ’ £ extending from E | to E,* On the other 
hesnd. there is no clonk anywhere which directly registers the 
time interval this turns interval Is inferred by 0 From 

more complicated observations„ For this reason At f E is called 
a prapor time interval- The fact that y as known as 
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the dilativn effect. and can bv described in general as 

fol laws-1 

Ef ti | and h, ara events In the history of an object 
the time interval between them, in n reference frame in 
which the object is moving with speed & w is greater by 
the factor 3 than the proper tiuiic interval between them. 
One consequence of this. U explored Ip Problem A,1 . To 
discuss the red-shift we return to equation (A-3 . and nor e 
that if B x and E n are emissions of successive wsvecr*-ts of 
L ight, the proper frequency of etuis* ion is V 1 ! a I/A^ 1 , , and 
the ppopar frequency of Arrival is - 1/fit^. Hence the 

definition tin *25 of the tad shift must he rep]need by 


1 



M.4) 


Combining eqns i'lC.J) and (4,31 and (A.4), we find 

if E A ‘ E ^ 

and after some algebra 


(A.S] 


fA.<0 


thus confirming eqn !10.29) in Section 10.6. The arguments 
leading to eqns (Id. 7} and I HI. 13) ,. and those equations them¬ 
selves, remain valid, with u replaced! hy y' and fit hy fit' 

t t t r 

throughout. For example* 


is an equation which holds In classical and special relativis¬ 
tic optics, 

A* 3 - THE UQRENTZ-FlTZCEhALD CONTRACT lOH \ND THE HERS 1 TV 
TRANSFORMATION 

Suppose that a thin rod, parallel to the j-axis, is at rest in 
£* with one end at the origin of S f * Then the .r-coordinates of 
the ends of the rod in S p wil l be j? H i ■ ft and i L * at all 
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tints, where L r is the length of the red measured in S*+ t : 0 r 

Obvious reasons L r is called the proper length of the rod, fly 
the first equation of [A.Z) t these result 5 imply = e£ and 
z, * vs * i r /B for the *■coord 1 nates pf the ends at a nmc t 
in S. Thus if 0 measures the positions of both ends at the 
-ami? time in his reference frame S f the distance between these 
positions will he L*/B, and he will regard this as e valid 
measurement of the length L . Thus we have the result 


4- * L r /B 


[A. 7] 


which is known as the Lorentz -■FLtsgerald contraction and can 
be generalised as follows: 

The length |measured in the direction of mot ion I of 
any object moving with speed v relative to the observer 
is loss by a factor B than the proper length of the ob¬ 
ject, Lengths perpendicular to the direction of motion 
arc the *ame as corresponding proper lengths. 

The application to the densi ty transformat ion Of Section 
SGo is clear. Regarding the galaxies G T as ends of a rod* 

ap of eqn i lb,27) corresponds to l. and the proper distance 
E- 

GG. = Ar 1 corresponds to the proper length L r , so that 
t 

dr r t - SAr^. The quantity of interest is now the ratio of the 
observed density A 1 to the proper density ■ n/ir ^6^ r * a 
Since the first half of eqn 1 10 ,27) remains valid* the argu¬ 
ment leading to eqn (10,28) can be replaced by 



4r' e Ar £ 
Ar _ Ar 



1 + a 


(A 8) 


where we have used I A. 5) and also Ay * 11 Ap T Ae * « As from 
(A.*). Thus eqfi 110. za j remains valid if one replaces .V^ by 
the proper density ff r f and uses the special relativistic es- 
pressiem iA,5) for n. This confirms a remark to this effect 
in Section 10.6. 


A, 4. VELOCITY AUDITION AND THE ABERRATION OF LIGEET 

If a particle moves with constant velocity In the r ■ jy plane 

of S, its space coordinates at time r In 5 will be 
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j; * (t mUiAt) r a - tf (i t [+ constant), a ■= # (A, 9) 


where w „ u, are components of the particle velocity in B. 

The constants here can always be reduced to zero by -a citftng? 
of origin, and we assume this to have been d quo in what fol¬ 
lows! Substitution of {A. ■?] Into fA*2) theti jj.ive$ the coordi^ 
nates in 5 P as 


a? 1 * 3(a—ujt, y' * y, i ' * 0 t t* 
from which one finds 



IAAQ) 


2* » i ^* s t\ if* " 1 


with 

w' * - 11 - 2~t «' • -T”* 

(1-vu /« ) ( 1 -ULf /<r"J 


[A.11) 


CA-12) 


Eqne (A,12) determine v r _ and w" , the velocity components of 
the moving particle in S' p as functions of its velocity compo¬ 
nents in 5. 

A similar argument holds if one considers a reference 
frame S M which is moving in the negative f--direction with 
speed i? relative to S. The Lorent: transfonaniion for this 
frame has u replaced by (-s], If one also considers the par¬ 
ticle referred to in (A,9) to move parallel to the ar-astis. so 
that - j and ■ 0* the result cot res ponding to (A* 12] is 

v? * - —^ (relativistic addition of velocities) (A.131 

(l+rnd/O 

compared to 

u" = u*v 1 Newtonian addition of velocities] (A,14] 

for the same situation in Newtonian theory. The crucial dif- 
ference is that in special relativity the result of adding two 
velocities less than e is itself less than a ; for instance 
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” = -j » D .fileads to tf 1 ' - 1. fjf [Newtonian) but to- j m = 

u.irclutivi n 11c). 

To discuss aberration we return to [A. 12) and support? 

That iHl* particle considered is a photon with a velocity 
making an angle & with the negative s -direction in 5 h and an 
angle ft 11 with the- negative r direction in S p . Since the speed 
of light is ? in ho t h reference frames* we have 

coy # P m C fill! ft (A.15) 


arid 


w * x = -a cos & F * 


4* sin &' 


I A.16) 


Using (A-151 in conjunction with lA.12) gives 


u- 


JF 


; ■/ cos &-!■■ i 

fl+T cob S/c +1 


1 


j s in & 

an*u cos ft/e) 


{A + 17 ) 


and it is now possible to verify that the speed of the photon 
in S r is a, by checking that (u ^ J " + N^l 3 - a"- Comparing 
(A.17) with [A 4 l6) gives 


CIOS &* 


COS & * vf 

1 + 0 COS a/f-’ 


sin & f 


sin ft 

0f]+i« cos ft/.?)’ 

tA.18) 


If 0 and a* are small p so that sin ft' - fl' f sin ft — ft and 
cos ft - 1* the second of these equation* reduces to 

B ' /a = fttl'ttfM ’ (n57?) 5 FS* (A1 

fly the argument of Section 10.3 based on Fig. 10,<, but with 
a E replaced by &\ we now conclude that the energy received 
pur unit area from a receding source must be multiplied by 
the aberration tactor 


f* 


- ( 


1 ■ tP/j? 

1 + utfo 



_ J 

(l*s> 2 


CA.2C) 


Thus f retains the classical red j shift dependence of (10.IS), 
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although its velocity dependence is different. From the un¬ 
changed *-dependence of f and f . it follows that the lumi- 
nos ity distance also retains the classical form f 10-11.] - Kc 
have therefore confirmed remarks made to this effect in Sec¬ 
tion Ki. &. 


A.5. DENSITY OF GALAXIES IN THU MILNE MODEL 
It is argued in Section 2.S that the* number density of a set 
of galaxies t at a time t after the Sturt of the expansion of 
the universe, is in the Milni: model equal to 

*<*> ■ ”o(nr) • 


Put if these galaxies arc receding fro® the observer, the 
question now arises in which reference frame the time t is to 
be measured* If an event & occurs at d time i in the obser¬ 
ver' s frame S* and at a time i 1 in the frame S r which moves 
with the particular galaxies under consideration, then by 
LA* 3) t T * i/6- L.^ote that this simple relationship holds for 
the Milne model because each galaxy moves with constant Velo¬ 
city, so that there is an associated inertial frame S' in 
which it is permanently at rest.) The cosmoLog Leal principle 
demands that the density of galaxies near any observer shall 
be a function only of proper time for that observer; therefore 
the relevant time is t* rather than t* Wo conclude that the 
true density of a set of ^alaxies* observed by light which 
left them at a time t %n £ , ¥ is 


**•» ■ ».(^ 5 • ■•£*)* - 


tA.ii) 


Sov eqns (2.14) and (2.15'j depend only on ^o^sureraenti in the 
frame 5 and therefore remain valid in Special relativity. It 
follows from eqns {2.1-1) and 12-151 that 



t 




y 

c 


(A.22) 


and so eqn [2.171 is to be replaced by 


APPENDIX A 


227 


v r = ,vro 





n+vfa \ * /7 
oilJ 



CA-23} 


wh(r c eqn [2.141 has again been used. This con fir ha eqn 
(10,12} of Section 10*0, 


PROBLEMS 

(A.1 • A spaceship leaves the Barth at t = 0 (in u reference 

from* S fixed in the Earth) and Moves with constant speed 
<j = 0 1 b lt relative to S for a period of 4 years as mea¬ 
sured by the spaceship 1 * clock. It then reverses i is. 
direction of motion instantaneously, keeping t he speed 
unchanged, and returns to Earth. During its flight U 
emits radio signal* at the end of every year of flight p 
a* measured by its clock* which are received by an obser¬ 
ver on the Earth, Assuming that (A.3) is valid during 
hath parts of the flight, 

(i) Find the ship's £ and t coordinates in reference 
Frame S at the time of emission o£ each signal, 
fiij Find the time of observation of each signal in 3* 
Verify that those times are consistent with 
Aiy/Afj. = 1 +b. if a is given by lA.fr) with 
r - *0. <h+ for signals emitted during the first 
part of the flight* and u » -D,6o for signals 
emitted during the second part* 

[ill] Verify that during the Flight ten years have 

elapsed on the Forth. while only tight year?; have 
elapsed on the ship. This Is an instance of the 
famous 'clock, paradox 1 . 

[The? time difference is greater for higher speeds. If 
;■ - ff.99.5e, the elapsed time for a return trip tu a star 
■ID light-years distant Is about SO years on Earth hut less 
than ft years on the ship,) 

(A,2) A light source G is moving with speed v in S* and its 
direction of motion makes an angle S with OG* 0 being an 
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observer fixed, in 5. Show that o^n (10*4) mu.m be re¬ 
placed by 



nnd that using [A, 3) and iA.4f gives For the red-shift 



Verify that Cor 6 ■ 0 this reduces to lA.ft'l, and 
that for d ■ ISO* it reduces to iA T ni with replaced by 
{■y). Show also that for a given speed u there is just 
one value of & which results in zero red-shlFr* and find 
this value for p * 1), Sr** 

CA - 3 3 It has been suggested that some quasars are objects 

ejected at high speed from nearby galaxles. Suppose that 
such objects* all having the ^nme intrinsic brightness* 

□ re ejected in different directions but with the .same 
speed From a galaxy at rest relative to our own, Jf the 
maximum red-shift observed is a * 2 H find 
til the speed of ejection, 

f u1 the maximum blue-shift, i.e. the largest r^ijatf su* 
Value Of a p 

fiii] the ratio of the mux i mum and m i n i mum apparent 

brightnesses, assuming ail the objects to he at 
essentially the same distances from the observer,, 
fit may be assumed that ati special relativistic result? 
of Tables 10.1 and 10. 1 remain valid for a light source 
approaching the observer, frith u replaced by l-u).J 
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The mass of n lyptcal stable particle, the number of hilK particles 
in the universe. and ccsirmtcgical coincidences 

\ tlute-dependent gravitational constant has been envisaged in 
Section 1.-2, and some further implications of It are pursued 
in this Appendix, where an attempt is nuidc to relate the 
typical mass of a stable elementary particle to cosmological 
quantities |lj. If iuch an attempt were successful in quanti- 
native detfii1, it won i d rep recent a profound advance in out 
understanding of bath the structure of matter and the nature 
of the universe* In fact only rough estimates are possible 
and they will be made on the basis of a clear set of assump¬ 
tions: : 

£ii Theories are considered which involve the fundament-a1 
parameters: frt&HCit's constant (ft) , the velocity of 
light in. uatfjio the gravitational constant ftf] and 

the Hubble parameter [h ], Their numerical values are 
assumed known. 

[ID H and <3 depend on time* but their ratio is Independent 
of time- This assumption is seme times cal Led the Dirac 
hypothesis, which he has taken up recently in an amen¬ 
ded form [?1„ 

fill) Particles whose bare rest mass is time independent will 
be identified with the main stable particles, 

A remark is in order on the origin of assumption (ii}« 
This arises from the following idea. The ratio of the ulec- 
trqstatie to the gravitations] forces between proton find elec™ 
troti is a Huge number 

-^L, - «« 

Gn m /p 

p e' 

l vt the ay T v Lif the universe - or more precisely the time since 
the last big-bang - be e. From the reciprocal of the present 
value of tho Hubble? constant it is ppproximately 

t ~ A'u'* - ID 17 S, 



2 3a m&toix a 

One then finds that t expressed in terras of an atonic unit of 
time such as & 2 /m ~ IP 1 "* 5 s is also of order IQ 411 1 m being 

the electron rest mass. An empirical relation results, of the 
type (other units of time and other masses can he chosen) 


Now the rough equality of two distinct huge dimensionless num¬ 
bers is perhaps no accident, but could he fundamental, and 
therefore valid at ail times. This Marge number hypothesis' 
implies a time-dependence of & such that 


eft) = 


as a k gunned in [11). 

We now start our argument by assuming that if a, B f v, a 
he unknown constants, then a typical mass in such a theory has 
the form 

[hV<r T o fi ] - [m: VV] a ir!' 0 l*‘hV 2 ]* f£r’ l j* 

where the dimensions of each factor have been written: down. 

The expression has to he of the dimensional form [«]. The ex¬ 
ponent of [Lj is zero and the exponent of [Ar] is urn tv if 

■ 

2{U*1) • 3 Y + fi = 0 i.e. 5 y ■ -fi-2 

so th.it 

rt =1»v-l * 2 „ 3 6 

ft 1 * Y i r ■ f 5 r 

The exponent of ? is zero if 

-fi- a ^fi+Z Y =rp* U+Yj * 2y = B ♦ 3y + 1 - S * I - 


It fallows that 



APPF.rtmj. r 


ft 


1 

5 ’ 5*- 


Combining these results 


m 


5 


h^V 




21 1 


I he masses which can occur in this theory are seen to be of 
the form 


nib) 


k(b) 


fl 3 * 

US 


7 


2 

G 


hn (j 


b/ 15 


CB.n 


whore b - 36 is an unidentified constant nnd HM is a diner? - 
ion less multiplier- In order to determine the time depen¬ 
dence of m (b ] + one can re-express the .■ dependences in tortus 
of a dependence on fi/G, which is independent of time* One is 
theta left with a time dependence given by 

m{b) <* (11.2] 


It follows from assumption (iii) that the order of magnitude 
of the stable particles is given by I - -1, Treating the con- 
stands fc (M as of order unity * one finds 


nr — m [ -1J 


Go 


1/3 


-?s 

- ID A- 


Taking the present value of Af 1 as 5.? * IN 17 s, h =■ 
1,05 x 1CT 34 J s, G * 6.67 x- TIT 11 Nra 2 kg -2 , c * 

3.00 k 10^ rn s" 1 . one finds (Fig- B.li 


fB.J} 


log ia mm * - i*-S 7 + ». 14 b. ffl.fl) 

The electron mass {9.1] * 10" 3 E kgl, the proton mass 
11.67 * 10 -2 ' kg] t and the mass of the □" particle 
(2,9B k If?" 2, kgl are also shown On the Curve, It if; Seen 
that the stable particle rest masses do indeed cluster around 
the value b - -1. 
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FIG, B. 1 The main msb-w in the universe according to eqn [B-J) with 
fe(in « 1, Eqn iCL.Ji gives the equal inn for the straight fine. 

Using the critical density [6,11 

P *■ P c - S8*f»nOt*3 1 (B-SJ 

and taking the radius of the? observable universe to bp a hori- 
son distance of the type introduced in eqn [10-305 * 

r h ~ * H « e/t( (8*6} 

the mass of the observable universe is of order 

^TVrM-w 31 tB - 7 > 

This mass is also shown on the curve and is of order lD Sei ~ 4 . 
The equivalent number of stable non*-interacting particles in 
the universe is 





AF'nn.Nmfc b 


23 3 


N « 



2.4 x 10® 1 . 




This wo s first estimated by A. 5. Eddington in t N4 by methods 
not now accepted as meaningful. 

We next consider lhe ratio ft of the gravitational tn the 
electric forces between two particles, using the famous fine 
stntcture constant 


a * - 2 fhe - 1/137, 


<,lnc finds! using eqn ih.S;* for the value of ft. 




tofir . i 

TV a 




2.8*10’(B.9'1 


This ratio is seen to be very small. Pne can sny, therefore! 
on the assumption of a decreasing, vnlue of G t that the ratio 
& is iD small because so much time has elapsed since the last 
big bang, An estimate for the decrease of ■, with time tins 
been. given in eqn [ ft . 14 v and the general problem hns heen 
discussed at length in the literature [3.4]^ 

Another important consequence of assumption [lil as that 
it effects a connect ion for simple cosmological models between 
the Hubble time fr Hl the deceleration parameter and &/a. For 
since £ “ fl s one has From oqn (4.2B) 


i * ,7 fl * -rwM 2 >^ - t fl . 

Using cqn (6,14), one Finds 

q Q - ts-itr 11 iii.a-io lD ) - l » o.44 


in gund agreement with observat lotial estimate* (Section 11.S]. 
The analogue Of the quantity a = r 2 /ba is 




2 ft 10 


-41 


(B.lCt) 
It is 


This is the gravitational 1 fine■structure constant 1 
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th« gravitational analogue of a with the 'Coupling parameter 1 * 
which governs the inter get ion, £*>' instead of *i". Tu the 
spectTum of hydrogen like atom? of nuclear charge * • ' -j | „ the 
wth principal energy level is given by quantum mechanics to 
be approximately 




[P.ll] 


where n is the principal quantum number [n * i r z w m * m ) w k is 
the aEimuthal quantum number, 


4 

ff 0 * ^ ~ 13.6 eV* fB.lZ] 

0 ZfS 4 

and 15 tht? rest of the electron. Thus a affects the 

spectrum, hut only its finer detail- because of the smallness 
of ct. 

ft is possible to imagine a gravitational atom bound by 
gravitational rather than Coulombic forces and then <i c takes 
the place of a in the theory of the spectra of such atoms. 
However, this is merely an instructive exercise since such 
atoms have not been found. In fact the 'radius" of the ground 
state n - 1 of an electron in a hydrogen atom i 

-^r ~ 0.S3 * 10' 10 m 
U*-'' 


where 


m m 

u - -E- 

P 

Is the reduced mass of a hydrogen atom arising From the motion 
of the electron and the proton . in fact u — n. The corre?. - 
ponding radius dC a gravitational hydrogen atom i $ 


h ~ j • -^4 ~ 7 - 2 1 1C 52 m iB.13) 


where u_ is the reduced mass for the motion of r^o neutrons of 

ii 

mass m each: 
n 
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This radius only somewhat smaller than the radium of the 
observable universe 

-£- ~ [S*I0“j * (5.6S*10 i7 ) - 17*:c- e m . 

ft Q 

It is not expected that one will often cgrae across dimen¬ 
sion toss numbers which are very largo* such as b or tf L % or 
Very- such as fl" 1 or JV'\ Thu value of dimensional ana- 

lysis In fact depends crucially on this fact* 

Thus the analysis presented so fur has assumed that the 
constanl mu I t ipliers fefhl in eqn |B.i] are of order unity. 

None the less one finds pairs of dimensionless numbers which 
are both very large or hoth very small. For example, the 
radius of the visible universe is by eqns (h. e) and (R.7) of 
order 


i? GM 



while the Compton wavelength of a stable particle is 


h/ms. 

The ratio is the dimens ionless lumber already met in eqn 
(B b 10); 


GHm/%c - IQ 40 - . (B. 14) 

Such rough identities between very Large or very small num- 
hers are called cosmological coincidences and qqn (B..H) 
represents one of these. Their surprising nature most be 
removed by the present approach since one might otherwise 
take the multipliers M fr J to be other than of order unity. 

The coincidence eqn (B.14) will now he explained. It is 
an algebraic consequence of eqn (0.1) that 
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"«(9» 

^TFTJ 



0.151 


The Juft-hand side of eqn (is, 14J Is 


Cw[9]m{-11 „ tPJH ■!) „ 
ha t*(3/2)] ? 

By eqns (B.IS J, (B.16), and fB.8) 
(B.141 is 



(B-14) 


rhu left-hand s ide of eqn 



V 




as was to be estohl l shed. Other identities can he obtained 
similarly. the mass m[ J/2J is culled the Plane); muss. 


PROBLEMS 

(B.l) Verify the expressions for m{h) eivefl hejow 


b 

S 

5/1 - i -b 

iwtlo 


ths/ff)* fr 2 8/Oa) ]/i We 


IB..21 Show from the uncertainty relation AffAt > ti that the 

smallest mass difference which can he measured during the 
period since tht I«t big bang is of order mf-b) [5]. 


[B,J) If the masses cab depend on the parameters h m H, c, j, 
imd also the electronic electric charge, show frotfi cliiticii- 

siutiai analysis that the masses hove the form 

i b ’ 

Ts + -r 

*(*■.*') - 


p . 3 

1/5 

r s 

hr* 


g 

T 

G 




where a is the fine-structure constant. Hence show that 
the time-independent masses have the form 
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where m[-l] is rlie mass introduced in the test, nnd r r Is 
an unidentafied constant. 

(B. 4 l In a theory wi th c lertri l- coupling, tb«? parameters 

fi p K, ? occur. Show from dimensional analysis that there 
is only one possible combination of constants which is 
dimensionally an electric charge* and that this is tine 
Independent. 

{B. 5j r lf one expresses the age of the universe in terms of a 

2 1 

unit of time provided by atomic constants* say £ fma B 
one gets a large dimensionless number t s which is some’ 
where around 10'’ ,y 1 [2 J b 

Show that the theory of the te*T gives 

f - 

uhich does yield a large t - 10 4 ‘. 

lli.frj Show that the gravitational radius of a stable par¬ 
ticle in analogy with the classical radius 
r = eVvM?" — 2. B ■' 1P' JS m r satisfies 



where is given in aqn [R»6)« 

fh,7) The theory outlined implies that *[£■} Increases* 

remains constant* or decreases with time, depending on 

whether £>>-1, t * ’1, or b<*l+ The number (BkB) of 

-.tab if partselEJi in the universe was therefore unity at 

Some time in the pait* Obtain an expression far the 

Hubble time c for this condition and verify that it 
P 

satisfies an uncertainty relation with the rianck energy 
n,(3/2)o 2 - £ p : 


tp - [h£f(* p )/* S ]\ FpSp ~h 


appendix n 


2 3 a 


If the present value o£ G were used, verify that 

t p - {Cosmology as described must break down t'or 

t<t p , The time is called the Planck time.] 
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RepreNc mutton of coifnobgkal models- in 1 he density 
pflr*mwlcr-dcofc^iUion panitrieter plane 

€.1. SOKE CURVES IN Tilt: |o P 7J PLANE 

One way of seeing the relationship between the icro-pressure 
Erie-dmann models is to represent them w various regions of 
the deceleration parameter [q\ -density parameter (a) plane 
CFig, CM.}. To achieve this* we first prove a preliminary 
result h Recall that 


[ 5 . 0 ): 

[4,25]; 

( 4 -.Z 4 j 4 .Z 7 J: L - — ^ 
3 if 

{?-« = 


It then follows that 
taken in that order p 


^ - Bti 

c * T 

fi p rt 3 . 

1C.1) 

a i 

SB 2 

--4t 

M*JT 

fC.2) 

= a - q, i 


(C.3.4J 

K* = 

i£^ 

(C,S) 

by *: J = ft i 

, [C.5). tCJI. (C*SJ. 

CC.4), 


X 

kX* 



9 A 
4 a^k 


4 a^U'ft 




9a* B*1? T „ 2 ,_ 
fc 5 g fi 3H 




27 


o ; [u-q) 

fC. 6) 


Multiplying out, 

(27<* 3 ft . Z7a%J0 ^ - 37or 3 

Rearranging p 


27o’(- 7 + I) * 3*>U+1) 2 - (flfll 3 . 


^ 3 (¥- 


L ^ * 27o 2 q|j 


fcA*\ 

'“ 5 Tj 


27o’ - 9o( ? * 1 f + (<?+I) 3 = 0. 


Thi* my be written as 
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whs re 


^(o,r] - 270* - Pt&r 2 * r* 


E C + S) 


The significance of [C*6] or (C.7) is that, given the value of 
*fk ¥ it assigns to each q a corresponding u. Alternatively, 
given a point in the (o,^)-plane (C h 7) determines the corres¬ 
ponding value o£ AX*/A- 

As an example of the use of these relations, let us find 
the equation of the curve A * X* in the k = +1 region on. th* 
q*o diagram, &y (C,7) we see at once that the required equa¬ 
tion is £[d*?y+l] = 0* This is a quadratic equation in a with 
solutions 


«... ■ H ^ } 


(C.3] 


For a real root we need q > 1/3 which leads to > 16/54 = 

0- 296 ; hut this is not permissible as it would lead by fA-3-1 
to X* < D* The least possible value o£ q for X " X* is 
actually ? * h when 



o ? is always to he rejected 35 it is less than q and implies 

X* < 0, Hence 



rc.ioj 


This curve is shown in Flg h C.l, and divides regions 4a and 4b 

hm* 

The next curve to he ohtained is of the form q > ^fdj, 
where F(a) is the least permitted value of q if or is given. 

If q < -1 then k > 0 * and hence k * *1 by (C*4), Now for 
A = +1 and X < A* one has (by Fig, 7,2) oscillating models and 
we know that q > 0 for these [see (7.16). It follows that 
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1 



FIG, C, J , Deceleration-density parnfciter relations for various cosmolo¬ 
gical constants, M and E denote respectively th-<? Hi in-? And the Einstein- 
de Sitter models. k% Curve for \ = -ISa** B: curve for 1 = -5^*, 

Ct curve For a - -.4% 


fC.U] 


^ implies k * *1 and X > X* * 


Et also Follows from [C*3) that a > q r The First expression 
in It!.71 is therefore negative and one can now find from 
EC.7) that 


q < -1 implies 5[D*g+l] >0, 


CC.12) 


This is the required constraint. Whereas in (C.9) we solved 
Cfo.qi-1) = 0 for o, which yielded a quadratic equation, we 
imagine in (C>12) that a is given and obtain an inequality For 
q. This yields a cubic aquation by virtue of f C - 3 > p as will 
now be shown. Since 

s- 3G[a r «7+l) i 

\ —( q+ i) - U + i)»U+iMSoJ - atqam+i-M 

is positive for jj+ 1 < 0, Cfo>) increases with q, Hence we 
can first solve the cubic G{o w q+l) = 0 for q* Let the 








U 2 
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solution be q* = Flcrj. The condition G£a,q-»1} > 0 is them 
fulfilled if 


<?><?*• *{a) tfl < -I). CC.I 3 ) 

In order to solve the cubic, let y ; q * 1 - 3o. Then the 
equation for y is a ’reduced 1 cubic equation, i.e. a cubic 
equation without the quadratic termt 

Cfo.^+t) = * 3?^ * 2t « 0, 

P = -(3o) J , h” a 2 fl-Za), 

The nature of ttu? rpots of such an equation Is determined by 
I he values of 


p 3 ♦ t 2 = ^ a 2 11-4a), 

The discussion of the various solutions is routine, and is not 
given here (see Problem £C.l)). It leads to 


PM 


3o( i-2 cos ^4-*} 
& 


~ I 


fa > 2/4) 


Jd 


'{ l * I 1 - ST 1 

7/4 




1° * 1/41 


1C.141 


where ® is defined by cos u> - 1 - l/2o. This curve is also 
shown in t-ig. C.l as the lower limit of the q-values for 
regions S and 6 [1], 

The only otheT curve requiring some Calculations is that 
separating regions 1 and 2a. We turn to it next. Using the 
eqn £4.15) 


A 2 


{* \ ~3 -» 

I * fa* - «te 2 


1 


we substitute in rt from (C.2), [G.3), and (C.4) for C.Jt, and 
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ke , using values for some arbitrary but fixed time t t to 
find 

B 2 - ^A0 * ^VV 1 ]' 

let # = ff/ffj and write the relation 35 

i 2 ” fljVClfJ. /Ctfi - -jp + [<J 1 ‘9 1 )tf 3 * SOj+flj + l, 

It fallows that if ft 15 taken ns zero when r = fl , then 
y = ffj/Tf*) can be Integrated to yield [3} 

Vj - i v //0fr)). tc.tfj 


35j 



PIC. C.2, A ^in^ile property of /f# ]. 


The integrand increases (f[&) decreases] as increases in 
the range of integration fsee Fig. C-21, The lowest value of 
o 1+ a j - 0, therefore furnishes the inequality for q > 0 


tit 


< f 1 j *» ~ - L f 1 f/ ft n - 4 


where the suffixes I have again been omitted, Hence |4| 


Bt < hiq) = i 


n 


sin 


7m 


■* y (l%) u > 0) 

sinh- ] 7^) (0 > q > -l). 


CC.16) 


We have used the opportunity to define a Function JM'qJ and to 
give the integral For D > q > - 1 . For .? < *1, is imagin¬ 

ary and the inequality fails.. The farm of h[q) is shown in 
Fig. C + 3, 
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FIG, C.S, The function h\q) which represents an upper Limit on the present 
agp of the universe in units of Tftfi curve is a plot of eejn fC. ] 6] 

and the arrow maTks the limit fC.ZG)* 

The inequality [C,I6] can actually be imp roved by noting 
that , dropping suffices 1, 

f(y) ^ “ * fd'^1 ’ 3o * q * 1 for q ? o |C.17| 

in the ran.ge I > ^ > D- Integration as in eqn (£.15) a hut 
using the right-hand side in the integrand* now yields [see 
Problem (C,3)) 

St ? .ffo) for a ? q (o > V) fc.181 

hrhere the signs are to be taken in order and 

ifo1 " (2o-l) i7f I^ Sin ^ 7T35 t 1 " J^T tC ‘ 19J 

The equation h[q} m ^ (o j for q > 0, a > % forms part of the 
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boundary between regions 1 and 2 in Fig- CA . 

'■ - •’5“ ’ 

C.2. THE REGIONS OF THE (a lC? ] -HALF FLAKE (Fig, C*ll 
FiicK big ■ bang Friedmann model can be reprpsenI l-l! Oh a point on 
the (o-^l-half plane, However, The region q < flol is not 
allowed by eqn (C. 13 ) and is stippled in Fig, C ,1 to indicate 
this, The permissible part of the plane can bo divided into 
regions which are discussed individually below. The proper¬ 
ties of those regions are summarized in Table H A * 

Region I (defined by the curve h[q) - j (o) and the lines 
2 ct ■* L and X * 0 ), 

Result (C. 1 B) holds in the part of the region in which 
2 a > 1, but , in this part„ h iq) < j (a) so that result (C- 18 ) 

Is weaker than fC.l&K From cqns [C* 3 ) and [C*lb) one can 
put, since ; > -1 thro ug hout th e region, 

Hi " tXa-qlti < 

which is an inequality for K (see Tabic C r ij. Similarly, 
from eqns (C. 4 ) and (C- 16 ) 

at = —^1**—*<*&) fc. 21) 

{5tt-«-l)air 

since 7 > a, X< 0 by eqn [C. 5 ). Also* since eqn [C.Jl rep¬ 
resents s straight tine of slope 3 from the point (0 f -13 in the 
£o ,17 J-half plane at each instant, then k = 1 in the lower 

part of region 1 . In fact, computation shows that fc - -1 for 
0 < q < 13,2, 

netfi&n 3 [defined by different parts of the curves used for 
region 1]. 

Rest*! t [C, 18 ) is now stronger than inequality (£.16) and 
the region has, been designed so that eqn (C.1S) applies 
throughout it. Since q >q ( X < 0 as in region 1 . The k 3 Q 
line, to the left of which k * -I and to the right of which 
k = + 1 , crosses this region. The inequalities for X and 

kR" 2 are given by eqns (C* 20 ) and (£* 2 I) with j(a} instead of 
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for k = +1 and * «■ 4* one h** a closed bi£-ban£ ur.iverse which CfifUiat cxpaiul without llm.lt, Thl* ll a <black 
hole 1 tppe uni versa [5|, 
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h - i , The curve 3tJ - q * 1 or fe = l' divide?, the region into 
two parts 2a and 2b. 

■; i defined by the straight lincjs X - ft t 2o - l k q ■ -1). 

Neither result iC P 13J nor result fC* iS) applies, but 
[Ci16) tan he used* It changes from the sin to thp sinh form 
for q < fl- Since a > q, k > 0 by (C.3), k changes sign in 
the region a? shown in the diagram,, dividing it in regions 
"a and 3h> A k = A* curve exists in rep ion 3a, hut in region 
3b the k value is 3^* and it occurs at the corner 

^ = ■ 1 * q = Vt can be verified from eqn (C*7K 

; i defined hy different parts of the lines used for 
region 3)» 

! C . 16') and f C. 3 S ! both apply ami yield upper and lower 
bounds respectively for fit, X t and k/!t 2 in a manner analogous 
to that explained for region 1. The curve X = X* given by 
fC.lClj divides this region into parts a and b. 

s i 1 defined by the curve q ■ f(ol and the straight lines 
2a = t and ^ = -1] . 

Result ft.1$) applies in this region. Also from (C.31 
and IC.4) 


£? = a - X/3J? 2 > Ffcr) 


ft.221 


and 


q - la-l-ka 1 fti 1 !! 1 > Ffo) ft.23) 

which give inequalities for X and for fc/JT. Since o > <i tine 
has X > t? hy ;i:.:Vi and, since the region lie;- below rlic dashed 
1 ini? of k = n (See fig. C*ll* ene must have k • *1- 

=fMiDn e (defined hy different parts of the curves used for 
region S)„ 

Hoth results (C*13i and -f C * 1S > apply. Inequalities 
(Cr2fl) and fC +21 | ho id. with h replaced by j and the inequali- 
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ties reversed. In addition, inequalities- (C. 22 J and (C. 23 ] 
hold, 

C.5. SOME NUMERICAL ESTIMATES 

Let us no* assume that the upper hound for the present 
value of the density parameter i* its value for dense clus¬ 
ters [6] 


0 < a < 28.4. fC.24) 

for ar 3 j 0 + 1 < (I we have S(u 0 ,ar1 > 0 by IT. 12). end this 
implies u > ? by (C.Rl. Using (C.?’i and multiplying by 6, 

this inequality is 

170.4 > 0o' > r J + ^(ar 4 - 4x 3 /5K 

v -■ 

This leads to < x < 0, Hence [41 

0 < c 0 < U. 4 and * Q < -1 implies -1(3.1 < ^ f C* ZS1 
Next, assume that at the present Cirae 

< I B > 10 5 year.-, r- tJ > 12 > I Ll 9 years, no that .'r f| £ ^ >0.6‘. 

[C.2b] 

One finds Crora ( C * 1 b 1 and Fig. C. 3 that < 2.0. 

Assumptions (C*25) and {C.22] yield 

10.1 < q Q < 2*0 (Cap-IT) 

31 should he emphasized that the assumed numerical Va l ues arc 
constantly being revised in the light of more accurate measure- 
merits p and that the limits (C.23) are therefore liable to 
revision. In fact P <f 0 i& believed to lie in a rather narrower 
range. 

In order to obtain numerient limits on the quantities f 
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Z 


and £ in Table C*I, note from £C.3) rind £C_4) 


I = o-j, * ■ 3o-*-l, 

so that at the present epoch, d 1st ingiii shed hy suffix U t 

°0bI n ’ “fount* < L 0 < °S)Bix * ^Dmln fC.2&] 

^CBin ' ^Dunix' 1 < *0 < 5a iJnai " (C.29J 

[t will Vv assumed in addition that 

-10.1 < ^ < I and 0 < < 2$.i, (C.30) 

values khich are suggested hy (C .2* \ and <c r 2''), < C*2B) to 

; C .50) lead to Tahir C!. 2. In -iome cases knowledge of the 
s lj^us of and is. a stranger restriction on the values of 
Kq and than is provided hy (C. ZB] and (C*29)* In such 

eases the numbers furnished by IC.2B1 and fC.2?i .'ire placed in 
broket?, in J'ahle C.2* Note that the numbers given In the 
Table are independent of the present day value {, r /^} of 
Hubble 1 s constant L 


TABLE G.2 


Xm&rC&xi 


H/M 2 

and A g 

ks l (,fr^ 

£/ 

iff 


\'llhh>bt of 
region 

°QniLn 

0 Orta x 

Him in 

^Omk 

■‘min 

l 

max 

NctIh 

Snax 

1 


1.4 

0 

2 

4 

0 

0*4] 

-3,0 

0 

(3-2) 

2 

K 

S 


2 

*1*5 

n 

(4.51 

-IbS 

13.5 

3 

0 

H 

-J 

fi 

0 

on.5] 

1*5 

-1*5 

IbS 

4 

V 

2SA 

-1 

2 

0 

OU5) 

29,4 

0 

f-U5> 

S5 + 2 

$ 

0 

h 

^2.1 

-1 

1,0 

2*6 

0 

2*6 

6 

s 

2$ A 

in.t 

*1 

1.5 

SJ.5 

1.5 

94.3 

4b 


11.3 


2 

0 

(-1-51 

10 ,* 

□ 

01.51 

32.4 
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PROBLEMS 

fC.l] Establish the result (C.141, 
(C*2J Shot, that for sr > 1 in (C.14J 


id ' -1 /•/a, Ho) ' -/£3aJ. 


l'C-3.1 listabliih the result 
fC.4j Show from [C.30J that 

-2 < 


fC.IB]. 



58. S, 


CivW ff 0 ’ ^ < I?.4 ■ 111" years and that the maximum 
likely value of k Q is twice its minimum value, show from 
the above Inequality that -o. SB > lr)‘ aS s' 2 < A < 12,5 * 


ft:. 5) with the samr assumptions show that 

-3 < £ 2 ^ < 94,3 

Vo 

so that iht.- space curvature .s a i i s j‘ i f s 


-0.319 * lo' 3 * < till < in.o * 1 [r 34 5* 2 

V 


(L.fi) Show that the values - 28*4, "■ in'* 1 years corres¬ 

pond to a mass density of IfT 27 pjm cm -3 = in" 24 kg a -3 , 

1C. i fi| Gheck that |C.13| for = IS.4 yields an inequality 
■it, ' ln ln agreement with fC.Mf [which is based on 
(C. 12 )K 

fill Jf o |( = 2S.4 show from fC-1*1 that > 0.178, 

and Lhai this Is consistent with fC.2h'i. 
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[C.&) For region S it is stated in Table C.l that q > -Z* I. 
Deduce this result frcua the definition of the shape of 
the region. 

(C.9) Show that for 0 < < i 

P(o] = -1 - 3 o 2/S * 3 a. 

(C. in) Show that if 1 Mpc ('one megaparsec') is 3.08f] * 1C1'" 
cm, then fi$ • 100 km s" 1 Mpc" 1 is ft,324 * Id" 1, s' 1 r - 
1*02 n 10"1® year ”' and W’ 1 = 0,070 * 10 10 years. 

(C.ll) Suppose 40 km s' 1 Mpc' 1 < < 100 km s' 1 Mpc' 1 is a 

reasonable restriction on the present value of Hubble’s 
constant, Show from Tshl^ C.2 that the limits on X and 


on 

detailed in 

- 

both expressed in units of 10 
the following tuhlos 

s’. art 4S 

Re e t on 

Number 

A 

* 2 V 

l 

-&-JD - 0 

-3,15 - a 

2 

-4.72 - ft 

-1,57 * 14.2 

5 

0 - 4.72 

-l,S? ■* 1*58 

J 

0 * 92.& 

a ~ 89, h 

5 

0 H 504 - B K 19 

0 * 2.7S 

6 

D..7SG -* 121,0 

0,252 * 99.1 

4d 

0 - 34.13 

0 + 34.0 


[C.LZ1 Show that for a model universe which lies in region 4a 

3.0 • 10" 27 kg m~ 3 < o < 424 * lo" 27 kg m' 3 . 

[The power □£ ten is -3fl if cgs units are u&ed H 1 







SOLUTIONS TO PROBL RMS 


CHAPTER 1 


I 2. 1 * Since for a particular galaxy r 1 « }} * t\ ;> - t3 . - / d. r = 
clT j_1 and so ft = at ^ V* a = a/fr- Hence * a/t^ and 

The abwtttfratf velocity - distance reja- 
tinn Is, as in eqn f,2.S) r 


a = = Hi t 0 -vfa)t* 


ai 4 ■ ^ 

t^rTe at H '^ 


The density is 


v T: 






The Milne aquations follow from a * 1 and the Einstein- 
de Sitter equations from a 3 2/3. 


CHAPTER 5 


(3.3 I Solving r =■ -r_> , (ji^+*,,]]) - m j F i + sue fi*is 


W rj P| | 

ft -I- _7.--p n .= P --- 

Kt+K~ 1 rt.+lft, 


'J 


Substitution In the expression for the kinetic energy 
yields the required result. The first term Is due to 
the motion of the centre of mass, and the system kinetic 
energy is thus decomposed into the kinetic energy of 
(a I bodily motion and (b) internal TnDi-igTu 


13.2} 


[i] t - f - i ■ (J • l) S 



l) ? 


> 




' 
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(ii) The position vector of m relative to M is 

r * coMcdtJ + j siiUw | f 

Khere tpj .ire fixed unit vectors and u is the con¬ 
stant angular velocity. DifferentiatIng gives 

r « a{j & cos ( ait) - i ca sinimrff, 

w 5 

r ■ ii coafwt i + j sinfufcH 

do the speed is 'J(*0 = Jf = SHU and the MtceLorn- 

T “J 

t4.on IS \f\ = = ii [a )/■!< KtiW ji*| most equg] 

:i( ijJ * Si¥/n* (see eqn. (3.2Vs; therefore 
**TaJ * Gtf/s and F « 3 t 4 ) = £JYiir/24« Also by 

eqn. i 5.91 V * -QMm/a and ss ! * f * F = -ffWSff* 
The virial theorem holds with a = -V 

! S*3 1 i i i The acceleration towards the centre in a circular 
orbit of radius ff is ffj 3 and this must 

equal the gravitational acceleration g t so that 

*/(tfflJ* The orbital period i"() is the time 
taken to cover the ei re luii Terence at speed 

(F?1 „ so that 

f(*3 “ - Zn/fJl/flK 

The- gravitational force on a mass is at distance 8 
from the centra is equal to QMn/r~ by oqn [3.2) 

,-ind also to by Newton 1 . 1 ? 2nd Inv. It fallows 
that j - GNf'ti m * Substituting this into the expres- 
sion for TlFt) gives 

rfff) « 2n/(fl 3 /SW] - 2*/fS/4npG). 

since n « 4np^?^/3. It follows that r[fl) is the 
same for all planets having the same mean density 
p. Numerical values for the Earth are 
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a ftf) - /{lO * «** - 10*1 * 0OOCI b e' 1 = s km s' 1 

■c 

and 

5T[J?) = - 2n * 6400 km/ft km s~ 1 

= S027 s - 85 min 46 i r 

[III Lei #U') be the gravitational acceleration at n 
gcnerfl'l distance r from the centre. Then the 
arguments given above are valid for general r, 
with the replacements f kind ■? ■* &{**] * titf/i -\ 

and result in 

- *'({?fr)r) = JiQitfr) - /tj?s Z /r) (3.3.1) 

since as established abavp .■„■ * GNiH '» Comparison 
with eqn (3,Til shows thst v 9 l*i « /Z u (rl. Also 
the period for distance r is .*( 3 *) * (r) > 

2n/(r 3 /GJIf) and so by comparison with the result of 
part (I) 


TM - TWO/*) 3/2 (3.3.21 

as required by part filiK Kepler h s third law is 
the extension of thi> result to elliptical orbits,. 
The Skylab results can he obtained as follows. 
Comparing the expressions for d^i>) and i £ i we 
find Now R = 64DG km t 

f (Skylab I = 6300 km and h j^ [fl) * B km s " 1 , so 

«? e tO - 8 (640«/6l0«^ km s~ J - 7.76 km s _l . 

Using eqn (3,4.2) with mi - 5027 s t we find the 
orbital period of Skylab as 
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r(ff) = 5 0’7 (6aoa/h4(]0) 3y3 5 = SS06 s, 

tiii3 proof of [5.3*3} above. 

(I.v) The earth rotates once in 24 hours relative to rhe 
Earth—Sun line. However, this ]in? itself makes 
a Complete revolution in one year - 365 days, 
Therefore in 24 hours the Earth-Sun line moves 
through 1/365 of a revolution p the earth has 
made 366/3^5 revolutions relative to axes fixed in 
space. The Earth 1 ? true rotational period is 
therefore 365/366 ■ 24 hours ' Z3 hours 56 minutes 
^ 06 160 a* The value of t* which gives a circular 
orb at with This period is determined by eqn 
f3, 3.2) and fffl) =* 5027 s; 

Bft 160 = 5027 (r/*n 3/ ‘; (r/W| 5/ ‘ - 17.14; 
r = S (17.H) 2/! = 6.6*8 # = 42 547 fc m . 

iv) it follows from *qn <3,5.21 that, for any distan¬ 
ces r,, j* ;p 

r(t* 2 3 - 

Taking r t * 9360 km fPhohosJ , r 2 * 23 4<M\ km 
fDetmos) and T\r } ) = 7 hour* 42 minutes = 27 720 s, 
we find 

7 (Deirans > - 27 720 (23 4011/9300) i/J s 

= 110 635 s ' 30 h 44 mils* 

Hc|n {3i3*ll Can be rearranged to give 

e = p[ tf e (iOr/P 2 - 4n 3 r 3 /ff?iff(r)) 2 

using also T’(r) = 2fO'/u t [rl. Using floors) = 


SOUFTICWS TO 1‘HOSLEM!’ 


km nml the Phohos data we find 
SrlMars] - In' (d3PD S‘V t 3400 I : ( 2^ ~20J ? km s‘ J 


* .1103575 km s'* • 3.575 a s' 2 . 

The discrepancy between this and the entry in 
section 3.11 arise* From the approxim^Te values of 
and used here* 

fvi) hy cq.u [3*221 the spued needed on leaving the 
EarthAtmosphere Is 


-■{>?) = fp S C») * » e 2 mj* 


No* v(-) - f/2-11 3|j = 12.43 km s' 1 , while from 
part fi) 

0 „ f J9 J - J1 = fl/2 km s' 1 . 

e c 

There fore 

e(P3 = {12.43* + 12k P km s' 1 - 16.61 km s' 1 , 
about 4ft per cent higher than " 11.31 km s' 1 . 


13,4 1 Fron- question 13.2) one has Far n circular orbit 


Jj mti* ■ GMwt/lr 


sq that nt distance .■■ *• ti - r from the centre of the >un 




H being the distance Erom the Sun to the earth 


This result can al$q he obtained from the solution 
given to problem 3.3 {Hi) 
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T <’-> - ^ K?w)(t) 3/j ' 


Evaluating thus numerieally 



i fence 




C3..5J tU 
EH) 
fiii) 


[iv» 


pfr's * - ;,vE>)/r since each sftel 1 acts as if all 

its mass were concentrated at the centre. 

Each element of mass is moved from ■ to e. At 

inf ini tv its potential energy is zero. At r it in 

Vir) Bn. The change in potential energy Bair) - 

;•■ i - fc!■ i x* I is the work done npsfnfrt the field,, 

Summing over the elements flnr which make up the 

2 

thin spherical shell of mass dtf(rj = (.fc/rO4fir*dr 
yields the change in potential energy EGa(p) * 

V(r 1 E&m* We write this as dtf(r) = v(r}d0(» = 
-dW{r) t whore dw[v) is the work done h% the field 
In producing the condensation of the thin shell. 



Vow h 1 * la v Sis “h = f h - g ) % (i?+ 1 ®), There fore 


C3.SJ CiJ 
til) 
f iiij 


[iv» 



Sttfe*C 
— 3~ 



2 ,2,2' 


the lust factor brine Just unity, This yields the 
stated result. It is positive because force md 
displacement are in the same direction for the 
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whole process* 

(v) The work done by the field is 
fft“) - E/O) = | dVC r) 

■- ^tr) “ £»'(“) - | dVti-j = * { dvtrl 
T 2 ~„2 i? + 2n 


GM 


(Ma) 


r 


This is negative because gravitating masses tend 
to condense spQntimemiBly from infinity, where the 
potential energy is zeroi the Uter this collapse 
15 stopped the more negative the potential energy. 


i3-6 J fi) he have, on adding a layer of thickness &r , within 
r + 6r a mass of 


Attr 


3 *- 


|p*-6cl = -yr pJ 1 ♦ 3 ^ o 
This Tttass is a Iso nr * £•*?* i,e + 


iTir' . 2 * 

-^-o * IflF O lift 


Equating * 


lTtr*p dr + yp 5 c3p = 4itr^o lip, 


which is the required result. 

(ii) We have -p tr) = ■ -y* -J' * l(Wp so thnt 


Z£r.T. , Si tl.T, 

~T ~t I? 

r i* 


4tl 3 
3 5 


P 


F 
EltG 


4[ta^o - V”- 3 d 


* --^[p * rjj? - ‘InCitT - J 01 , 
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(itij 



“JO 70 tm 


f 


At the surface ,? increases with r since 

o - | fs * 3. 3 - 3 . i> 9 < 0 

So the luiaerlcal ly largest value of jfrl is 
expected inside the Earth (see sketch)- 


13. - ' For the neutral point 


\E-r)‘ 


* A 


^2 

- 


* A* 


k *here the masses of Earth and Mooa arc denoted hy ? -and 
’■' respectively and GA is the gravitational fie? Id dm- to 
the sun, It rollons that 





E 



i .e. 
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Hence 




0 


is the equation for s. Its solution is 



We have a/ft = 81, and 


* , $ * I 

i w m* 


so that i ■ 3,8 * 


10' 4 km. 


CHAPTER 4 

:l.l; t.i't 4,ti he two arbitrary galaxies which arc at aom* 
time r * at equal distance* from ?hc origin 0* I hen 

V**j * V** 5 * i - fl - s t tr >W - 

It follows that r it,} - p t (f.), so that 

U ] D | 

= V* 1 

at time^. Since two gal a sties are at the ^nme dis¬ 

tance from 0 ai one time only if they a**? at lhe same 
distance from 0 at a/£ tinies, there can be nn overtakings 

iJ.Zi For constant q w pne Integrator -tt/fi = qM/R to yield, if 
^ is independent of time. 


-*ntf « \'nR q - in 4. 


Hence 


ft • AH"* 1 * $ 3 - 


r<f * -n- 
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Integrating again for q - -I between and t where 
ff£* 0 ) * l r and noting h • A, 

InfftO 13 

Integrating for g * -I from t ■ 0 where ffffl) = 0 f 

**" * U+W*. * " T^nr 


(4.3] We have 


* 2 “§*3* 2 * 


f? »*-% * |n, 

* *(p * *)*' 

Multiply these equations by ff"% fl’ 1 * ff -1 respectively to 
find 


,.2 _ C + X fc* 

h "t t —r 1 

jr * jr 




£ + a 

if 11 


a7 - 4 ♦ 5, 

IT ^ 


£*,*#• Z] 
(4*3.3) 


as required. 

1.4.4 ) Equating £4.3.11 and (4*3*2] and nl so (4-3-1) and 
(4.3.3) yields 


ke m . 3C 

7 2ff 5 


u + n*' 


and 


- (a-i]7. 


A.1 sq* add i ng to eon (4.3-2) mu 11 1 pi i cd by 1 {i r&t (4,3*1 ) 4 
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and then yields 




2 


a 




lastly subtract (4.3,2| from [ .1.3.3): 



One sees that fc > 0 tVr S > 1, * < 0 for 0 < 1 * For 
A = 0 one has that 9 = Zq. Hence for such models k > 0 
for q > and k < £) for q < 

CHAPTER 5 

»S 

(5.1) [r is known to he anil for larj^e n this vit Ids 

l „ 

r.-fZ, lr~ is jtn+l’j () and for large n this yields 

n J /3. The main contributions to these sums comes from 
the lar^c values uf ft when the interval betweesi n and 
n+1 is much sfTi.il 1 er than *j * the term to be added. Under 
these conditions the sum due to the large ?;-vatue^ is well 
approximated by an integral. This approaiinatton is peer 
for t hr Small ^-values* but their contribution isi nej;i i 
gihte anyway. One therefore find* 


m 





1 
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tS,3j 


n t 

y = l fcnr * \tnr dr = [r Ittr-r}, -* n Itln-n tor 

Fm 1 { 1 


1 

lar^e «< It fallow that Cpt large n 


H 

| >inr 
_1 


1 - 2-3 * + + k 


n! 


e” lnn e " n • ( n /ej n . 


rs, 4] Wg chose the time f (J where the scale factor is unity. 
Stan with a spherical shell of particles whose total 
mass is dflrfJH , as given in eqn fS,l), These particles 
are Affected only by the mass Mix] within the radius X. 
This matter gives rise to a. gravitational potential 

„ m ■ -sfa- • t’-Jf' 

Elence the contribution of the spherical shell to the 
total potential energy L$ 


dd/un S ipfjfl dmU] 






lftTI 

~^$r 


V-V’ 



|5.1,1) 


The reason for the First expression Is that each element 
of mas5 dm can he imaginei! to he moved from infinity to 
the surface of radius ■. At infinity Its potential 
energy is zero. At the surface it is qifx) dm + The 
change in potential energy Is w(X} - 0 + tp(j) dm. 
Applying this reasoning to nil muss elements of the spher¬ 
ics.] shell of mass givrn by eqn f3.li, one finds 
dU [JfJ = y? [ A. i rl it? (x) * The expressions can. non 1 he 

i etc grated. One tSien finds the contribution to the total 
potent ini energy from &]\ spherical shells at time 


VV 


lt,n- ? 

IT" 






Ai .i general Time t the potential energy (f) = -■•/? 
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tlttreducud in Sect inn 4,4 hthave* ns so that 

y Q (t} - ifjj.ctjJ/Stti. 

Hen« 

* ‘ 

and this tv-tab I lshea the required result. 


CHAPTER 6 


t.ft.l] Us* 


where 
f inds 


gqn |4_2M to find the density parameter a? follow: 


* 


2H 2 n l 


rV 


eVd.* 1 ) 


sqn J6.I?) has been used* Since a - Ifo /r p one 


u - -—■ 

2(lV) 

This is t;» t?y I D .20). Thai o = < 7 , fit, expected From 

(4 .241 with \ = D. 

Lastly, Consider eqn (4*27), On the left hand side 
we have 


ke* 


*a4- 


cV 


On the right-hand .Hide we have 



So ~ - 1 

thus e&nfi rifting 14,2?)* 



1 -w 


fb.]: Near the big hang r and R are small so that \i < i. In 

that case 
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u « 


w 

c 3 **' 2 oV' 2 f 5 ' 2 <?* 

= ^ 

i - ^ ,f? ^ *o that E ? 


2 

3' 


J ; or saall k, ^ - 1/2 hy it>.2CJ. Lastly, substituting in 
^C't 2 /J? i *= 1 the expression 

C * 3 (sj 


from (5.9) p one Finds the required result 
6tiGo[ t] t 1 * l* 

■ * f l 2 

Alternatively use ihe equations'* * - + - kc?" 

which for sircan leads to the analysis of ft « C/E as in 
t h l* Einstein—de Sitter model. The results stated fallow* 
then immediate! y , 


[&J) Use the formula &n^p<r ■ I with 


t * « 3 * 10 


If 


to find [in units with G = & ^ 6 7 * 10 fi eni’%m‘ ' s' 2 \ 


„ * 1 Ifl 

% wh rrr 


(5 * ID*'} 


1 yj -^ " (J.Bft * ]Q’ 29 gm cm* 5 


I.&.JJ By (6.9] with ff“* = 3 ■ 10 *' 5 , 
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i 6 r ) The equation of mot ion is 

z * i.e„ liai = 

Integration leads to 

i 

where the constant of integret ion, A * is rero since 
i * D it jc ■ « t It follows that 

/* dz = /{2GH) dt. 


integration, subject 10 a ■ D it t 1 0, yields 



. 

Clearly as i ^ 0 P s ■+ 

The problem corresponds to a cossno Lng]r a I model wiLh 
A = 0 - A* i.e. the Kinstein^de Sitter model, provided one 
makes the identification 

x * the scale factor fl 

1GM * C = 

E & r 6] (i) The equation of motion and its integration proceed 

as follows: 

mx * -GtnNfz* , 2rr ■= - ^ = 2CW/r * A, 

The velocity vanishes at * = ^ E * Ue. 

A - -itfH/Sj = - lON/i: a . (ft.6.1) 

The energy equation can b& written in various ways. 
The form 

■: _ 2GN „ 2 1GK 

x 0 * n 


CG.6.2) 
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(ill 


(Hi) 


shows thftt the particle will travel to x * -■ If 
u* > ZtiJf/srQ* Then x^ of f 6** +1 j is negative und 
the particle will never reach this coordinate 
value* 

If xf* l = sin^w/2 then 


S = E* = j^lnU/facoa^/2) * 

A1 50 a form of the energy equation is 

it * 2BSf *1 _ 2GMrco3(4/2)l 2 

* T^T* 1 ) ^-liTnT^lJ ■ 


(6.6.31 


ItclLCt] 


«im j 

atj sin"u/Z 


a 

sinL-t/J 


as required, and the energy ls 





E ** 

Tafcn 3 ^ 

> 0. 

s t re i n ir 

that 

[*«). 

> P 

3 - 

*1 

J 

Q 




GmM 

x 



Integrating with 

x * Cl [ I * e+ k = D) cLt r * 


sin^ 



cos w)dn 


0 


(6 . &. 5 ) 

the con- 
0 t 

-^-1 * s i n "j) 


* t - siny /[1-siiT y} 


The time * far a connate cycle is given by 
« [*♦*) = as + 2 tl, where a 2 2GM/x*. Thus 
t = 2r i/a. 

Note that I'or x ( > x > 0 we have i* > Q. 

At x E Xj we have j- = 0* S f x > there art na 
solutions for x by (6.6.5), so that decreases 
agiiin a fter reach i rig the val ue a - + Jt 

approaches i * ** at jf » 0. 
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[lv) Take x < 0, 

Now x J is always positive by ( 6 . 6 , 5 ), and 
the particle goes to infinity- Prom 

;j ■ sin Ir = 1 sinH ff ' ih. =* ir * i sinh i‘. 


Hence if c is real Then wr can put a - It - 1 and 



sin 2 ^ 


-Sinn' 


a 

I' 


Also 


Hence- the result oT £ ii ) becomes 


* ^{iu-Sitih o) 

* 1 sinh ~ 1 K 1 ^ 1 )" 

from which the desired relation follows. 

■; v) From (b.6.Sf one sees that problem C6*5j is recov 
ered when r^ ■* »* 

The equation 



^ . 2flH . -2» 

X Rl jf | 

shows That the analogy is brought opt by the 
replacements 

Zctt - c, fee- * -h - 

™" 1 

The case -"j > 0 corresponds to k = 3 when one has 
an oscillating universe. The case r^ < 0 corres¬ 
ponds to ■■ = -1 when one has an expand iny universe. 


[6.7) If & = 0 and X < fl 
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sc*] 5 = 

It follows that 



31 - COR t a: a|>■ ii- 

rSi'/mi ]/[ 3 A)sin[/; 3 JAj n ) 

it mi 1 xfiii-coA rTnrtrrm 


2t,y 


A Brill [/( 3[Xf) t) 

- 5 CT* 1 

F-Ofc- small t thi> yields the ilubfrle c&fiitant far the 
f _ i rs $ t e i n -dc Sift e r mod e I : 


/M) mihin 
K 3 ; h 


2 

57 


Also cun? ha3 al ter two differentiations o f the equal ion 
for ^ n n d multi p 1 y i ng h y 1 fbk .v " , 


1 - . J<? = cas^tSpIlt^ 


By ecins (b.301 and 


= ' - ,(l-coM. !*l*| I 1 - ftl*«Sl^3rx|lt I], 
This yields 



1* 

St I 

T+oosi .• i.» 

* 

Ui 


For small (,<?■%. 

16-*i Replacing the density parameter o by terp and ; hy -l, 
eqns (4 *24 1 and (4.2’l to ( 4 . 2 B 1 are 

-H = ( 1 + 4 ) 0 *, $4 = -\/Z m tq*l )§ 2 - st+ 

AT 

In These equations, we shall use* with - lA|/3 t 
■ aj tan ntf* [7 ■ taiT a^ p J? - (ct/o.) sin a: . 
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Then 

-i - —^- * 2 •(!♦«). 

tan*a! cOs ai 

45 required. 

Lastly s 


4Up as required* 


i a 2 fc F 

cos*'®; t?~ 


CHAPTER 7 

(7.1) For fi large enough, »* ■ (A/3)J? : , so that 
| - ff ft] = .¥[t 1 )exp|/! [ t ■* t,) 

The Hubble constant is 


* - i ■ 4 


flff 


Also ri * f ■ -1. 

F 

(7.2) For small enough times the C/ff-ten* dominates, and 

** = % * 3 • Jc«* 


It follows that 

2 


If S * 0 at 6*0. 

B = 37* 9 “ *’ 

[7*3) By eqn f7*43 with a - 1 and <■ = 1 + 3, |S| < 1, 

8 » af---T+I*®! - 03 = U 2 «, 

X (1*3)* 1 

This equation has the genera] solution 
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* * y, t _ - u t 

5 * de N + Be 

Similarly eqn ( 7 .3 ,l yields 

S 2 - ■ 6 ( 2 {l- 6 t + l* 2 s+a-.l) 

sq that 


3- # Ba" = la^d * & = ±u§. 

Substituting onr general solution into this p we find 

4« ut - w"* 1 * = tM« ht + M~ vt ) 

Hence a = 0 or J = b f sg that one has either an exponen¬ 
tial tiit or an exponential decay of $ t and hence of 
* with t! m e: . The possibility of an exponential 
rise means that an initial small departure of A from the 
static value P* in any direction can lead to an increas¬ 
ingly iatH* departure In that directi on, and in this 
sense the static mode] is unstable* 


CHAPTER 9 

[3-11 If u = d in zqn ! 9. M one has 

A' ■■ - -J- G&F, * i Xr?, 
Mu11ip1 y by IF and integra te to find 



as required. 

I 9 * 2 ) If one replaces G hy in eqn (9.60| and equates to 
the relativistic result •: 9.12) one finds 
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Multiplying by 

■y 2 

p*t - teir}, - J dn t 

2 H 

and the result follows. Thus the energy equations for the 
two theories do not agree* hut the difference can he 
removed by introducing an ■effective' gravitational con 
stant. 


(9.5) For rerq pressure models eqn (tU&) holds, i*e T there 

exists a constant a such that p * oJ?"" 5 . Hence eqn (3 .III 
yields 


S 

T 



K 


19. A) fij The energy eqn f9,S] is. w i i h p = ,^p. 

ft' 1 dp + p qU? ,h = 11* 

and this may be written os 

^ i.e. djln p] - -dUn s 3 * 3 - J ]. 

This shows that p.h 1 ' 5 * 3 ‘ * A isayi where A is inde¬ 
pendent of time, 

111] Substituting this result in f9.311 
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A m A 

a $ T* 4 ? ’ 

K "2 , 

~ -jj- - 1 * Jtf* 




dJ? 


19. S) r i I KV have the total differential of £, using the 
second law In. the Form (Q*20J ■ 

«i c ■ Jr * pdv * \rdp ■ rdJ - jdr - tAs * v&p - r&s - sat 

50 that 


d£ » Yip - 3&T\ 

It follows that 

w ‘ ^[(i)J “ 

Hence* 

(n), ■ m r - 

fill From the second law for quasi static processes 
d U * TdS - P&Y* 

Hones 

00 " * Wr ■ km)/' • 

1'Ke? coefficients of dv must be 
Jsides of the equation, so that 

tu 

Oft, * > * <HL ■ ’(&),• 


KM)/' ■ !»"• 

the same on both 
using the result of 
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h'p are to solve 

u • T {w) t - K^) r * 

in the form 

U - a = TF* 


where f Is some function of a anti T. Then 



The equation for jj is therefore 



This requires thac the function f he independent of ? if 
* is kept constant. It follows that \tyQ - f(sj . 

One wey show similarly chat I f 0 ■ then 

the function / must be independent of V. 


[fl-7) For any simple fluid 

" * (I?)/' * (S)/* 

■ »&&),* * (•»)*] * fW" 

- m* • [8o r o», * my 

Eience 


on - m, - mMh 


for an ideal classical #as the right hand side VE&mshes by 


sournoHs to pnomm 
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eqn (9.23). 

Now for any simple fluid one has fry eqn (9.2£] 

S 3 (^) p * P (I?) F 
- (§i) tf * [(If), * p ](H) p - 

Bat 

C v ' (H)/ 

ami this proves the result. 

[ 9. S) Use i v * gi] t 75 - jU in eqn (9*20): 

<3rv * Jd£/ * fd v = jjjdv + = |d(ltt u^U 

Hence 

Bn = m UV 0 + n j)J~ l 
where the last tern is a constant of integration, 

uv 9 = 


Using eqn (S.iji) 


f r*i * , 


N enc ^ f rom eqn [ 9 , 21 } 

iff 

It follows that 


ii) - $ E - i . dg = ad S. 
JX'’ 1 


S ■ JL, 1 "'-”, 


Hence 


so Iliac 
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SOLUTIONS TO PROBLEMS 


A.) • J.-" 1 '- 11 

For black-body radiation eqn (P + j2| shows that ,. - l t so 
that /fa] « 5 4 In agrL-criDni with eqn 

19.9} The energy af ch* system coast Uts of rest enei'gy plus 
thermal energy and is hy eqn 

2 . - „ _ „ i . E« r 


u - ^.« 0 » * - ***** * 


FI 

p. 


ie * *% * Vo * * Vo * 7 tvl) 

Substituting in eqn f J - ■? 2 S fields eqn {9,431 with : 1 ". 
Hence, since n^ 3 * ts time independent ( 

111 W 

n F*k dr ,2 

—5-_J + ciL_ „ ftr . (i 

d5? 2 m m p 


so Thai 


« fr-i) 

dr, /d* 


- Mt-U 

ST 


and 


!T J is 11 me- independent. 


Put = TA’ 3t ; then c is a constant and 

r 111 


w 3] . 

F w 3t 


[= -I . 4 if ▼ = s/ 3 l- 

L If R J 


This generalizes eqn i' 9.4 J .> for dust by adding a term 
(9,46? due to pressure. 


f 9.10) In this case 

2 1 

py * ffli ■ • i-e.p = l j [p-w^Ja . 

Eqn (9.42) is 
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R J7? + 3/?*P + ' ^v ,L fl Cp-)*" ■ 0 w 


Consider the variable # f pf \' - where 4 is ai constant 
to he chosen). The above equation Tot p becomes one for 
9- 

% * »w-4 ] ■ •■ 


II One chases k = , which is a constant* the equa¬ 

tion for M is 

4iL m i, e* jrj? 3ff is a constant, 

if n 


Thus 


m 0 inJf S J 


T 3 "" * 7 ^ 

where .' is a const ant of Integration. Tt follows that 

P - 

and 


- f, 


The left-hand side is n statement afeaut the internal 
energy u of the system I in excess of the rest mass- 
energy)* namely thet the following quantity is a constant: 

y- V 9 * 1 - U\f ff , 

By i ?.£2) this states that the entropy of the ideal quan¬ 
tum gas is a constant* 


I5M2) 


^rtiO 


10 - 30 gtn L-fl ,’ 5 = 10' 27 kg il -3 


-VJ. “ , ‘ 5B4 ' ^ * ir 0 ; ?4 ■ 0.«t kR 

ca.naa}* io 16 
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Therefore 

(9.I3J [t] fly (9,33) 
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P /P Trt * 2-24 x 10“ 
mo to 


J 6, 


0*3702 al- 3 /* - 

1 * 3 B l>6 -1 n _ " 3 

l.Cfl*10 9 m' 3 . 


- 1 7 s I 

The number of nucleons t based on d -10 - kg n ' is 

no 


ID 


■27 


a0 1.67x10" ” 


0.599 m 


-3 


Hence 


— « lpttOi * 10 9 . 


6 V 6 T 

t —L - * * 


CiiJ from eqn (9*31) 0 « T i so tha*. 

r T ' r 

The radUnion energy per nucleon is 

p ro g * , n.^4-3>)n~ 3< ’»2*!!97!? J *tit lh = j,iafl*10 S 
0.599-1.602t*<lCl" 19 

The energy t q ignUp a hydrogen at pm is 6!.' r = 
13.6 et?. Hence 

fi7 

(9*14) Subtract eqn ($*12} from i tlits (9*2(1) to find 


p 

- * } — ■ 3 ~ 6 . - a.ns in' 6 . 

r 4 4.180 to’ 


“q*! 35 - Q - \^e3 + 


so that 


** - (,q* I} 1- - (J.f-iii-] 3o. 


(9.15) A comb Leal ion of a times ec|n [fl .22) less £ times eqn 
(5.24) yields 
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(a - & I g * aZ - = acr - P * [gn 

Take a - 3[l+tfK 8 ■= 1+3^7 when the right-hand side 
becomes 

*■ 3flO - 1 - 3ff + - - (1 *5#) . 

The left-hMd side is 

2q * - (l+3f)X* 

The result fellows. 

{9>U\ Since by fS.M] and 

c = finGefl 5 /! 

a = AnGp/$B* 

the required result follows at onre r 


CHAPTER 10 

f 2 « 

(10.1) If * - 1 then f'(v r v 3 1 = | ^Jx = Ifflo* B fV' ln W} 

v ( 

* K log^v^/VjK 


Prom eqn (10.111, therefore, 

. lo M v ;t /v li] 


1 


because from (10,9] v j^ v je s v 2f/ v ltT also 

implies f = 1 for a = 1* 


l W*2) 


i, a j Froin I, ft *231 and (.10*29] the Mi ! nr model hu-. 





SOLUTIONS TO FEtUBLEiHS 


2&C 


Hence (10.31} is 


*'.«»] * ■ iw <. 


r“" * 


or i€ x - *nd a = Q + E ■ x, 

*.««. ■ "‘V'V’ f S r ‘'(ri)' dl 


n 

rO.S 


•w* f 

* y 


Meat i* = f) rhe integrand behaves like rr.iS/ni and the 
integral diverges. 

(h) From (- + £V, f2 + 3) ff and |10.2fi| the Steady-state model 
has 

fi+ji]- fi-» B - ( ] - r /.,,J V 


Hence i 10,51> is 




r H f l*r/at H vV 

4 **° J dp 

- 4nV*V 5 j" d * 

0 

“ 4 n V a *« )3 | l fi-yj 1 fe*)* to 

< «n»„lo.„) S }’ (|)' 

Ll 

- Ml «*„(*#„)*, 

(10*3} We can take t |f = 0 since the steadv-state model has no 
natural origin of time. Then the equations of motion -ire ’ 


1 tot a [ 









miFnofas to n™ui*e 


ilr 

37 


Jr 

a* 


- f * H f- for p C f C : 

rp 

-£j * fir for t ^ £ c t 


r n 


Hfll 

fin, 3. i.j 

f1* - 3.2) 


and the boundary conditions are 


f = 0 at t * 0 and at t - t ( f ±* = at t 
Consider 110-3*1) and define a variable 

“ 5 * + 1 " P 4 **H 


rp" 

i 10.3.11 


i 10 . 3.41 


Then from (Id*3*1) 


d u 

It 


dr 

37 


Hr * * 


ftu 


wh i:h lias the general solution 

ti+ wt 

u = Ar 1 and so r ■ j-1 0 - tfi., for D < * ^ t * 

li rp 

I 10,3,3) 

! he boundary conditions r * @ at : = 0 and r = r ( , at 
t * together with 110*3.5) give 

■'. = £ ?f^ and = et |i teKp[lft r )*1 I - M0 ,3.0! 

In the same way, defining a variable u = r - 
reduces LlU*3*il to difdt * His and gives the solution 

3P - + ,7t u £ot £ < f < t, . 0.0,3*71 

H rp 1 


The boundary conditions r - i- at c. ■*■ f. and r = 0 at 

tj r p 

: - ij t&gtther with (1D.3.&! give 

f ■ -£ji H esp[*ift t ) and i* fi * c>i H f 1-expftft rp )expf-ff' j} J, 

UO .3*4) 

“ioi introduce the variable x - r„/ert„. IlD.-i.ft:! {titfcs 

U J E 

<*Xp i = 1 * .r and 'iubs titut ing this in ilU.3-8} give* 

x = I 11+x) expi - fit | !•, expC^tj'] = [1 + X]/(1-Xl , and 
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finally = t H {l+ij/(.1 ■ *rj K Since we tiaire chosen 

t fl ■= D T [10 . S6} is in the present case 

at et 

d T = -f- - -jS 
as required* 


CHAPTER II 


2 

Model SC has r B rti H # and sn d 1 - -^i U+s] . 
Model MG has r s and so 

d i. = 


Modcl EC ha£ r - 2etj|Z/(2 + Sfl J and 50 

d t - crt H zCl*-a]'/U*l..5a) . 

Model -S5B has r ■ at^aCZ+sl/M l+a3 2 *1) and so 

let ■ 

Model ESR has i* * — — - - 

2 * 3 j»C 2 +*)/[(!+■) 2 +lJ 


fft K *(2+*3 
Z*2s+fl’*l.Sa12+3j 


at H *f I+D, Sjt) 

• _ii_ 

t + 2,En+1,2 So 2 

and i* • 

L 


C11.2J For model MC, eqns (11.36} to (li.JU) imply 

i’ - f L * 

{ »-*t 3 

and also 


1 + * * 1 * ~ 






SOLEJtlfJKS TO PROBLEMS 


2BJ 


50 that, 


ir = f L = f 1 

o {I ' X) i*i t “ 

■ | tir -4 


i . i _i 
3u 3 u 


1 -Sh 


.... 


1 *♦ ‘ 




(-(I-*,)M 5fl-* r )+3fl-* r ) 2 ) 


m-* L r 

5 


Ki-^r 


jas required. Also from eqns (11.16) to Ul.^O) and 
n = vf& P 


5' • - £1-* l )V* l 2 . 


For nsotlel eqns (11,56) to [11.39) imply 

^ ± 2 [l*a> , 


and also 


so that 


1 * \T=v7*l - 71 ^- 


(11.2.11 


31 ' * J 


L c 2 d£ 


77 


i f 12 ** 4 i 


T 1 ll-u)*du 

i. (7“ 
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SOLUTIONS TO PROBLEMS 


= 5 j 1 


. 1 
8 


1-2*. 


{ -u" ■ 2 v n -j + tf) 


1 - 2 *. 


- * {r^ * 2 ^a* 2 x L j * (i-zx L )} t 

as required. AIsd from eqns (13.^0) and '11*2,] 


* n-2* L r/*J. 


Fdt model SSR 


■ • ■ - {s^}' ■ {^f 


so eqns fll.3?) nod f11,391 iwply directly 

* 




ind eqn [II-4d] implies 
tl -# 


” - m ** * st 


CU.3) Substituting [11.S) aid ClKlC) Into (Il.J7i nives 
jVf5J * 4iwJV 0 | (jJ (eipUVt E )-l[“ d« £ . 


Since for this model U - - 1/r M „ he csti introduce the 

variable £ i t £ /i H to give 


tt* * | fe*-l) 

*L 

= |' J [e 2l *2e e *li dr 


t*L " W 
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o 

X L 


■ -1'.$ - -U + | * into)* 

-jtf * 

as required, if u = e * exp(-t| = exp I K 
Subst i t ut jti£ eqns 111 *9] to til. 11) into eqn [ ] 1,491 
also leads to 


S T * [exp{P 2 (fxp( -tit L J -IF* * w ‘ 4 ( u - II ' 
as required. 


4 I From eqn I 11. IS) 


• = 1 ■ U E /t {t ) ,/3 . 


Using this and eqn f 11 *1.1), eqn I H J8) beiioifiL's 

V* |l-CV s fl ]W *** di 
ms. I ■= 4 l» 4 f c f 3 ot 0 ) J 


U L- - 

J. 


3o ^ 7 V 7 ^* 


Introducing y s: [ £ E / r (J ) 1 ^ J * so thnt dU E = dp, 

this becomes 

jffs) * 4ti^ o {3flt 0 ) 5 J 1 u *r d V 

*L 


and since 1^:. - 2ni u For Einstein-de Sitter models, we 

D 

have 

• 8 j 1 {l-*} 3 d# - |(I ^ L ) 3 . 

From eqn (11. 14) r. ,J - Ztsf.^ . Using this, eqn (11.15) 
and the equation following fll.lSJ, eqn (11.49) imp lass 
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SOLUTIONS JO PROBLEMS 


U--L> 


r , • . ^ 4/3 4 

^ L 

'Ml ■ffc L /i„.1 l/ V " 4 l l. J , L ) 2 ' 


as required. 


(13-51 The integrand in eqn (11,39) is to be multiplied by 
S' * A/ [eft (1 ) ■'jf f l + Ej and the upper limit extended to a 
■horiion" distance or maximum distance * 1[MC) or 

Z/lfEd). For MC, using n = and the results of eons 

[11.36) and I'll. 37) t we find the total incident energy as 


E - 4tt4* «t R f -^ - - 

-h r ^ 


AtiAH 


Ji ^V s h 


and so r(equiv.) = 1. 

Similarly for EC 


m A '$ u-t P -1-^-fr 

0 " l [l**) 3 fl-l.Sx} 2 


and so 


. 1 

m 

d* _ ( 2,i [i-I.Sxj dx 

J 

I 




1 

- 

2 6 

2 " a 

= o.s fu = 1 - 0.5*1. 


u 

2/3 


[11-6) rise same procedure is used here as in Problem 11,5. but 
with j- h - l f SSWi Hni D > 5(MSR], and with l ♦ a = 

For model S$!K, using oqns [11,361 and [11,37) f wo find 


f 


dj 

d* E ) 3 


i* ■= 4tlAMq&$^ 















SOLUTIONS TO PROBLEMS 


2B7 


rn. 


■tequlv. 1 - f (^)^‘ - 0.2176. 


D fi 

Similarly* for model MSR we find 

r 0 + S 


4 ™V e H 


djf 


{l-: a r) 3/2 (]-al 3 




,f 


0.5 


dx - 2 fl4 fi n J ^ 


so that Hequiv , ) = 0*5, 


" :. In nodel 5GR the ratal energy incident on a sphere of 
unit cross-section i> round by multiplying the integrand 
in eqn i 11.471 fry the hrighttaess s t and extending the 
lower limit of Integratinn to -~+ Since 

S * V* 3 U„Hl*OV and * fl*±H?ri E l (from eqns 

(10.451 and (10.431) the result is iwllh r. Q * 0) 

’ L a*.)' 


4 fT.Td.v__ 

£ 


£ 3 f 0 3 * c 

*" a ” 


Using eqn (11. Hi for 2 + - p nrni also the fact that 
« l/H w we find 


’ Icquiv . I - 


nxpl4ff j )ffdt 


0.25, 


In model MGft; the »eltiie? procedure is used, starting with 
eqn (LI.-IS) and ex tiding the lower limit of integration 
to zero, the result is 

f-® dt„ 4to4J» n ( lt} 

* - J TTtIt = -F— j M*E 

o " o 

fusing 1*3 = fH t. ] fn () = t f ^ 1 R from cqu (11,18)). 
Since t Q * f (| for Ml J ne models this implies 


r*(et|iiiY, I 


* t .dt- = 0.5. 

T; E 
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APPENDIX A 

(A. I) If tf ■ D»6c then from cqn [A.2) & = I.*S* so by eqn 

(A.3) a time interval of I year on the ship corresponds 
to 1-25 years in S. The ship therefore moves a distance 
IU.fr - 1.25) - ri, 75 light yeaTS in B between emitting 
successive signals B and The travel time of a signal 
emitted at distance x light-years from 0 is jf years. 
Labelling the emission of the /tb signal by E.^ and its 
observation at O by 0 _. , the following table is easily 
checVed, and implies the results osVed for. 

Number of signal, £ L 2 3 4 5 6 7 9 

i i-coordinate of E. 0.7S l.S 2.2$ S 2.2$ 1.5 0,75 fi 

t- E ^ 5 t-coordinate of E_- 1.2$ 2,& 3.7S & 4,25 7.5 H.?S 10 

t'r = t-Coordinate of 0, 2_tl 4 ^ Q fr.O &.D 8L 5 9 3.5 10 

UT V 

Note that if a = 1 + a = * 2* so the time 

interval between observations of signals emitted Oti Che 
outward journey is 2 years p in agreement with the cable, 
SIrlItrly, if v * -tLta. 1 * m = p.S< 

(A* 21 r-Jqtt HO,3) remains vaHd for a gllaxy mov ing in a gener¬ 
al direction, and must be Supplemented by Ar = - r Afc E = 
y cos & At. E | where = p cos & is the radial component 
o£ velocity of the galaxy. ft follows at once from 
(10.3] that At^ =■ At^p + |r_- ecus * However, the direc¬ 

tion of motion is irrelevant to the tlao dilation Factor 
of eqn IA.3J* so that eqn lA - 4} givfs 



as required, If 3 * 0 then co* 5 = 1 and [pi r S) is recov¬ 
ered, If & * 180* then cos a = -I and 



which eqn (A . ft] with the sign of reversed 
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*S 9 


The coiuiition for icro reJ-shift is 
l - or if t = *>f e anti * “ cos &. 

1 - —U-(l^sJ“; 

U-iT) 

1 - y 2 * 1 + Izy ♦ r 2 x 2 l 

+ 2® + ]f * tl . 

This is a quadratic In with solut ion fsi nee \r\ < I) 

„ -i + aiV) 

V 

and M ■= 0, K* give-s cos & * — TOT - ^ = " ^ * ** * so & » 120*. 

f A. 3 j The imisnnurn red-shift occurs when radt Ion is radially 

awAy from the observer [6 * 0 in the netstion oF Problem 
LA. 2)) and is * * where 



(I) Since * mAX = 2 * St Follows that I * v/p - 
9 ll*v/tf) a Itttf/e 3 H, 

tl » 0 i S<j + 

(i i 1 The masifluim him*-shift occurs when motion is 

towards the observer and its magnitude 

is *b.„* where 

1 ■ E h m a * ’ (iTIlfe) ‘ T+tt = 1/3 

■ ft! 

so that ’ 2/3 ‘ 

Utt) The minium® apparent brightness occurs for 3-0 
and is fiiven by eqn (10.20) with eq,n {1IJ. 2J*) j 
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s = * . A f }-vfe \ 3 


The my a I Eii urn apparent hri gilt ness occurs for ft = 3 8(1* 
and is obtained by replacing ;i by (- ^ ( „ so that 





Therefore 



APPEND!£ B 

IB.l) The table is obtained from formula fB-11 by simple 
algebra, 

f B- 2 l The period available for the measurement of the 
difference is the period f since the big hung. 

The smallest mass difference which can be 
measured is given by 



whence &m = fflt-61. 



fir » h 




p J jpT''r + e/'* f n+yr+*+&*f2 T -*-*~2v-&~i 


Hence 


a - j.ta-5-3*.), p = }ci-E-zfi} t -t - J{z+& + §> 


Writing 6 = fc/3, c « 2h • In 









SOLUTION TO PROBLEMS 


2S*3 



yields the required result. The time dependence is gov 
erned by 

m s o 


so that t ' 3 - f W ) / 3 for the t ime- independent masses. 
Hence 


1/5 


(£) ( 


5 

hw 2 (?^ 


a" \ 


*L + *C 

15 3 


becomes m[ • 1 )a 


I B. 4 I Let US ftit 


M = [bVa Y ] 

- r[*i a T- # V l f'*t T ir“ T ] 


For this to an electric charge, 

M = A i/2 r 


i 


one riCL-dft 


1 X 

a * f M Z<x * y ■ j$ a * 13 + Y = l * 

ft lollops that B * r\ making the chnrgt.- time independent. 
Also y ■ lienee 

4 - (h‘-1 ) ^ OT . 

The coefficient of proport tonal i tv f *.■, i s in this tiiso 
ju&t the fine -strueture constant a = 1/137* 
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f B ■ $) The quontity to be considered involves which enn 
always be eliminated from considerations based on the 
text by writing ii as - oh.-, i r t. i n terms of the 
fine-structure constant. Hence we have 

t - fi~ ] = ma* = l mr * m J_ m ( - j ) m J_ m [ - \ J 

£ 3 /w 3 « 2 j 3 * “ MV** w mf-bT 

It is an algebraic consequence of f B,1 ■ that 

[Sftjf 

Hence 


t = /JV/a - 67,1 x 10 41 , 


i'H.(0 h’e have to replace the reduced electron sins* bv y^n * 

as explained in the text, »nd * 2 is replaced by Gw n 2 , Ke 
Ignore the difference between electron and neutron mass, 
hy usiritf m(-1) For both and the gravitational radius of 
a stable particle is 

. IS* 2 2Gm t -1) 

r » j -W-- 

(fT5 n 

From eqnsi (B + 6) and fB*71 


Hence 


a _ 

37 ’ 




r G _ "i( -1) „ i 

^ ^rrr r 

(h,7) The time i is given by 'ir(pi - ,(-U, ITns implies 

h 
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APPENDIX C 

(C,t) Vic have- to $o Ive the cubic equation 

v * + Spj, + 2i - 0 (4U1 


with 


p = t 5 ^o 2 n-2o), • q - 1 - 30. fC.1.2'1 

The nature of the roots of the reduced Oqirt (C.1.1) is tie - 
tcrained hy the values of 

F 3 + g . ^j 4 Jl - 4 a] . (C. 1 . 3 ) 

Irf-'iuti J«,': O > |. Here (C-I-3> is negative 
and there are then known to be three real solutions, 

S| , *. lt sny, which can he ftiven In terms of an an^lc 
qj- + defined by 

CD5r m * -tA/t-is' 1 ) = 1 - W 2 p + 


Then 


- 2/l-pi cos[uj/ 3) = cos I ir/3 I p 

E ^&ct co5(cp/i * n/5) p = -&o cos^/S - n/3)* 

The values of q which are implied arc q ^ ^ - 1 * 3o 

[J - 1+2,5 1 . For 7 * in eqn tC* 13-J one must choose that 
value which ensures 17 > . 7 % t-e. the least of the three 
values ^ and g,. This is achieved hy 

, 7 * = rro] - q , ( - So - i - So tosftp/3 - n/3 J. 

This i.s the first of the results (C,.14). 

i2aar o < ]f + t" > 0 there are one reel and 
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two complex roots. Only the real root is needed and is 
given by 

¥ l " t * Sit 3 ***)} * l-t - /Ct a v 3] * 

Substituting from yields the solution i.n the form 

q* * ^ ■ jji 1 - 1 + 5a* 

Tills leads to a statement of the form 
is used. 


o = The inequality becomes 

<7 > *■ -11 1/3 + So - I = ♦ 3o - 1 - -j. 

t C * Z) Cane a > 1* The angle is in the irreducible case is now 
small, 1 * e B 

COS (P # 1 - a 1 “ 


so that 


<P = i(l/G ) 1/2 


rc.i.n 


A He 


/(oj = 3o|l - 2 cos I cos | • 2 sin ^ sin 60 j - 1 

- 5«{i * Ut'^4 4 Z f t} * U 

This becomes for small 15 and large a, using (C«2*l) 


FW - /3o<p-l « r/f Fa) - 1 4 -/McrK 

Since Ffol < j < -l p the negative sign has to he chosen* 
This yields the required result. 
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Z95 


(C.3} From eqns (C.IS) and (C,17) one has for o > 4 , and. 
writing b l 2o - 1 and x E b&, 


It follows that, provided Jq > l t 

2 a- l 


fit > fla 


iy 3 ?* I 


/x d^ 

7T35“T' 


CC.Ial) 


We now prove that 
v 2 


J(a 2 J s f ' l V * 2 tl * = - sin' 1 -U - •'fa 2 -!) fa £ 

1 /(jT -T> 1 ' J 


1 ) 


2 2 

Proof. let t = a - r t then 


/je .. dj = i*^(d 2 -t 2 ).[- 2 s dt>- 
'fa -*) 


Hence 


Tla 2 } = 2 | d; = [t/(d 2 -r 2 l + a 1 sin' 1 ^ 

1 (C.3.2J 

Combination of £C.3,t) and fC.3.2) with a 2 - 2a yields CC.lft) 
for 1 ? < c. The cases <j * o and <7 > a are treated simi¬ 
larly. 


fC, 43 By et(ns [C.3J, (C.24J. and (C,27] 


fins'* 


■w 


= . 28,4 - ( .10,1] « 38.5 


mat 


0 m| ii H 0mux 


-2 < 




0 ’ 2 = -2 


0 min 

< 30.5. 


in 


Since H Q is positive, it Follows that 
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Sine? fl" 11 < 29.4 * 10^ years, > S.155 * lo' fcl years' 1 
and 


* 2 > 2&.S7 * 10 12 years' 2 

,-n 


. 26.57 , 10 - fi -2 . 2 661 . lo - 3 & s 2 
9.9S6 *■ nr 4 


Thus 


- z - 66i * 10 ' 3& s " 2 - ( s iU * 10 - fi4 * 10 ‘ 36 s "‘ 

Pram this one sees that 

-6.3S i Id' 35 s _i < A < 12.30 - 10' i4 s' 2 . 


(C.S) fly eqn (C.4) 


It follows that 


^ = f3o-'j-Uft 2 . 

n £ 


*■«.., ■ 't.t, • 1 ■ (Jp) ■ ssz • io -‘ • 1 ■ si - 5 

E"fl fnnx 

%min ' **•« - 1 • (jhi) ' " 5 - 


0 U min 


As in Problem (C.4) it follows that 


' 3 4., 4- hS 

ff CI 


50 that 


-0,3192 x 10' 34 t' : < ^ < 10.03 * 10' i4 s' 2 . 


(C.Ci) Me have by eqn (C. 2 ] 
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O 0 * 471^(10/5^^ 

where Q * 6*67 ■ 10" 13 ja* kg" 2 * ft.fc? - IP * Cro Jl gm' 1 

s~ 2 * Take ~ 1 as lB |rs years K 3 . IB ■ If )* 7 ? T Then one 


finds that for dense clusters 

4rt.j 


V fl 


3 » 2« a 


*t(5.ISl 2 I0 i4 *S..6?» in' 3 


= 1 ,D2> 111 "- ' cm" 3 


CC.7) (L) Veri fy that fur = 2 8, J one finds u) (1 = 11,188 and 

y> -fl. 

2 cos —=— 1.106. 

tt follows, that 

^ > FfZft.4 ] = [85. 1) * [- D.K16) - 1 - - in.03 

in agreement with cqn (C.25I. 
i li) onr* finds, assuniin >5 .7 < 2 ft. 4 - a, 

/(XI.41- S6 ’ 8 ^ [X.ST-O.iSII - 0,018 - 0,173, 

CS*.« V 

It follow^ that > 0.178, and any 

tower Hound for fr" t (1 represents a further can- 

Strain! only if It exceeds this value. In eqn 

it is assumed fhat > 0 J2, which is a 

genuinely additional constraint to what one can 
deduce from the assumption 

f C, fl) By (C.I4I cos tp ■ 0 when 2a « I, -rn that 

Fla) ■#•(!)■ ||1-2 cos 30") - 1 - *y[3/3 • Jl = -1.008, 

Hence q > -2.1 by [C.13). 

(C.9 1 ] Approximate n.o) by working out The appropriate expres¬ 
sions for the various parts of F(o) * Thus 
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/ 1 l\ m 1 


2o l 


i/a 

fl-4o] ♦ YS ' 1 ‘ 3 ' **■ 


Hence 




I/.! 


1/S 


HctiCc 


F[o) = 3o{l*f) - 1 •= 3o| 1— J - 1 


3a . 3a 2 ' 3 * 2« 5/3 - 1. 


The term? with powers of a in excess of 2/3 can be neglec¬ 
ted, 

(C.ln) B - 100 Ym s* !l Mpc' 1 - llV ~ !lt • 0.324*10' 17 s* 1 , 

1 year * 3 .l 54 *lD's. 

fl Q - 0.324-3.154-10' 10 years" 1 =■ 1.022*10" 1U years' 1 
i i n 


8 


0 ■ 0,973-10 years. 


fC.lll The preceding problem nay be used to infer, frora H n in 
km s _l Mpc* 1 , \ - 3W 0 : ^(,. «"* ft<? 2 /ff n J * X n H n 3 , That 


r n 


C.S039»U* J5 t,, ln < » < S-l«»-10- SS t M „»- J U*,. > ») 

"•■“■'•'“■..I, * rb < i-os-io- 15 *^^- 1 > 0) 

* * < 3.1«9.1(1- 5! L 0 „ jS - : < m 

i.os«io‘ 5 S jr. , < ^ < i.os*iC" J *jL_ s ’ 2 u- < oj 

<3nun e 2 Dm.a.Jt Dmlh 

ff 0 

The till hie can he l- on? trusted from those formulae. 
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By- eqn (C.£]l 


= lie*" 0 * 


One nnW Substitutes the smatiest and the largest value of 
Vo into this formula* 
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[ NTRODUCTI Of! 


IS 


TAFLF 


Partible# with a contiming ^ Trio fence 
L,e, they are constnut in number t 

They can be created {i >r destroyed) if an appropriate swtLpaj-tsjei# 

is sinitinanLjf,ly u-rented lor dostroyed, Frjj- csample, the Fleet tun ■» 
decays to b piston p, mi electron c" niid i.rti put ineutxi no v: n M p + * ~»I; 
this coljserves the num&eT of harjrnji* [one, before and afteri imd creates 
a lepton-anti lepton pair: e ■•■«„ particles art counted positive, artti- 
11 j. r t IL.-1 e* negative, so The t at a L number of both jepta&* and baryoni 
reitw I ns c ems tant. 

They are all firrwton*. 




lEPTCm &U?tWB 

l 


mass: Ms.bE 

mis*: heavy 

Qlte&S 




| p 1 ire 1 ran fc“ 
neutrino v 

1 nucleon* J ^ roT 17 ^ | 

lEieumsn n 

M,d, j,c 

Conjectured us an 
a f the observed 

strange bury tins: <1*1 

muon \m 

dmjbly-strimjtfi ISUtyotiS: 3 


muon-neutrino y 

V 

triply-at ranjir baryons: [f 
ehurraed buryuus 

Buryon = 3 quarks 
hound by 
yluon s 


plus excited sent ph 


Had nans pn rr LelVa svnsfti v e 


Can be jnvd vWIT lit 
Can he involved in the¬ 


ca» lie fnvnfimi in the 

The table Mould have hud only the thffti enfries Ln dotted be*,*!*. 


I 


iNTHnmCTKM 


19 


1,1 

particles * 


Particles i an a/ iirt«paH±£enM 

l h e, they are required to carry farces betunen particle*: they 1*2% ills□ 
etlst on their own. 

Their number is not constant: they my be created (on destroyed! in 
lrtteract inivs^ 

For exuple, photons can be asitled (of absorbed 1 ! hy atoms: the numbeT 
ef phoigns doea not remain con?taut_ 


They arc ni l bootiHfi* 



J KESOKS 

mxsmuTE 

VECTOR BOSOVf 

mmm 

GMVnVNS 


IsBttI ets of 
scrafifi inter¬ 
act Ion) 

mass; rardlu# 
to heavy 

Scurrier ef 
the vest 
interaction) 

via-iv: very 
heavy 

[carrier of 
electro¬ 
magnet S ^in) 

mass: zero 

[carrier of 
UrUVi tv) 




pltm 1 

(* 4 ) 

l‘“l 

f 

inteipretntion 
hadrons: 

kun 

ft * W r * . - 

m 

W’J 



Mesen *= quark*- 
antl- 
quarfc 

ill,*'--. 

(nt?T yet 
observed) 




plus excited 
states 


to the jtroai Interact int? 
the ueak interacts an 

electron**$muHe Inttraction 


gravitational interaction 

'We ore indebted to r-r. J.C, HcEwCh. Physics nepartraent_ Southauplon 
University, for h!i help In the design of this table. 




























